International Journal of Mathematics And its Applications
Volume 5, Issue 1-A (2017), 65-74.
ISSN: 2347-1557

Available Online: http://ijmaa.in/

International Journal of Mathematics And its Applications

Converging Solution of Quadratic Fractional Integral
Equation With Q Function

Research Article

Mohammed Mazhar Ul Haque'* and Tarachand L.Holambe?

1 Dr.B.A.M.University, Aurangabad, Maharashtra, India.
2 Department of Mathematics, Kai Shankarrao Gutte ACS College, Dharmapuri, Beed, Maharashtra, India.

Abstract: In this paper, we will find the solution to the quadratic fractional integral equation involving the Q function which is the
generalization of Mittag-Leffler function and this solution we will obtain with the help of the approximate solutions of
this integral equation, we will form the sequence of solutions converging to the solution of the fractional integral equation
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of successive approximations with the help of some hybrid conditions we will study.
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1. Introduction

The quadratic integral equations have been a topic of interest since long time because of their occurrence in the problems of
some natural and physical processes of the universe. See Argyros [10], Deimling [13], Chandrasekher [11] and the references
therein. The study gained momentum after the formulation of the hybrid fixed point principles in Banach algebras due to
Dhage [14-17]. The existence results for such quadratic operators equations are generally proved under the mixed Lipschitz
and compactness type conditions together with a certain growth condition on the nonlinearities involved in the quadratic
operator or functional equations. The hybrid fixed point theorems in Banach algebras find numerous applications in the
theory of nonlinear quadratic differential and integral equations. See Dhage [15-17], Dhage and Dhage [22, 23] and the
references therein. The Lipschitz and compactness hypotheses are considered to be very strong conditions in the theory of
nonlinear differential and integral equations but nevertheless do not yield any algorithm to determine the numerical solutions.
Therefore, it is of interest to relax or weaken these conditions in the existence and approximation theory of quadratic integral
equations. This is the main motivation of the present paper. In this paper we prove the existence as well as approximations
of the solutions of a certain generalized quadratic integral equation via an algorithm based on successive approximations
under weak partial Lipschitz and compactness type conditions. Given a closed and bounded interval J = [0, 7] of the real

line R for some T > 0, we consider the quadratic fractional integral equation (in short QFIE)

2(t) = f(t,2(1)) (ﬁ / (t = )T DQLLT (¢ — 5)7)g(s, x(s))ds) (1)
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where f,g: J xR — Rand ¢ : J — R are continuous functions, 1 < ¢ < 2 and I is the Euler gamma function, and QZ%% (z)
is generalized mittag leffler function.
By a solution of the QFIE (1) we mean a function € C(J,R) that satisfies the equation (1) on J, where C(J,R) is the

space of continuous real-valued functions defined on J.

2. Auxiliary Results

Unless otherwise mentioned, throughout this paper that follows, let E' denote a partially ordered real normed linear space
with an order relation < and the norm ||-||. It is known that F is regular if {z, } nen is a nondecreasing (resp. nonincreasing)
sequence in F such that z, — z* as n — oo, then z,, < z* (resp. x, »= z*) for all n € N. Clearly, the partially ordered
Banach space C(J,R) is regular and the conditions guaranteeing the regularity of any partially ordered normed linear space
E may be found in Heikkild and Lakshmikantham [28] and the references therein.

In this section,we present some basic definitions and preliminaries which are useful in further discussion.

Definition 2.1 (Mittag-Leffler Function [3]). The Mittag - Leffler function of one parameter is denoted by Eq(z) and defined

as,

o 1 .
= k1" )

k=0
where z,a € C, Re(a) > 0.

If we put @ = 1, then the above equation becomes
0o k ©  k
z z
S e En e ®
!
—T(k+1) K
Definition 2.2 (Mittag-Leffler Function for two parameters). The generalization of Eo(z) was studied by Wiman (1905)

[9] , Agarwal [1] and Humbert and Agarwal [5] defined the function as,

Eap(z 2 (4)

N g I( ak + [3)
where z,a,B € C, Re(a) > 0, Re(8) > 0,

In 1971, The more generalized function is introduced by Prabhakar [? | as

kzzorak+5 (5)

where z,a, 8,7 € C, Re(a) > 0, Re(8) > 0, Re(y) > 0, where v # 0,7) = v(v+ 1)(y + 2)...(y + k — 1) is the Pochhammer
symbol [7], and

— Ply+k)
Mk = "1

In 2007, Shulka and Prajapati [7] introduced the function which is defined as,

kz
Z RIT( o;c T8y (6)

where z,a, 8,7 € C, min{Re(«), Re(8), Re(y)} > 0, and ¢ € (0,1) UN. In 2012, further generalization of Mittag - Leffler

function was defined by Salim [8] and Chauhan [2] as,

oo k
qkz

0

where z, o, 8,7 € C, min{Re(a), Re(8), Re(y)} > 0, and ¢ € (0,1) UN
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C(y+qk D(5+qk
(V)ak = SZZ;% ) and (8)qx = (Fz:;; )

denote the generalized Pochhammer symbol [7],

Definition 2.3 ([6]). The generalization of Mittag - Leffler function denoted by z%g(m) and defined by

wbs(@) = QLY 5 (a1, az, ..., ar, bi, bz, ..., by, )

7—18(bn, 5)(7)gs s ©
an " B(an,5) (O)asTlas + )"

where x,a, 3,7, 9, a;,b; € C, min{Re(a), Re(B), Re(y)} >0, and ¢ € (0,1) U N,
(Mar = HHEE and (8)qr = HREE

Definition 2.4. A mapping T : E — E is called isotone or nondecreasing if it preserves the order relation <, that is, if

x =y implies Tx X Ty forallz,y € E.

Definition 2.5 ([19]). A mapping T : E — E is called partially continuous at a point a € E if for € > 0 there ezists a
8 > 0 such that | Tz — Tal| < € whenever x is comparable to a and ||z — a|| < §. T called partially continuous on E if it
is partially continuous at every point of it. It is clear that if T is partially continuous on E, then it is continuous on every

chain C contained in E.

Definition 2.6. A mapping T : E — E is called partially bounded if T(C) is bounded for every chain C in E. T is
called uniformly partially bounded if all chains T(C) in E are bounded by a unique constant. T is called bounded if
T(E) is a bounded subset of E.

Definition 2.7. A mapping T : E — E is called partially compact if T(C) is a relatively compact subset of E for all
totally ordered sets or chains C in E. T is called uniformly partially compact if 7(C) is a uniformly partially bounded
and partially compact on E. T is called partially totally bounded if for any totally ordered and bounded subset C' of
E, T(C) is a relatively compact subset of E. If T is partially continuous and partially totally bounded, then it is called

partially completely continuous on E.

Definition 2.8 ([19]). The order relation = and the metric d on a non-empty set E are said to be compatible if {xn}nen
is a monotone, that is, monotone nondecreasing or monotone nonincreasing sequence in E and if a subsequence {Tn, }nen
of {zn}nen converges to x* implies that the original sequence {xn}nen converges to x*. Similarly, given a partially ordered
normed linear space (E,=,| - ||), the order relation < and the norm || - || are said to be compatible if < and the metric d

defined through the norm || - || are compatible.

Definition 2.9 ([16]). A upper semi-continuous and monotone nondecreasing function ¢ : Ry — Ry is called a D-function
provided ¥(r) = 0 iff r = 0. Let (E,=,]|-|]) be a partially ordered normed linear space. A mapping T : E — E is called

partially nonlinear D-Lipschitz if there exists a D-function ¥ : Ry — R4 such that

Tz =Tyl <z —yl) 9)

for all comparable elements x,y € E. If (r) = kr, k > 0, then Tis called a partially Lipschitz with a Lipschitz constant k.

Let (E,=,]| - ||) be a partially ordered normed linear algebra. Denote

={z € E |z = 0, where 0 is the zero element of E'}
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and

K={E"CE|ueE" foral uveE"}. (10)

The elements of IC are called the positive vectors of the normed linear algebra E. The following lemma follows immediately
from the definition of the set K and which is often times used in the applications of hybrid fixed point theory in Banach

algebras.
Lemma 2.10 ([17]). If u1,u2,v1,v2 € K are such that ui < v1 and uz = v2, then uiuz < vV1v2.
Definition 2.11. An operator T : E — E is said to be positive if the range R(T) of T is such that R(T) C K.

Theorem 2.12 ([20]). Let (E,=,||- ) be a regular partially ordered complete normed linear algebra such that the order
relation < and the norm || - || in E are compatible in every compact chain of E. Let A, B : E — K be two nondecreasing

operators such that
(a) A is partially bounded and partially nonlinear D-Lipschitz with D-functions ¥,
(b) B is partially continuous and uniformly partially compact, and
(c) Mpa(r) <r,r >0, where M = sup{||B(C)|| : C is a chain in E}, and
(d) there exists an element xo € X such that xo =< AxoBxo or xo = Axo Bxo.

Then the operator equation

Az Bx =z (11)

has a solution z* in E and the sequence {xn} of successive iterations defined by xny1 = Azxp Bxn, n=0,1,..., converges

monotonically to x™.

3. Main Result

The QFIE (1) is considered in the function space C(J,R) of continuous real-valued functions defined on J. We define a

norm || - || and the order relation < in C(J,R) by

||| = sup |=(t)] (12)
tedJ
and
r <y <= z(t) <y() (13)

for all t € J respectively. Clearly, C'(J,R) is a Banach algebra with respect to above supremum norm and is also partially
ordered w.r.t. the above partially order relation <. The following lemma in this connection follows by an application of

Arzela-Ascoli theorem.

Lemma 3.1. Let (C(J,R),<,||-||) be a partially ordered Banach space with the norm || - || and the order relation < defined

by (12) and (13) respectively. Then || - || and < are compatible in every partially compact subset of C(J,R).

The lemma mentioned in Dhage [20], but the proof appears in Dhage [21].



Mohammed Mazhar Ul Haque and Tarachand L.Holambe

Definition 3.2. A function v € C(J,R) is said to be a lower solution of the QFIE (1) if it satisfies

o(t) < F(t0(0)) (ﬁ / (t — ) DQT (1 s>q>g<s,v(s>)ds)

for all t € J. Similarly, a function u € C(J,R) is said to be an upper solution of the QFIE (1) if it satisfies the above

inequalities with reverse sign.

We consider the following set of assumptions in what follows:

(A1) The functions f,g:J x R — Ry, q: J — R4 where q is continuous function.

(Az2) There exists constants My, My > 0 such that 0 < f(¢t,z) < My and 0 < g(t,z) < M, for all t € J and z € R.
(A3) There exists a D-function ¢ such that 0 < f(t,z) — f(t,y) < ¢Ys(x —y) for allt € J and z,y € R,z < y.
(A4) g(t, ) is nondecreasing in z for all t € J.

(As) The QFIE (1) has a lower solution v € C(J,R).

Theorem 3.3. Assume that hypotheses (A1)-(As) holds then the QFIE (1) has a solution x* defined on J and the sequence

{Zn}nenugoy of successive approzimations defined by

prn(®) = [Ftn)] (g7 [ €= 97 QL= 9 alo.n(s)) s (14)

(a
for all t € J, where xo = v, converges monotonically to x*.

Proof. Set E = C(J,R). Then, from Lemma 3.1 it follows that every compact chain in E possesses the compatibility

property with respect to the norm || - || and the order relation < in E. Define two operators A and B on E by
Ax(t) = f(t,z(t)), t € J, (15)
1 t
Bx(t) = @/ (t—s)"" 2Bt —=s)) g(s,z(s))ds, t € J, (16)
0

From the continuity of the integral and the hypotheses (A1)-(As), it follows that A and B define the maps A, B : E — K.

Now by definitions of the operators A and B, the QFIE (1) is equivalent to the operator equation

Ax(t)Bx(t) = z(t), t € J. (17)

We shall show that the operators A and B satisfy all the conditions of Theorem 2.12. This is achieved in the series of
following steps.
Step I: A and B are nondecreasing on E.

Let x,y € E be such that z <y. Then by hypothesis (As)and (A4), we obtain

Az (t) = f(t,z(t) < f(ty(t) = Ay(t),

and
Ba(t) — ﬁ/{) (t— )T QYL (t — 5)7) (s, 2(s)) ds, t € J,
< ﬁ / (t— ) QLY ((t — 5)%) g(s, y(s)) ds, t € J,
= By(t)
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for all t € J. This shows that A and B are nondecreasing operators on E into E. Thus, A and B are nondecreasing positive
operators on F into itself.
Step II: A is partially bounded and partially D-Lipschitz on E.
Let z € E be arbitrary. Then by (Az),
[Az(t)| < [f(t,=(t)))| < My,
for all t € J. Taking supremum over ¢, we obtain ||.Az| < My and so, A is bounded. This further implies that A is partially

bounded on E. Now, let z,y € E be such that z < y. Then, by hypothesis (As),
[Az(t) — Ay()| = |f(t,2(t)) = f(t,y(1))]

Yrle(t) —y(t)]
Y5 ((lz =yl

IN

IN

for all t € J. Taking supremum over ¢, we obtain

Az — Ayl| < ¥¢ (= - yll)

for all z,y € E with  <y. Hence A is partially nonlinear D-Lipschitz operators on E which further implies that it is also
a partially continuous on E into itself.

Step III: B is a partially continuous operator on E.

Let {zn }nen be a sequence in a chain C of E such that 2, — z for all n € N. Then, by dominated convergence theorem, we

have

n—r00 n—r00

lim Ban(f) = lim ﬁ/o (t — 5 QUYL ((t — $)7) g(5, 2 () ds,

= o [ Q-9 [t gts.mn(s))] ds

I'(q lim
1 t BN q
- @/o (t =) QuEs((t —9)7) g(s,z(s)) ds
= Bz(t),

for all ¢t € J. This shows that Bz, converges monotonically to Bx pointwise on J. Next, we will show that {Bx, }nen is an

equicontinuous sequence of functions in E. Let t1,t2 € J with t1 < t2. Then

B.Iin (tg) — B.Tn (t1)

1 t2 q—1v,q,7 q
: '@/0 (t2 = 5)" QL5 ((t2 = 5)) g(s,n(s)) ds

1 t1 q—1 ~v,q,7 _ 5 s o (s :
- @/0 (t1—8)" QL5 5((tr = )) g(s,zn(s)) d

1
ST

- / C(ta — )7L QIY (1 — 9))g(5, 2 (5))ds

/0 C(ta — )7L QIY (2 — 5))g(s5, 2a(5))ds

_|_

/O (ta — ) QI (01 — 5))g(s, 2a(s))ds
- / (b2 — )T QI (01 — )1 g5, 2a(s))ds

+

/O (b2 — 8T QI (01 — )" g(s, 2n(s))ds

- / C(b = ) QI (b — )" g5, 2n(s))ds
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to
< / (t2 = ) QLS (12 — 8)") = QUEH((tr — 8)")] lg(s, xa(s))| ds
0

+

/ (ta = 5)" ' QLY (1 — )" g(s,2a(5))ds
+/ot1|(t2_5) = (t1=9)" | QUE5((tr = 9)") lg(s, wn(s))| ds
= /0T<t2 — )T QUL (8 — 5)7) — QUL (11 — )| Myds

* /OT |(t2 = 5)*7" = (11— )" QUEG((t1 — 9)") Myds

T
+ / (b2 — )7 = (8 — )7 QL5 (6 — )" Myds
0
T 12 1/2 T ) 1/2
<M, ( [ 12— ds) (/ QT (02 — £)7) — QLT (0 — )] ds>

+2 (/oT [(ta = 8)T ! = (tr —5) ' ds)l/Z (/ Qg s((t = s)q)|2d8>1/2 Mo o

Since the functions QZ"IB’%, q are continuous on compact interval J and interval is continuous on compact set J x J, they

are uniformly continuous there. Therefore, from the above inequality (18) it follows that
|Bzn(t2) — Bxn(t1)] =0 as n— oo

uniformly for all n € N. This shows that the convergence Bz,, — Bz is uniform and hence B is partially continuous on FE.
Step IV: B is uniformly partially compact operator on E.

Let C be an arbitrary chain in E. We show that B(C') is a uniformly bounded and equicontinuous set in E. First we show
that B(C) is uniformly bounded. Let y € B(C) be any element. Then there is an element € C be such that y = Bx. Now,

by hypothesis (A1),

<
=~
=
IN

i € QG = o) st ate)) s

IA
-

for all t € J. Taking the supremum over ¢, we obtain |ly|| < ||Bz|| < r for all y € B(C). Hence, B(C) is a uniformly bounded
subset of E. Moreover, |B(C)|| < r for all chains C' in E. Hence, B is a uniformly partially bounded operator on E. Next,

we will show that B(C) is an equicontinuous set in E. Let t1,t2 € J with ¢1 < t2. Then, for any y € B(C), one has

1

Bzxz(t2) — Bat(t1)‘ < ‘@/0 2(152 — S)qing”%’S((tQ —5)?) g(s,x(s)) ds

i = T QI (6 = 5 gl a(e) ds

- T(q

1 " —lover —s s,x(s))ds
s@/o (t2 — )71 QLE(t2 — 5)")g(s, 2(s))d

‘/02<t2—s>q QI (11 — 5)")g(s, x(s))ds
+ / (b — )T QIY (01 — ) g(s,2(s))ds

- / (b2 — $)QI (6 — )" g(s, (s))ds
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+

/0 (b2 — 8)TQI (b — )M g(s, 2(s))ds

- / St — 9)7TIQUY(h — 5)")g(s,2(s))ds

t2
< / (t2 = )" |QUE((t2 = 8)7) = QUE((tr — 9)7)] |g(s, x(s))| ds
0

+ / “(ta — )71 QUY (8 — 5))g(s, 2(s))ds

ty

b [ = 97 = = QA — )7 o ) s
0

Hg)

T

< / (ta — ) QLY (t2 — 5)7) — QL% (81 — 5)7)| Myds
0
T

+ / (b2 — )77 — (b1 — )7 QL% (6 — )" Myds

T
+ / I(t2 = 9)7™ — (11— )| Q%5 (11 — 5)) My ds
1/2 , 1/2
( (ta — 8)1™ 1’ ds) (/ |Q'y’:§’(s —5)7) — Zt”%’z((tl—s)qﬂ ds)

(/ (ts — )7 — (1 —s)q_1|2ds>l/2 (/OT| li%’g((tl—s)q)|2ds>l/2 M,

— 0 as t1 —>t2,

uniformly for all y € B(C). Hence B(C) is an equicontinuous subset of E. Now, B(C) is a uniformly bounded and
equicontinuous set of functions in F, so it is compact. Consequently, B is a uniformly partially compact operator on E into
itself.

Step V: v satisfies the operator inequality v < Av Bv.

By hypothesis (As), the QFIE (1) has a lower solution v defined on J. Then, we have

o(t) < F(t,0(8) (ﬁ [ -9 ay; ((2_s>q)g(s,v(5>)d5) (19)

for all ¢ € J. From the definitions of the operators A, B and C it follows that v(t) < Awv(t) Bu(t) for all ¢ € J. Hence
v < Av Bo.
Step VI: The D-functions ¥4 satisfy the growth condition My a(r) < r, for r > 0.

Finally, the D-function 1.4 of the operator A satisfy the inequality given in hypothesis (d) of Theorem 2.12, viz.,

Mia(r) <r

for all » > 0. Thus A and B satisfy all the conditions of Theorem 2.12 and we conclude that the operator equation Az Bx = x
has a solution. Consequently the QFIE (1) has a solution z* defined on J. Furthermore, the sequence {z, }nen of successive

approximations defined by (14) converges monotonically to z*. This completes the proof. O

Example 3.4. Given a closed and bounded interval J = [0,1], consider the QFIE,

o) = 2+t~ o] (g [ -9 Qe o e gy

forte J.
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4. conclusion

Finally, An algorithm for the solutions is developed and it is shown that the sequence of successive approximations converges
monotonically to the positive solution of related quadratic fractional integral equation under some suitable mixed hybrid

conditions. Some of the results along this line will be further studied.
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