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Abstract: In this paper, we introduce and investigate certain new subclasses of the function class Σ of bi-univalent function defined

in the open unit disk, which are associated with the class Pm(β). We find estimates on the Taylor-Maclaurin coefficients

|a2| and |a3| for functions in these subclasses. Several known and new consequences of these results are also pointed out
in the form of corollaries.
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1. Introduction

Let A denote the class of analytic functions in the unit disk U = {z ∈ C : |z| < 1} that have the form

f(z) = z +

∞∑
n=2

anz
n (z ∈ U) (1)

and let S be the class of all functions from A which are univalent in U. The Koebe-one quarter theorem [6] states that the

image of U under every function f from S contains a disk of radius 1
4
. Thus, every such univalent function has an inverse

f−1 which satisfies

f−1(f(z)) = z (z ∈ U) and f(f−1(w)) = w (|w| < r0(f), r0(f) ≥ 1/4).

In fact,the inverse function f−1 is given by

f−1(w) = w − a2w
2 + (2a2

2 − a3)w3 − (5a3
2 − 5a2a3 + a4)w4 + ... = g(w). (2)

A function f ∈ A is said to be bi-univalent in U if both f and f−1 are univalent in U and let Σ denotes the class of bi-univalent

functions defined in the unit disk U. The class Σ of bi-univalent function was first investigated by Lewin [9] and it was

shown that |a2| < 1.15. Brannan and Clunie [2] improved Lewin’s result and conjectured that |a2|≤
√

2. Later, Netanyahu

[10] showed that max|a2| = 4
3
. Subsequently, Brannan and Taha [3] also introduced certain subclasses of bi-univalent class

Σ and obtained estimate for there initial coefficients. Many researchers [1, 4, 5, 12, 14, 15] have recently introduced and

investigated several interesting subclass of the bi-univalent function class Σ and they have found non-sharp estimates on the

first two Taylor-MacLaurin coefficient |a2| and |a3|.
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Definition 1.1 ([11]). Let Pm(β) with m≥ 2 and 0 ≤ β < 1 denote the class of univalent analytic functions p, normalized

with p(0)=1 and satisfying ∫ 2π

0

∣∣∣Rep(z)− β
1− β

∣∣∣dθ ≤ nπ,
where z = reιθ. For β = 0, we denote Pm = Pm(0), hence the class Pm represents the class of functions p(z), analytic in

U, normalized with p(0)=1 and having the representation

p(z) =

∫ 2π

0

1− zeιt

1 + zeιt
dµ(t),

where µ is a real-valued function with bounded variation which satisfies

∫ 2π

0

dµ(t) = 2π and

∫ 2π

0

|dµ(t)| ≤ m, m ≥ 2.

Note that P = P2 is the well known class of caratheodory function. i.e. the normalized functions with positive real part in

the open unit disc U. Motivated by the earlier work of Bulboaca et al. [4], Altinkaya et al. [1], Goswami et al. [8], Peng et

al. [13], Deniz [5], we introduce here certain new subclasses of the function class Σ of complex order γ ∈ C\{0} associated

with the class Pm(β) and find estimates on the coefficients |a2| and |a3| for the function that belong to these new subclasses.

Definition 1.2. For α ≥ 1, γ ≥ 0 and 0 ≤ β < 1, a function f ∈ Σ given by (1) is said to be in class RΣ(τ, α, γ;β), if the

following two conditions are satisfied:

1 +
1

τ
[(1− α)

f(z)

z
+ αf

′
(z) + γzf

′′
(z)− 1] ∈ Pm(β) and

1 +
1

τ
[(1− α)

g(w)

w
+ αg

′
(w) + γwg

′′
(w)− 1] ∈ Pm(β), (3)

where τ ∈ C\{0}, the function g = f−1 is given by (2), and z, w ∈ U.

Definition 1.3. For 0 ≤ λ ≤ 1 and 0 ≤ β < 1, a function f ∈ Σ given by (1) is said to be in class SΣ(λ, τ ;β),if the

following two conditions are satisfied:

1 +
1

τ

[ zf
′
(z ) + λz 2 f ′′(z )

λzf ′(z ) + (1 − λ)f (z )
− 1
]
∈ Pm(β) and

1 +
1

τ

[ wg
′
(w) + λw2 g ′′(w)

λwg ′(w) + (1 − λ)g(w)
− 1
]
∈ Pm(β), (4)

where τ ∈ C\{0}, the function g = f−1 is given by (2), and z, w ∈ U.

In order to derive our main results, we shall need the following lemma:

Lemma 1.4. Let the function φ(z) = 1 + h1z + h2z
2 + ... ; z ∈ U such that φ ∈ Pm(β) then, |hn| ≤ m(1− β); n ≥ 1.

2. Main Results

We begin by finding the estimates on the coefficients |a2| and |a3| for functions belonging to the classRΣ(τ, α, γ;β). Supposing

that the functions p, q ∈ Pm(β), with

p(z) = 1 +

∞∑
k=1

pkz
k (z ∈ U), and (5)

q(z) = 1 +
∞∑
k=1

qkz
k (z ∈ U). (6)
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From Lemma 1.4 it follows that

|pk| ≤ m(1− β), and (7)

|qk| ≤ m(1− β) for all k ≥ 1. (8)

Theorem 2.1. If f ∈ RΣ(τ, α, γ;β), then

|a2| ≤ min

{√
m|τ |(1− β)

1 + 2α+ 6γ
,
m|τ |(1− β)

1 + α+ 2γ

}
and (9)

|a3| ≤
m|τ |(1− β)

1 + 2α+ 6γ
. (10)

Proof. Since f ∈ RΣ(τ, α, γ;β), from the definition relations (3) it follows that

1 +
1

τ
[(1− α)

f (z )

z
+ αf

′
(z ) + γzf

′′
(z )− 1 ] =

1 +
1

τ
[(1 + α+ 2γ)a2z + (1 + 2α+ 6γ)a3z

2 + ...] = p(z) (11)

and

1 +
1

τ
[(1− α)

g(w)

w
+ αg

′
(w) + γwg

′′
(w)− 1] =

1 +
1

τ
[−(1 + α+ 2γ)a2w + (1 + 2α+ 6γ)(2a2

2 − a3)w2 + ...] = q(w) (12)

where p, q ∈ Pm(β), and are of the form (5) and (6), respectively. Now equating the coefficients of z and z2 in (11), we get

1

τ
(1 + α+ 2γ)a2 = p1 (13)

1

τ
(1 + 2α+ 6γ)a3 = p2. (14)

Similarly from (12), we have

− 1

τ
(1 + α+ 2γ)a2 = q1 (15)

1

τ
(1 + 2α+ 6γ)(2a2

2 − a3) = q2. (16)

From (13) and (15), it follows that

a2 =
τp1

1 + α+ 2γ
=

−τq1
1 + α+ 2γ

(17)

and (14), (16) yields

a2
2 =

τ(p2 + q2)

2(1 + 2α+ 6γ)
. (18)

Now, (17) and (18) gives the bound on |a2| as asserted in (9), by applying Lemma 1.4. Further computation (13) to (18)

leads to

a3 =
τp2

(1 + 2α+ 6γ)
, (19)

thus we obtain the bound on |a3| as asserted in (10), by applying Lemma 1.4.

For α = 1, γ = 0 and α = 1, γ = 1 the above Theorem 2.1 reduces in the following corollaries respectively:

167



Estimates on Initial Coefficients of Certain Subclasses of bi-univalent Functions Associated with the Class Pm(β)

Corollary 2.2. If 1 + 1
τ

[f
′
(z)− 1] ∈ Pm(β) and 1 + 1

τ
[g

′
(w)− 1] ∈ Pm(β), then |a2| ≤ min

{√
m|τ |(1−β)

3
, m|τ |(1−β)

2

}
and

|a3| ≤ m|τ |(1−β)
3

.

Corollary 2.3. If 1 + 1
τ

[f
′
(z) + zf

′′
(z) − 1] ∈ Pm(β) and 1 + 1

τ
[g

′
(w) + wg

′′
(w) − 1] ∈ Pm(β), then |a2| ≤

min

{√
m|τ |(1−β)

3
, m|τ |(1−β)

4

}
and |a3| ≤ m|τ |(1−β)

9
.

Remark 2.1.

(1). Putting τ = 1, γ = 0 and m=2 in Theorem 2.1, we obtain improvement result corresponding to the result given in

Theorem 3.2 by Frasin and Aouf [7].

(2). Putting τ = 1, and m=2 in corollary 2.1, we get result given in Theorem 2 by Srivastava et. al [14].

Theorem 2.4. If f ∈ SΣ(λ, τ ;β), then

|a2| ≤ min

{√
m|τ |(1− β)

1 + 2λ− λ2
,
m|τ |(1− β)

1 + λ

}
and (20)

|a3| ≤
m|τ |(1− β)

1 + 2λ− λ2
. (21)

Proof. Since f ∈ SΣ(λ, τ ;β), from the definition relations (4) it follows that

1 +
1

τ

[ zf
′
(z ) + λz 2 f ′′(z )

λzf ′(z ) + (1 − λ)f (z )
− 1
]

=

1 +
1

τ
[(1 + λ)a2z + {2(1 + 2λ)a3 − (1 + λ)2a2

2}z2 − ...] = p(z) (22)

and

1 +
1

τ

[ wg
′
(w) + λw2 g ′′(w)

λwg ′(w) + (1 − λ)g(w)
− 1
]

=

1 +
1

τ
[−(1 + λ)a2w + {2(1 + 2λ)(2a2

2 − a3)− (1 + λ)2a2
2}w2 + ...] = q(w) (23)

where p, q ∈ Pm(β), and are of the form (5) and (6), respectively. Now equating the coefficient of z and z2 in (2.18), we get

1

τ
(1 + λ)a2 = p1 (24)

1

τ
{2(1 + 2λ)a3 − (1 + λ)2a2

2} = p2. (25)

Similarly for (23), gives

1

τ
{−(1 + λ)a2} = q1 (26)

and

1

τ
{2(1 + 2λ)(2a2

2 − a3)− (1 + λ)2a2
2} = q2. (27)

From (24) and (26), it follows that

a2 =
τp1

1 + λ
=
−τq1
1 + λ

(28)

and (25), (27) yields

a2
2 =

(p2 + q2)τ

2(1 + 2λ− λ2)
. (29)

we readily get the estimate given in (20) by applying Lemma 1.1. Now further computation (24) to (29) leads to

a3 =
τ

4(1 + λ)
[(3 + 6λ− λ2)p2 + (1 + 2λ− λ2)q2] (30)

and thus we obtain the bound on |a3| as asserted in (21), by applying Lemma 1.1.
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For λ = 0 and λ = 1, the above Theorem 2.2 reduces in the following corollaries respectively:

Corollary 2.5. If 1 + 1
τ

[
zf

′
(z)

f(z)
− 1

]
∈ Pm(β) and 1 + 1

τ

[
wg

′
(w)

w(w)
− 1

]
∈ Pm(β), then |a2| ≤

min
{√

m|τ |(1− β), m|τ |(1− β)
}

and |a3| ≤ m|τ |(1− β).

Corollary 2.6. If 1 + 1
τ

[
1 + zf

′′
(z)

f
′
(z)

]
∈ Pm(β) and 1 + 1

τ

[
1 + wg

′′
(w)

g
′
(w)

]
∈ Pm(β), then |a2| ≤ min

{√
m|τ |(1−β)

2
, m|τ |(1−β)

2

}
and |a3| ≤ m|τ |(1−β)

2
.

Remark 2.7.

(1). Putting τ = 1 and m=2 in corollary 2.3, we obtain the improvement of result corresponding result given by Brannan

and Taha [3].

(2). Putting τ = (1− δ)e−ιλcosλ, m=2 and β = 0 in corollary 2.3, we get the result for bi-λ-spirallike univalent function of

order δ.
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