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1. Introduction

The operator A, with its relevant theorems found in [1] was introduced by Jerzy Ponenda in 1984 [3] and was extended to
A (o) by defining A, pnu(k) = u(k +£) — au(k) for £ € (0,00) [7]. This operator A, becomes difference operator A when
¢ =1 and o = 1. Higher order difference equations are obtained by varying m in A™. Correspondingly, for a; # 0 and
£; > 0, the operator Aq, (¢,)Aas(ts) = ADa,n (0, can yield higher order alpha difference equations. By taking o; = £; = 1 for
i=1,2,--- ,m we get A™. Having incorporated additional dimensions in A, ,) we get more applications than the theory
involving A. Several relations and formulae on multi-series involving circular functions have been derived in [2]. The linear
expression of power of sine and cosine functions given as sin®™(7/2) = 2! 72™ Tznzl(—l)” (,2™ ) cos v + 272 (*™) is used in

[4]. Here, we introduce alpha multi series as below. Let u(k) = 0 for k < 0. Then,

. [£1-1 k
L(o) — series : Ui, (eq) (k) = u(k — £1) + cru(k — 201) + -+ ;""" w (k — [[]El) ,
1

X [£]-1 k
2(a2) — series : Usay(e,) (k) = Uias(te) (B — €2) + Q2Uiagey) (B — 262) + - - + a222 Ulag (L) (k - [E]ég)

and in general m(a;)—series:

[ (63 (K) =511 k
U(m—1)a; () (K = &) + ditim-nya; e (K = 26) +-- - + Um—1)a; () (k= [[]éi : (1)
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By denoting A = A ) Dasts) Day (), We find that the m(a;)—series mentioned above is a summation solution
(D‘vé)l—nz

of generalized alpha difference equation

A v(k) =u(k), k€[0,00), £; >0, (2)

(D‘ve)l*)n
In this paper, our main aim is to find formula for getting the value of m(a;)- series given in (1) for circular function u(k),

using A7 w(k)= AP AT AT w(k).
g(al)lﬂn ( ) ai (1) az(€2)  an(fn) ( )

2. Basic Definition

Definition 2.1 ([5]). Let u(k), k € [0.00) be a real valued function and £ € (0,00) be fixred. Then the generalized a-difference

operator on u(k) is defined as:

Aqyu(k) =ulk +£) — au(k). (3)

and if  Aagyo(k) = u(k), then Ayl u(k) = v(k) — alFlu(j). (4)

Lemma 2.2 ([2]). Let n € N(1), k € [0,00) and p,q are constants. Then

|
-

2 n-1 -
;) (-1 =z %sinp(n —2r)k, if n is odd.
k=g it . ©)
(=1)"2 T cosp(n — 2r)k + 25, if mis even.
r=0 ‘ 2(5)‘
n—1
& M .
> “i-cosp(n — 2r)k, if n is odd.
and cos" pk = o f‘gg ) (6)
"(,T) cosp(n — 2rk + =L if n is even.
=0 2(5)!

Lemma 2.3 ([2]). Let P = p(n1 — 2r1) + q(n2 — 2r2), P = p(ni — 2r1) — q(n2 — 2r2) and P, P are varying with respect to

ni,n2,r1,r2,p and q.

1. If n1 and n2 are odd positive integers, then

ni—1 no—1
(-1) s % (r1) . (r2

. )
2 J—
sin™pheos™ qk = i D7 30 (S SRR {sinPk 4 sinPk) (7)

ny—1

r1=0 ro=0

2. If n1 is an odd positive integer and nz is an even positive integer, then

ny—1 2—1 no
. 1 2 ny—1 ntr) 2 0r2) ' o n(T) ) P+P
sin"*pkcos™? qk = PrrEE— Z (-1~ =z +T1ﬁ ﬁ ! (sinPk + sinPk) + fﬁ sin ( 3 ) k (8)
r1=0 1 ro=0 2 ( 2 )

8. If ni1 is an even positive integer and nz2 is an odd positive integer, then

np—1 ng—1

1
1 2 (r2) 2 ny (r1) o (=) P_—P
sin"tpkcos™ gk = T o Z (=1) 3+ n;T(cost' + cosPk) + ! I cos < ) k 9)

tna—1 ro!
ro=0 r1=0
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4. If n1 and n2 are even positive integers, then

no—1 no—1
1 =2 LS ng 1) E néW) —

in"*pkcos™? gk = ——— -1 n Pk Pk
sin"™ pkcos™?q SR lez:o( )2 ol TZZZ:O o (cosPk + cosPk)

(%) - (%) - () (%)

n, P—P) Ny (P+P) 1n, 2" n,

+———cos k| + —5cos k| +=-— = . (10)
trre (5 e\ 2 ()1 (3]

Proof. The proof of (7),(8),(9) and (10) are obtained by combining (5) and (6) and using properties of trigonometric

funtions. O

T¢—>00

Theorem 2.4 ([6] Multi-infinite alpha series formula). If fort =1,2,...,n, lim { .
Qo j=1 i (l;

t
1m (IT A" u(k + Ttlt))} =0, then we

have

o o . u(k+2n i) n
DD BERD Bh oW —(H(—a» %) u(k). (11)

3. Main Result
In this section, we use power set notations: For A = {m1, ma2, ms,....,mn} C N(1), we denote, ¥4 = Qm,; ¥myQUmg...Qm,,,
la="tmy +Llmy + oo+ lm,, L ={1,2,3,.n}, A= L — Aand p(L) = {{},{1},{2},....{1,2},{2,3},.. {L}}.

Theorem 3.1. Consider the notations mentioned in preliminaries. Let p be any real number such that 1 4+ a2 # 2a;cospl;

for alli=1,2,....,n. Then we have

(—1)°MDa g sinp(k — Lac)

G sinek = = (12
on [T+ a2 — 2aicospl;)
1=1
and
(—1)°D g cosp(k — Lac)
VAT cosph = 2 (13)
*on [T+ a2 — 2aicospl;)
i=1
Proof. Replacing u(k) by sinpk and ¢ by 41 in (3), we find
A sinpk = sinp(k + £1) — axsinpk, (14)

a1(f1)

which yields A sinp(k — £1) = sinpk — axsinp(k — £1). Since A [sinp(k — £1) — a1 sinpk] = sinpk[l + al — 2 cospl],
ap(€1) o (£1)

and «a1,f1,p are constants, we have

_sinp(k — £1) — a1sinpk

At sinpk = 15
a1(01) [1+ a? — 2aicospl] (15)
Taking A ) on both sides, we get
["2 L2
A;l sinp(k — 1) — ax A;l sinpk
AT (AT sinpk) = a2(f2) az(f2) . (16)

az(l2) a1(f1) 1+ Oé% — 21 cosply

Substituting (15) in (16), we derive

Al (A,l sinpk) = sinp(k — o — {1) ; agsinp(k — €1) — ozlzsmp(k —02) + a1assinpk
as(lz) oy (fy) (1+ af — 2aacospli)(1 + a3 — 2azcospla)
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In general, we write

I (0 Wansinp( ~ tac)
A sinpk = cr

(a7£>1—>n

[T+ a2 — 2a,cospt;)
i=1

Similarly, we obtain (13) for cospk.

O
Theorem 3.2. Let m € N(1), k € [0,00) and p is constant. Then
m —1)rt1 o —1)°(A) o 4 sin(2r— —lyc
[ 22]:+1 O™ () aon, Y asin(@r—1)p(k—Lac)
r=1 ﬁl(ua?&ai cos(2r—1)pl;) ’
o if m is odd.
W, STPE = o ” my2 (D7 (™) E (—1)°@ay cos2rp(k—t4c) (7)
-n (m/z) 2 Aep(L)
= + > a2 ;
2 _1:[2<1*0¢i) r=1 _]:[1(14*(1?72041' cos 2rpl;)
if m is even.
and
(311 (i), 2, (D" Wansin@r—tpti—tac)
r=1 ﬁ (1+a?—2ai cos(2r—1)pf;)
i=1
L . 1 if m is odd.
A~ = — 1
WD, cosT Pk =5as m myz (m) X (—1)°@a cos2rp(h—tac) (18)
-n (m/z) s 2 A€p(L)
2 ﬁ (1—ay) r=1 ﬁ (1+a§—2ai cos 2rpl;)
=2 i=1
if m is even.
are closed form solutions of (2) when u(k) = sin™ pk and cos™ pk respectively.
Proof.  Since sin® pk = % (1 — cos2pk), taking %)71 on sin? pk = % (1 — cos2pk) and applying (13), we obtain
L)1 5n
1 1 > (1) Paacos2p(k — Lac)
A
Al_l sin’pk = 5\ =@ — Ep(Ln)
(@01-n T —a) (1 + a2 — 2a,cos2pl;)
i=1 i=1
Since sin® pk = 2% {3sinpk — sin 3pk}, from (12),we get
(=1)°Daysinp(k — Lac) S (=1)°@asin3p(k — £ac)
AV sindpk = 1 3AEP(L) _Aep(L)
(as0)15p 2 ﬁ (14 o2 — 2acospl;) ﬁ (14 a2 — 2a;cos3pl;)
i=1 i=1
Continuing this process we get (17) and similarly (18) follows by applying (12) on RHS of (5). O

Lemma 3.3. Let m € N(1), k € [0,00) and p is constant. Then

[m]+1 (_1)"'+1([%"]L+T) S (—1°MWaysin2(2r—1)p(k—£ 4c)

A€p(L)
r=1 ﬁ (1+a2—2a; cos 2(2r—1)pe;) ’
i=1
A™' sin™ pkcos™ pk = _ if m is odd. (19)
(@ 0)1—5m 22m—1 (™) [Z] EDm(w™,) 2 (1M ay cosarp(k—Lye)
m/2 S 2 Acp(L)
2 Aﬁl(lfai) r=1 »ﬁ1(1+a?72aicos47*p€i

if m is even.

is a closed form solution of equation (2) when u(k) = sin™ pk cos™ pk respectively.

Proof. The proof follows by taking ¢ = p and operating A~! on Lemma 2.

a,l 1—n
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Lemma 3.4. Let m € N(1), k € [0,00) and p is constant. Then

51}

S (=1 din(m+1)p(k—L 4e)

S (=DM sin2rp(k—£ 4¢)
X10)

n
11 I(1+u1272ai cos 2rpl;)

+ (71)[%] Aepé[') 5 ,if mois odd,m>1.
A sin phcos™ ph — I (ta?—2aicos(m+1)pty)
(a0, 0)1 4y, 2m ] [2] Y (DM sin2r—1)p(k—£4¢)
Z {( m m B ) _ ( mm7 )} AGI;EZ)
2 B [%]-r T1 1(1+a2—2a, cos(2r—1)pt;)

+(=1) [2] 2cr®)

i=1
> (=1)°MA) sin(m41)p(k—£4c)

i=

is a closed form solution of equation (2) when u(k) = sin pk cos™ pk.

n
I I(1+a?72aicos(m,+l}pii)

,if m is even.

Proof. By taking p = q and ( A[;l on Lemma 2, we get the result. O
L) 15n
Lemma 3.5. Let m € N(1), k € [0,00) and p is constant. Then
[%} Aez(e)(_l)D(A) sin2rp(k—L€4c)
—1 r—1 { " m _ mm } :Dn
rgl( ) ([7]+1_T) ([?}_T) 1 I(14+a2—-2a; cos2rpt;)
i=1
. T (=12 sin(mA41)p(k—£ 4c)
+ (—1)[7] Acr®) Lif mis odd,m>1.
_ . Bl I(1+a?—2a;cos(m+1)pl;)
(ﬂ,%h_m cos pksin”™ pk = S [%} AEZ<[)(_1)D(A) cos(2r—1)p(k—€ 4c)
= 0 (g — (] b 25
r=1 2 2 I I(14+a?—2a; cos(2r—1)pe;)
i=1
. T (=12 cos(m+1)p(k—E 4¢)
—+ (—1)[7] AEpyse) ,if m is even.
11 I(1+a?72aicos(m+l)pﬁi)
is a closed form solution of equation (2) when u(k) = cospksin™ pk.
Proof. The proof follows by operating A~! and p =g on Lemma 2. O
G 1 5n
Lemma 3.6. Let m € N(1), k € [0,00) and p,q are constants. Then
mlyq [ —1)o(4) in(p+(2r—1)q)(k—£ ac
[zg () , B, VP ansint+Er-Da(—tae)
= 11 (102 20, cos(p(2r-1)a)ty)
z ) —1)°Ma s 1-27)q)(k—Lc
. (8151 (i) , 3, (D7D sintor(1-20) (=t ac)
r=1 ﬁ (1+a?72ai cos(p+(1—2r)q)e;) ’
_ . 1 i=
A sin pk cos™ gk = — . .
(a,0)1 4, 2m if m is odd.
m m —1)°(4) in(p+2rq)(k—€ 4¢
[i} (rims2) , E,, (D Paasint+2ra (k—tse)
n b
r=—[%] ‘1:[1(1+a1272ai cos(p+2rq)l;)
if m is even.
is a closed form solution of equation (2) when u(k) = sin pk cos™ gk.
Proof. By operating A~! on Lemma 2, we get the result. O

(0" 1—n

Lemma 3.7. Let m € N(1), k € [0,00) and p, q are constants. Then

(=1)°M o 4 sin(p+(1—2r)q) (k—L4c)

n
T1 (142 ~2a; cos(p+(1-2)a) ;)
L

L if mois odd.

[]+1
m’m —~1) Aep(£)
= ([7 +'r)( )
N Z(Z)(—1>°<A>aA sin(p+(2r—1)q) (k=€ 4¢)
€p
( A; cos pksin™ gk = QL lﬁ (1+af —2a; cos(p+(2r—1)q)¢;)
at 1—n m -

(3] 07 (]

Aep(£)

(*l)o(A)aA cos(p+2rq)(k—L pc)

n

#f+)
T

—_[m
= 2} i=

TI (1+a? —2a; cos(p+2ra)t;)

if m is even.
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is a closed form solution of equation (2) when u(k) = cos pksin™ gk.

Proof. The proof directly follows by taking A~! on Lemma 2. O

)1 n

Lemma 3.8. Let k € [0,00) and p is constant. Then

S (1) Mau(k — Lacysinp(k — Lac)

AL ksinpk = Acr(® o

(@,0)1 r [T+ a? — 2ascospts)
i=1

(71)"(A)aAcosp(k —lac)
ozZ Lisinpl; Aep(0)
o Z ) (20)
(14 a2 — 2a,cospl;) [T+ a2 — 2a;cospt;)
i=1
and
(=1)°Yaa(k — Lacycosp(k — Lac)

AL kcospk = Aer(® P

(2,01 4p, [T+ a? — 2c;cospls)

i=1

' (—1)°Daasinp(k — Lac)
n 22 i ail; s;npé - AEp(Zyz . (21)
+of — 2aicospli) [T+ a2 — 2a,cospts)
i=1

Proof. Replacing u(k) by ksinpk and kcospk in (3), we find

A ksinpk = (k + £1)sinp(k + €1) — a1 ksinpk, (22)

ay(€1)

which yields
A (k—£1)sinp(k — £1) = ksinpk — o (k — £1)sinp(k — £1). (23)

a1 (1)

Since

A [(k—1)sinp(k — £1) — arksinpk] = ksinpk[l + al — 2acospl] — 2a1 £y cospksinply,
a1(£1)

and «a1,f1,p are constants, we have

(k — £1)sinp(k — £1) — arksinpk  2alli[cosp(k — €1) — a1cospk]sinply

-1, _

aAl(Zl) ksinpk = 1+ oz? — 2ay cospl] 1+ a? — 2y cosply]? (24)

Taking A( 1) - A(;l) on (24),we get (20) and similarly we get (21). O
g (L2 Qn(fn

Lemma 3.9. Let m € N(1), k € [0,00) and p is constant. Then

[2]+1 S (1)@ ay (k—Le sin(2r—1)p(k—£€ 4c)
(_1)1+r([ m ) A€ep(£)

Bt

n
_]_[1(14»04? —2a; cos(2r—1)p¥;)
i=

+2 Z (1+a ilisin(2r—1)pl;

a?—2a;cos(2r—1)¢;)
( 1)) q 4 (k—€ g cos(2r—1)p(k—L 4c)
Ace® Lif m is odd.
]_[ (1+o¢2—2a1 cos(2r—1)pf;)

i=1

A7 ksin™ pk = m
(o,0)1 4 p, P an—1 m & 0 > o
()] = - : + 2D (0")
P fo-en  -an fla-an [ /5 :
Aez(e)(*l)o(A)ocA(kfeAc)cos 2rp(k—~L pc) . -
P a;l;sin2rp
]_[ (1+a? —2a; cos 2rpl;) +2 Z (1402 —2a;cos(2r—1)¢;)
> (= I)O(A)aA(k: Lpcsin2rp(k—~Lpc)
S ,if m is even.
I (1+o¢272a cos(2r—1)pt;)

i=1

is a closed form solution of equation (2) when u(k) = ksin™ pk.
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Proof.  The proof follows by using (5), (6), (20) and (21). O

Example 3.10. If u(k) = sin’pk in (11), then we have

TI T2 o n
atag?...an

o oo 0o sinQ(k—f—Zn:mL) n
S Y o = <H(ai) Al_1>> sin’pk. (25)

r1=01r2=0 rn=0

Takingn =1,k =0,a1 = 2,41 = 3,p =1 in (25),we get

1—a1) 1+ a2 — 2ai1cos2ply

(—on) A sin’pk = (—an)

oy ly

1 { 1 cos2p(k — 41) — ozwos?pk}
2 | (

_ 1 1 cos(—6) — 2cos(0)
- (*2)5{(1—2) 144 — 4cos6 }

1 1 T
o, o, 271

o] ) 0 .2 S -2
Now, Z sin (k;|—r1€1) _ Z sin (:‘161) _ Z sin(3r1)
r1=0 r1=0 r1=0
sin*(0)  sin?3  sin’6 N sin®9 N sin?12
20 2 22 23 24

4. Conclusion

In this paper, applying the solutions of Generalized «;-difference equations, we have derived several formulae for alpha multi
series involving circular functions. Particularly, taking ¢; = 1 and a; = 1 we obtain the solutions of higher order difference

equations.
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