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Abstract: In this note we construct finite field of order p (here p is a positive prime) and p2 for p > 2 through even square elements
of Z2p. It has been already noticed that a finite field of order p2, p > 2 can be directly constructed without using the

concept of quotient rings. We utilize the same technique to yield a finite field of order p2 for p > 2 however here we use

the notion of even square elements of a ring R. It is noticed that for all the finite fields constructed in this article the
reducing modulo m is a composite integer.
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1. Introduction

In the mathematical literature [4–6], the most common example of a finite field of order p is Zp. Generally one does not

find any other example in the textbooks. Though all finite fields of a given order are algebraically equivalent however it is

interesting to yield various examples of a finite field of a given order. Conventionally a finite field of order p2 is constructed

by using the concept of quotient rings. However in this article we follow the approach given in [2] and we do not use the

well known conventional technique to get a finite field of order p2.

In [1] we have given a technique to yield finite matrix fields of order p for each positive prime p. [2] gives a technique to

yield a finite field of order p2 for each p > 2. Here we provide some other representations and we utilize the concept of even

square elements and the techniques introduced in [1] and [2].

In [3] we have introduced the notion of even square elements and even square rings. It may be noted that an element a of

a ring R is called an even square element if a2 ∈ 2R and a ring R is called an even square ring if every element of R is an

even square element. For more details one may refer [3].

It may also be noted that in the case of Zp the reducing modulo p is a prime integer however here in the case of F, F1, F2

and F3 described in the next section the reducing modulo m is a composite integer. Similarly in the case of finite field of

order p2 given below the reducing modulo m is a composite integer. It is worth to note that the construction of a finite field

of order p2 described in [2] is different from the conventional technique. We follow the same approach as described in [2]

but here we use the even square elements of Z2p.
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2. Finite Fields of Order p

In [1] we have given the following three representations for Zp.

a). M1 =


 x 0

0 x

 : x ∈ Zp

,

b). M2 =


 a 0

0 0

 : a ∈ Zp

,

c). M3 =


 a a

a a

 : a ∈ Zp

.

It may be noted that M3 works for p > 2. Here we consider some other representations of Zp for p > 2 based on the

notion of even square elements of a ring R. First of all we consider the set F consisting of all even square elements of

Zm where m = 2p and p > 2 is a prime integer.

d). F = {x : x ∈ D}. Here D is the set of all even square elements of Zm.

It is easy to verify that F gives a finite field of order p under addition and multiplication modulo m. It is noticed that

if we replace Zp by F in M1,M2 and M3 then we shall obtain F1, F2 and F3 respectively which are given by

e). F1 =


 a 0

0 a

 : a ∈ F

,

f). F2 =


 a a

a a

 : a ∈ F

,

g). F3 =


 a 0

0 0

 : a ∈ F

.

One may easily verify that F1, F2 and F3 all give a finite field of order p under addition and multiplication of matrices

modulo m. Clearly the reducing modulo m is a composite integer.

Thus this article gives four distinct finite fields of order p for each p > 2. These four representations of Zp are distinct from

those given in [1] however all representations are algebraically same for a given prime p.

3. Finite Fields of Order p2

In [2] we have noticed that M =


 a b

−b a

 : a, b ∈ Zp, p > 2

 gives a finite field of order p2 under addition and mul-

tiplication of matrices modulo p. Here we provide another representation of M using even square elements of Z2p. Let

M ′ =


 a b

−b a

 : a, b ∈ F

. It is easy to see that M ′ gives a finite field of order p2 under addition and multiplication of

matrices modulo m. Though M and M ′ are algebraically equivalent however both provide two distinct representations of a

finite field of order p2 for each p > 2. Here the reducing modulo m is a composite number. Taking p = 3 we obtain a finite

field of order 9 as under.

M ′9 =


 0 0

0 0

 ,

 2 0

0 2

 ,

 4 0

0 4

 ,

 0 4

2 0

 ,

 0 2

4 0

 ,

 2 4

2 2

 ,

 2 2

4 2

 ,

 4 2

4 4

 ,

 4 4

2 4


 .
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One may verify that M ′9 is a finite field of characteristic 3 under addition and multiplication of matrices modulo 6. This

representation of a finite field of order 9 is obtained using M ′ and it is distinct from those given in [2]. Similarly if we take

F = {0, 2, 4, 6, 8} then M ′ shall yield a finite field of order 25 as under.

M ′25 =



 0 0

0 0

 ,

 2 0

0 2

 ,

 4 0

0 4

 ,

 6 0

0 6

 ,

 8 0

0 8

 ,

 0 8

2 0

 ,

 0 2

8 0

 ,

 0 6

4 0

 ,

 0 4

6 0

 ,

 2 4

6 2

 ,

 2 6

4 2

 ,

 2 8

2 2

 ,

 2 2

8 2

 ,

 4 4

6 4

 ,

 4 6

4 4

 ,

 4 8

2 4

 ,

 4 2

8 4

 ,

 6 4

6 6

 ,

 6 6

4 6

 ,

 6 8

2 6

 ,

 6 2

8 6

 ,

 8 8

2 8

 ,

 8 2

8 8

 ,

 8 4

6 8

 ,

 8 6

4 8




M ′25 is a finite field of order 25 under addition and multiplication of matrices modulo 10. Similarly M ′ easily yields a finite

field of order 49, 121, 169 and so on.
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