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In this paper, we introduce and investigate certain new subclasses of the function class ¥ of bi-univalent function defined
in the open unit disk, which are associated with the class Pp,(8). We find estimates on the Taylor-Maclaurin coefficients
|a2| and |ag| for functions in these subclasses. Several known and new consequences of these results are also pointed out
in the form of corollaries.
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1. Introduction

Let A denote the class of analytic functions in the unit disk U= {z € C: |z| < 1} that have the form

f(z) :z—|—Zanzn (z € ) (1)

and let S be the class of all functions from A which are univalent in U. The Koebe-one quarter theorem [6] states that the

image of U under every function f from S contains a disk of radius +. Thus, every such univalent function has an inverse

4

! which satisfies

FfE) =2 (zeU) and f(f 7 (w) =w (w| <ra(f), ro(f) = 1/4).

In fact,the inverse function f~' is given by

3

FH(w) = w— asw® + (205 — a3)w® — (5a — Hasaz + ad)w* + ... = g(w). (2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U and let ¥ denotes the class of bi-univalent

functions defined in the unit disk U. The class ¥ of bi-univalent function was first investigated by Lewin [9] and it was

shown that |az| < 1.15. Brannan and Clunie [2] improved Lewin’s result and conjectured that |a2|< v/2. Later, Netanyahu

[10] showed that mazx|az| = %. Subsequently, Brannan and Taha [3] also introduced certain subclasses of bi-univalent class

Y and obtained estimate for there initial coeflicients. Many researchers [1, 4, 5, 12, 14, 15] have recently introduced and

investigated several interesting subclass of the bi-univalent function class ¥ and they have found non-sharp estimates on the

first two Taylor-MacLaurin coefficient |az| and |as|.
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Definition 1.1 ([11]). Let Pm(B) with m> 2 and 0 < B < 1 denote the class of univalent analytic functions p, normalized

/'27r
0

For B = 0, we denote Pm = Pm(0), hence the class Pm represents the class of functions p(z), analytic in

with p(0)=1 and satisfying

Rep(z) — B
W"” <

where z = re‘?.

U, normalized with p(0)=1 and having the representation

p(z) = / Tl g,

1+ zett

where p is a real-valued function with bounded variation which satisfies

27 27
/ du(t) =27  and / l[du(t)] <m, m>2.
0 0

Note that P = P is the well known class of caratheodory function. i.e. the normalized functions with positive real part in
the open unit disc U. Motivated by the earlier work of Bulboaca et al. [4], Altinkaya et al. [1], Goswami et al. [8], Peng et
al. [13], Deniz [5], we introduce here certain new subclasses of the function class ¥ of complex order v € C\{0} associated

with the class P, (8) and find estimates on the coefficients |az| and |as| for the function that belong to these new subclasses.

Definition 1.2. For a > 1,7 > 0and 0 < 8 < 1, a function f € ¥ given by (1) is said to be in class Rx (7, a,v; B), if the

following two conditions are satisfied:

1+ %[(1 — Iy af () £ r2f () = 1) € Pu(B) and

z
1 w / "
14210 0 oy () + g )~ 1] € P (), 3)
where T € C\{0}, the function g = f~' is given by (2), and 2z, w € U.

Definition 1.3. For 0 < A <1 and 0 < B < 1, a function f € X given by (1) is said to be in class Ss(\,; B),if the

following two conditions are satisfied:

1 zf/(z) + 227 f"(2) B an
L+ 7 [)\zf'(z) U =NG) 1] € Pn(8) and
17 wg (w)+ A w’g"(w)
t [/\wg'(w) + (1 = XN)g(w) 1] € Pm(B), )

where T € C\{0}, the function g = f~' is given by (2), and z, w € U.
In order to derive our main results, we shall need the following lemma:

Lemma 1.4. Let the function ¢(z) = 1+ hiz + ha2® + ... ;2 € U such that ¢ € Pm(B) then, |hn] <m(1—B); n> 1.

2. Main Results

We begin by finding the estimates on the coefficients |as| and |as| for functions belonging to the class Rx (7, «,~; 8). Supposing

that the functions p,q € P, (3), with

p(z) =1+ Zpkzk (z€U), and (5)
k=1
(2 =1+ a* (z ). ©)
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From Lemma 1.4 it follows that

[p| <m(1—f), and

lg] <m@1 —=p) forall k> 1.

Theorem 2.1. If f € Rx(7,a,7; 3), then

1+2a+6y" 1+a+2y

m|7|(1 - B)
1+ 20+ 67"

asl < min { ml|(1 - 5) mITI(l—ﬂ)} nd

las] <

Proof. Since f € Rx(r,,v;3), from the definition relations (3) it follows that

1+ -2 o () 4 (2) - 1=
1+ %[(1 +a+27)azz + (14 20+ 67)azz” + .| = p(2)

and

1+ 210 - 02 g (w) 4 g ) 1] =
1+ %[—(1 + a + 27)asw + (1 + 2a + 69)(2a3 — az)w® + ...] = q(w)

(11)

(12)

where p, ¢ € P (B), and are of the form (5) and (6), respectively. Now equating the coefficients of z and 22 in (11), we get

1
T +at e =p

1
;(1 + 2a + 67)as = pa.
Similarly from (12), we have

1
—;(14—0&4—2’}/)0,2 =q

1
;(1 + 2a 4 67)(2a5 — a3) = ga.
From (13) and (15), it follows that

_ Tp1 _ —Tq1
14+ a+2y 14+ a+2y

as

and (14), (16) yields

2 T(p2+ge)
CL2 —_— . .
2(1 + 2a + 67)

(13)

(14)

(18)

Now, (17) and (18) gives the bound on |az| as asserted in (9), by applying Lemma 1.4. Further computation (13) to (18)

leads to

TP2
(1+2a+67)’

asz =
thus we obtain the bound on |as| as asserted in (10), by applying Lemma 1.4.

Fora=1,y=0and a =1,y =1 the above Theorem 2.1 reduces in the following corollaries respectively:

(19)

O
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Corollary 2.2. If1+ %[f/(z) —1] € P(B) and 1+ %[g/ (w) —1] € Pm(B), then |az| < min{, / m‘f\(;—ﬂ)7 mlrl(zl—ﬁ)} and

las| < MIT\S*/J‘) )

Corollary 2.3. If 1 + = f )+ 2f (2) = 1] € Pw(B) and 1 + %[gl(w) + wg (w) — 1] € Pu(B), then |as| <

min{ m|T|(1 B) m\ﬂ'l(1 5)} and |az| < w

Remark 2.1.

(1). Putting 7 = 1,7 = 0 and m=2 in Theorem 2.1, we obtain improvement result corresponding to the result given in

Theorem 3.2 by Frasin and Aouf [7].
(2). Putting 7 =1, and m=2 in corollary 2.1, we get result given in Theorem 2 by Srivastava et. al [14].

Theorem 2.4. If f € Ss(\, 7; ), then

laz| < min{ Tln—|:|2(i:f2)m|7—1l(i;ﬁ)} and (20)
mirl(1 - §)
sl = T (21)

Proof.  Since f € Ss(\,7;8), from the definition relations (4) it follows that

11 2f () + A2
1+ T[)\zf’(z)Jr(I —N)f(2) 1] o

1+ %[(1 + Nazz + {2(1 +2X)as — (1 + )\)2(13}22 —..]=p() (22)

and

17wy (w)+ A w’g"(w) 7
17 [)\wg’(w)—l—(] - A)g(w) ] N

1+ %[—(1 + Nazw + {2(1 + 20)(2a3 — az) — (1 + N\)?a3}w® + ...] = q(w) (23)

where p, ¢ € P, (B), and are of the form (5) and (6), respectively. Now equating the coefficient of z and 2% in (2.18), we get

1
;(1 +XNaz =p1 (24)
1
—{2(1+2))as — (14 V)az} = pa. (25)
Similarly for (23), gives
1
=1+ Naz} =a (26)
and
1 2 2 2
;{2(1 +2X\)(2a3 —a3) — (1 + A)"az} = ¢o. (27)
From (24) and (26), it follows that
o TP1 _ —Tq1
BPTTEXN T IR (28)
and (25), (27) yields
9 (p2+qo)T
2T 02— ) (29)

we readily get the estimate given in (20) by applying Lemma 1.1. Now further computation (24) to (29) leads to

T 2 2
= — A—A 1+2X—A
as 4(1+ N (3+6 )p2 + (1+ )q2] (30)
and thus we obtain the bound on |as| as asserted in (21), by applying Lemma 1.1. O
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For A =0 and A = 1, the above Theorem 2.2 reduces in the following corollaries respectively:

Corollary 2.5. If 1 + 1[% - 1] € Pwm(B) and 1 + A[LW) - 1] €  Pwm(B), then laso| <

T 7| w(w)

min {/mlr[(1 = B), mlr|(1 = B)} and |as| < ml7|(1 - B).

Corollary 2.6. 1f1+§[1+2f,7<2)] € Pu(B) and 1+g[1+w9,7<w)] € Pon(B), then |as| < min{ [mrl0=5), m\ﬂ(;—ﬁ)}

7(2) g (w)
and |as] < w

Remark 2.7.

(1). Putting 7 = 1 and m=2 in corollary 2.3, we obtain the improvement of result corresponding result given by Brannan

and Taha [3].

(2). Putting T = (1 — 8)e”“*cosA, m=2 and 3 = 0 in corollary 2.3, we get the result for bi-A-spirallike univalent function of

order 0.
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