
International Journal of Mathematics And its Applications

Volume 5, Issue 1–B (2017), 187–211.

ISSN: 2347-1557

Available Online: http://ijmaa.in/

A
p
p
lications•ISSN:234

7-
15

57
•
In

te
r
n
a
ti
o
n
a
l
Jo

ur
na

l of Mathematics
A
n
d

its

International Journal of Mathematics And its Applications

Solution and Stability of New Type of
(
aaq, bbq, caq, daq

)
Mixed Type Functional Equation in Various Normed

Spaces: Using Two Different Methods

Research Article

V.Govindhan1∗, S.Murthy2 and M.Saravanan3

1 Department of Mathematics, Sri Vidya Mandir Arts and Science College, Uthangarai, Tamil Nadu, India.

2 Department of Mathematics, Government Arts and Science College (For Men), Krishnagiri, Tamil Nadu, India.

3 Department of Mathematics, Adhiyamaan College of Engineering, Hosur, Tamil Nadu, India.

Abstract: Using two different methods, the authors are investigate the general solution and generalized Ulam

- Hyers stability of new type of (aaq , baq , caq , daq) mixed type functional equation of the form
g (ax1 + bx2 + cx3 + dx4) + g (−ax1 + bx2 + cx3 + dx4) + g (ax1 − bx2 + cx3 + dx4) + g (ax1 + bx2 − cx3 + dx4) +

g (ax1 + bx2 + cx3 − dx4) = g (ax1 + bx2) + g (ax1 + cx3) + g (ax1 + dx4) + g (bx2 + cx3) + g (bx2 + dx4) +

g (cx3 + dx4) + g (ax1) − g (−ax1) + g (bx2) − g (−bx2) + g (cx3) − g (−cx3) + g (dx4) − g (−dx4) −
(ag(x1)− ag(−x1)+ bg(x2)− bg(−x2) + cg(x3)− cg(−x3) + dg(x4)− dg(−x4)) + a2 (g(x1) + g(−x1)) +

b2 (g(x2) + g(−x2)) + c2 (g(x3) + g(−x3)) + d2 (g(x4) + g(−x4)), where a, b, c, d are positive integers with a 6= b 6= c 6= d,

in Banach space, Fuzzy Normed Space and Instuitionistic Fuzzy normed space.
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1. Introduction

In [29], Ulam proposed the general stability problem: when is it true that by slightly changing the hypothesis of a theorem

one can still assert that the thesis of the theorem remains true or approximately true?. In [30], Hyers gave the first

Affirmative answer to the question of Ulam for additive functional equation on Banach Spaces. Hyers result have since

then seen many significant generalizations, both interms of the control condition used to define the concept of approximate

solution [3, 4, 8, 12–14, 16]. On the other hand, Cadariu and Radu noticed that a fixed point Alternative method is very

important for the solutions of the Ulam problem. In otherwords, they employed this fixed point method to the investigation

of the Cauchy functional equation [9, 10] and for the quadratic functional equation [19–23]. Nowadays, fixed point and

operator theory play an important role in different areas of Mathematics and its applications, particularly in Mathematics,

Physics and Differential equation. Since the fuzzy mathematics and fuzzy physics along with the classical one are constantly

developing, the fuzzy type of the fixed point and operator theory can also play an important role in new fuzzy area and

fuzzy mathematical physics. Many authors [3–6, 16] have also proved some different type of fixed point theorems in fuzzy
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metric spaces and fuzzy normed spaces. The fixed point method was used for the first time by Baker [5] who applied a

variant of Banach fixed point theorem to obtain the Ulam - Hyers stability of functional equation in a single variable (for

more application of this method see [1, 2, 7, 8, 11–14, 17, 24, 27]). One of the most famous functional equations is the

additive functional equation

f(x+ y) = f(x) + f(y). (1)

In 1821, it was first solved by A. L. Cauchy in the class of continuous real valued functions. It is often called an additive

cauchy functional equation in honor of cauchy. The theorey of additive functional equations is frequently applied to the

developement of theories of the other functional equations. Moreover, the properties of additive functional equations are

powerful tools in almost every field of natural and social sciences. Every solutions of the additive functional equation (1) is

called the additive function. The second famous functional equation is

f(x+ y) + f(x− y) = 2 f(x) + 2 f(y) (2)

is said to be quadratic functional equation because the quadratic function f(x) = ax2 is a solution of the functional equation

(2). In this paper, we consider the following functional equation deriving from additive and quadratic functional equation

of the form general solution and generalized Ulam - Hyers - Rassias stability of the new type of cubic functional equation of

the form

g (ax1 + bx2 + cx3 + dx4) + g (−ax1 + bx2 + cx3 + dx4) + g (ax1 − bx2 + cx3 + dx4) +

g (ax1 + bx2 − cx3 + dx4) + g (ax1 + bx2 + cx3 − dx4) = g (ax1 + bx2) + g (ax1 + cx3) +

g (ax1 + dx4) + g (bx2 + cx3) + g (bx2 + dx4) + g (cx3 + dx4) + g (ax1) − g (−ax1) +

g (bx2) − g (−bx2) + g (cx3) − g (−cx3) + g (dx4) − g (−dx4) − (ag(x1) − ag(−x1) +

bg(x2) − bg(−x2) + cg(x3) − cg(−x3) + dg(x4) − dg(−x4)) + a2 (g(x1) + g(−x1))

+ b2 (g(x2) + g(−x2)) + c2 (g(x3) + g(−x3)) + d2 (g(x4) + g(−x4)) (3)

where a, b, c, d are positive integers with a 6= b 6= c 6= d 6= 0. We find the general solution of this new type functional equation

in Banach space (BS), Fuzzy Normed Space (FNS) and Instuitionistic Fuzzy normed space (IFNS) by using Two different

methods.

2. General Solution of the Functional Equation (3).

In this section, we obtain the general solution of the functional equation (3).

Lemma 2.1. Let X and Y be a real vector space. An odd function g : X → Y satisfies (3) if and only if g is additive.

Proof. Since g is odd function. Replacing (x, y) by (0, 0) in (1), that g(0) = 0 and setting (x, y) by (x,−x) in (1), we get

g(−x) = −g(x).

Putting (x, y) by (x, x) and (x, 2x) in (1) respectively, we get

g(2x) = 2g(x)
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and

g(3x) = 3g(x).

In general for any positive integer n, such that

g(ax) = ag(x) (4)

for all x ∈ X. It is easy to verify that from (4), that

g(a2x) = a2g(x),

g(a3x) = a3g(x),

and

g(a4x) = a4g(x), (5)

for all x ∈ X. Replacing (x, y) by (ax1 + bx2 + cx3, dx4) in (1), we obtain

g(ax1 + bx2 + cx3 + dx4) = g(ax1 + bx2) + g(cx3) + g(dx4) (6)

for all x1, x2, x3, x4 ∈ X. Again setting x4 by −x4 in (6), we get

g(ax1 + bx2 + cx3 − dx4) = g(ax1 + bx2) + g(cx3)− g(dx4) (7)

for all x1, x2, x3, x4 ∈ X. Replacing (x, y) by (ax1 + bx2 + dx4, cx3) in (1), we obtain

g(ax1 + bx2 + cx3 + dx4) = g(ax1 + dx4) + g(bx2) + g(cx3) (8)

for all x1, x2, x3, x4 ∈ X. Changing x3 by −x3 in (8), we get that

g(ax1 + bx2 − cx3 + dx4) = g(ax1 + dx4) + g(bx2)− g(cx3) (9)

for all x1, x2, x3, x4 ∈ X. Replacing (x, y) by (ax1 + cx3 + dx4, bx2) in (1), we obtain

g(ax1 + bx2 + cx3 + dx4) = g(ax1 + cx3) + g(dx4) + g(bx2) (10)

for all x1, x2, x3, x4 ∈ X. Using (10) and changing x2 by −x2, we get

g(ax1 − bx2 + cx3 + dx4) = g(ax1 + cx3) + g(dx4)− g(bx2) (11)

for all x1, x2, x3, x4 ∈ X. Replacing (x, y) by (bx2 + cx3 + dx4, ax1) in (1), we obtain

g(ax1 + bx2 + cx3 + dx4) = g(bx2 + dx4) + g(cx3) + g(ax1) (12)

for all x1, x2, x3, x4 ∈ X. Changing x1 by −x1 in (12), we get

g(−ax1 + bx2 + cx3 + dx4) = g(bx2 + dx4) + g(cx3)− g(ax1) (13)
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for all x1, x2, x3, x4 ∈ X. Adding (6), (7), (8), (9), (10), (11), (12) and (13) and again adding

g(ax1)− g(−ax1) + g(bx2)− g(−bx2) + g(cx3)− g(−cx3) + g(dx4)− g(−dx4)

− [a (g(x1)− g(−x1)) + b (g(x2)− g(−x2)) + c (g(x3)− g(−x3)) + d (g(x4)− g(−x4))]

on both sides and using oddness, we get desired our result of (3).

Conversely, let g : X → Y satisfies the functional equation (3), replacing (x, y) by (0, 0) in (3), that

g(0) = 0.

Setting (x, y) by
(
x
a
,−x

b

)
in (3) we get

g(−x) = −g(x).

for all x ∈ X. Putting (x, y) by
(
x
a
, x
b

)
and

(
2x
a
, x
b

)
in (3), we obtain

g(2x) = 2 g(x)

and

g(3x) = 3 g(x)

for all x ∈ X. Again replacing (x, y) by
(
x
a
, y
b

)
in (3), and using oddness of (3), we get the desired result of (1).

Lemma 2.2. If an even mapping g : X → Y satisfies the functional equation (2) for all x, y ∈ X if and only if g : X → Y

satisfies the functional equation (3) for all x1, x2, x3, x4 ∈ X.

Proof. Let f : X → Y satisfies the functional equation (2). Setting (x, y) by (0, 0) in (2), that

f(0) = 0.

Putting (x, y) by (0, x) in (2), that

f(−x) = f(x)

for all x ∈ X. Again changing (x, y) by (x, x) and (2x, x) in (2), we obtain

f(2x) = 4 f(x)

and

f(3x) = 9 f(x)

for all x ∈ X. For any positive integer n, we arrive that

f(ax) = a2f(x) (14)

for all x ∈ X. It is easy that to verify from (14) respectively, we get

f(a2x) = a4f(x) and f(a3x) = a6f(x) (15)
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for all x ∈ X. Setting (x, y) by (ax1 + dx4, bx2 + cx3) in (2), we arrive that

g(ax1 + dx4 + bx2 + cx3) + g(ax1 + dx4 − bx2 − cx3) = 2 g(ax1 + dx4) + g(bx2 + cx3) (16)

for all x1, x2, x3, x4 ∈ X. Again replacing (x, y) by (ax1 + cx3, bx2 + dx4) in (2), that

g(ax1 + cx3 + bx2 + dx4) + g(ax1 + cx3 − bx2 − dx4) = 2 g(ax1 + cx3) + g(bx2 + dx4) (17)

for all x1, x2, x3, x4 ∈ X. Putting (x, y) by (ax1 + bx2, cx3 + dx4) in (2), we get

g(ax1 + bx2 + cx3 + dx4) + g(ax1 + bx2 − cx3 − dx4) = 2 g(ax1 + bx2) + g(cx3 + dx4) (18)

for all x1, x2, x3, x4 ∈ X. Putting (x, y) by (ax1 − bx2, cx3 − dx4) in (2), we obtain that

g(ax1 − bx2 + cx3 − dx4) + g(ax1 − bx2 − cx3 + dx4) = 2 g(ax1 − bx2) + 2 g(cx3 − dx4) (19)

for all x1, x2, x3, x4 ∈ X. Changing (x, y) by (cx3 + dx4, ax1 − bx2) in (2), we have

g(cx3 + dx4 + ax1 − bx2) + g(cx3 + dx4 − ax1 + bx2) = 2 g(cx3 + dx4) + 2 g(ax1 − bx2) (20)

for all x1, x2, x3, x4 ∈ X. Adding (16) and (17), we get

g(ax1 + bx2 + cx3 + dx4) + g(ax1 − bx2 − cx3 + dx4) + g(ax1 + bx2 + cx3 + dx4) + g(ax1 − bx2 + cx3 − dx4)

= 2 g(ax1 + dx4) + 2 g(bx2 + cx3) + 2 g(ax1 + cx3) + 2 g(bx2 + dx4) (21)

for all x1, x2, x3, x4 ∈ X. Using (19) and (21), we obtain

g(ax1 + bx2 + cx3 + dx4) + 2 g(ax1 − bx2) + 2 g(cx3 − dx4) = 2 g(ax1 + dx4)

+ 2 g(bx2 + cx3) + 2 g(ax1 + cx3) + 2 g(bx2 + dx4) (22)

for all x1, x2, x3, x4 ∈ X. Using (22) and rearranging, we obtain

g(ax1 + bx2 + cx3 + dx4) + g(ax1 − bx2) + g(cx3 − dx4) = g(ax1 + dx4)

+ g(bx2 + cx3) + g(ax1 + cx3) + g(bx2 + dx4) (23)

for all x1, x2, x3, x4 ∈ X. Adding g(ax1 − bx2) and g(cx3 − dx4) on both sides in (23), we get

g(ax1 + bx2 + cx3 + dx4) + 2 g(ax1 − bx2) + 2 g(cx3 − dx4) = g(ax1 + dx4) + g(bx2 + cx3)

+ g(ax1 + cx3) + g(bx2 + dx4) + g(ax1 − bx2) + g(cx3 − dx4) (24)

for all x1, x2, x3, x4 ∈ X. Adding (18) and (24), we arrive

g(ax1 + bx2 + cx3 + dx4) + 2 g(ax1 − bx2) + 2 g(cx3 − dx4) + g(ax1 + bx2 + cx3 + dx4)
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+g(ax1 + bx2 − cx3 − dx4) = 2 g(ax1 + bx2) + 2 g(cx3 + dx4) + g(ax1 + dx4) + g(bx2 + cx3)

+ g(ax1 + cx3) + g(bx2 + dx4) + g(ax1 − bx2) + g(cx3 − dx4) (25)

for all x1, x2, x3, x4 ∈ X. Using (25) in (3), that

g(ax1 + bx2 + cx3 + dx4) + 2 g(ax1 − bx2) + 2 g(cx3 − dx4) + 2 g(ax1 + bx2) + 2 g(cx3 + dx4)

= g(ax1 + bx2) + g(cx3 + dx4) + g(ax1 + bx2) + g(cx3 + dx4) + g(ax1 + dx4) + g(bx2 + cx3)

+ g(ax1 + cx3) + g(bx2 + dx4) + g(ax1 − bx2) + g(cx3 − dx4) (26)

for all x1, x2, x3, x4 ∈ X. Using (20) in (26), we get

g(ax1 + bx2 + cx3 + dx4) + g(ax1 − bx2 + cx3 + dx4) + g(−ax1 + bx2 + cx3 + dx4) + 2 g(ax1 + bx2)

+2 g(cx3 − dx4) = g(ax1 + bx2) + g(ax1 + cx3) + g(ax1 + dx4) + g(bx2 + cx3) + g(bx2 + dx4)+

g(cx3 + dx4) + g(ax1 + bx2) + g(ax1 − bx2) + g(cx3 + dx4) + g(cx3 − dx4) (27)

for all x1, x2, x3, x4 ∈ X. Replacing (x, y) by (ax1, bx2) in (2), we obtain

g(ax1 + bx2) + g(ax1 − bx2) = 2 g(ax1) + 2 g(bx2) (28)

for all x1, x2 ∈ X. Putting (x, y) by (cx3, dx4) in (2), we get

g(cx3 + dx4) + g(cx3 − dx4) = 2 g(cx3) + 2 g(dx4) (29)

for all x3, x4 ∈ X. Setting (x, y) by (ax1 + bx2, cx3 − dx4) in (2), we obtain

g(ax1 + bx2 + cx3 − dx4) + g(ax1 + bx2 − cx3 + dx4) = 2 g(ax1 + bx2) + 2 g(cx3 − dx4) (30)

for all x1, x2, x3, x4 ∈ X. Substitute (28), (29) and (30) in (27) respectively, we get

g(ax1 + bx2 + cx3 + dx4) + g(−ax1 + bx2 + cx3 + dx4) + g(ax1 − bx2 + cx3 + dx4) +

g(ax1 + bx2 − cx3 + dx4) + g(ax1 + bx2 + cx3 − dx4) = g(ax1 + bx2) + g(ax1 + cx3)+

g(ax1 + dx4) + g(bx2 + cx3) + g(bx2 + dx4) + g(cx3 + dx4) + 2 a2 g(x1) + 2 b2 g(x2)

+ 2 c2 g(x3) + 2 d2 g(x4) (31)

for all x1, x2, x3, x4 ∈ X. Adding

g(ax1)− g(−ax1) + g(bx2)− g(−bx2) + g(cx3)− g(−cx3) + g(dx4)− g(−dx4)−

[a (g(x1)− g(−x1)) + b (g(x2)− g(−x2)) + c (g(x3)− g(−x3)) + d (g(x4)− g(−x4))]

and using eveness, we get desired result for (3). Conversely, Let g : X → Y satisfies the functional equation (2). Replacing

(x1, x2, x3, x4) by (x1, x2, 0, 0) in (3), we get

g(ax1 + bx2) + g(−ax1 + bx2) + g(ax1 − bx2) + g(ax1 + bx2) + g(ax1 + bx2) = g(ax1 + bx2)+

g(ax1) + g(ax1) + g(bx2) + g(bx2) + 2 a2 g(x1) + 2 b2 g(x2) (32)

for all x1, x2 ∈ X. Using eveness and it is easy to verify from (14), we arrive (2). Hence this completes the proof of the

Theorem.
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3. Stability Results for (3): Odd Case-Direct Method

In this section, we present the generalized Ulam - Hyers stability of the functional equation (3) for odd case.

Theorem 3.1. Let l ∈ {−1, 1} and α : X4 → [0,∞) be a function such that

∞∑
k=0

α
(
akjx1, a

kjx2, a
kjx3, a

kjx4
)

akj

converges in R and

lim
k→∞

α
(
akjx1, a

kjx2, a
kjx3, a

kjx4
)

akj
(33)

for all x1, x2, x3, x4 ∈ X. Let ga : X → Y be an odd function satisfying the inequality

‖Dga(x1, x2, x3, x4)‖ ≤ α(x1, x2, x3, x4) (34)

for all x1, x2, x3, x4 ∈ X. There exists a unique additive mapping A : X → Y which satisfies the functional equation (3) and

‖ga(x)−A(x)‖ ≤ 1

2a

∞∑
k= i−j

2

α
(
akjx, 0, 0, 0

)
akj

(35)

for all x ∈ X. The mapping A(x) is defined by

A(x) = lim
k→∞

ga
(
akjx

)
akj

(36)

for all x ∈ X.

Proof. Assume that l = 1. Replacing (x1, x2, x3, x4) by (x, 0, 0, 0) in (34) and using oddness of ga, we get

‖2ga(ax)− 2a ga(x)‖ ≤ α(x, 0, 0, 0) (37)

for all x ∈ X. It is follows from (37) that

∥∥∥∥ga(ax)

a
− ga(x)

∥∥∥∥ ≤ 1

2a
α(x, 0, 0, 0) (38)

for all x ∈ X. Replacing x by ax in (38) and dividing by a, we obtain

∥∥∥∥ga(a2x)

a2
− ga(ax)

a

∥∥∥∥ ≤ 1

2a2
α(ax, 0, 0, 0) (39)

for all x ∈ X. It is follows from (38) and (39) that

∥∥∥∥ga(a2x)

a2
− ga(ax)

∥∥∥∥ ≤ 1

2a

{
α(x, 0, 0, 0) +

α(ax, 0, 0, 0)

a

}
(40)

for all x ∈ X. Generalizing the above, we arrive that

∥∥∥∥ga(ax)− ga(akx)

ak

∥∥∥∥ ≤ 1

2a

{
n−1∑
k=0

α(akx, 0, 0, 0)

ak

}
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≤ 1

2a

{
∞∑
k=0

α(akx, 0, 0, 0)

ak

}
(41)

for all x ∈ X. In order to prove that the convergence of the sequence

{
ga(akx)

ak

}

replace x by alx and dividing al (41), for any k, l > 0, to deduce that, we will arrive

∥∥∥∥ga(alx)

al
− ga(ak+lx)

ak+l

∥∥∥∥ =
1

2l

∥∥∥∥ga(alx)− ga(akalx)

ak

∥∥∥∥
≤ 1

2a

{
n−1∑
k=0

α(ak+lx, 0, 0, 0)

ak+l

}

≤ 1

2a

{
∞∑
k=0

α(ak+lx, 0, 0, 0)

ak+l

}
→ 0 as l→∞ (42)

for all x ∈ X. Hence the sequence {
ga(akx)

ak

}
is a Cauchy sequence. Since Y is complete, there exists a mapping A : X → Y such that

A(x) = lim
k→0

ga(akx)

ak

for all x ∈ X. Letting k → ∞ in (33), we see that (35) holds for all x ∈ X. To prove that A satisfies (3), replacing

(x1, x2, x3, x4) by (akx1, a
kx2, a

kx3, a
kx4) and dividing ak in (34) we obtain

1

ak

∥∥∥Dga(akx1, a
kx2, a

kx3, a
kx4)

∥∥∥ ≤ 1

ak
α(akx1, a

kx2, a
kx3, a

kx4)

for all x1, x2, x3, x4 ∈ X. Letting k →∞ in the above inequality and using the definition of A(x), we see that

DA(x1, x2, x3, x4) = 0.

Hence, A satisfies the equation (3) for all x1, x2, x3, x4 ∈ X. To show that A is unique, let B be another additive mapping

satisfying (3) and (34), then

‖A(x)−B(x)‖ ≤ 1

al

{∥∥∥A(alx)− ga(alx)
∥∥∥+

∥∥∥ga(alx)−B(alx)
∥∥∥}

≤ 1

2a

∞∑
k=0

α(ak+lx, 0, 0, 0)

ak+l
→ 0 as l→∞,

for all x ∈ X. Hence A is Unique. Now, replacing x by
(
x
a

)
in (37), we get

∥∥∥2 ga(x)− 2 ga
(x
a

)∥∥∥ ≤ α(x
a
, 0, 0, 0

)
(43)

for all x ∈ X. It is follows from (43) that

∥∥∥ga(x)− ga
(x
a

)∥∥∥ ≤ 1

2
α
(x
a
, 0, 0, 0

)
(44)

for all x ∈ X. The rest of proof is similar to that l = 1. Hence for l = −1 also the theorem is true. This completes the proof

of the Theorem.
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The following corollary is an immediate consequence of of Theorem 3.1 concerning the stability of (3).

Corollary 3.2. Let µ and p be a non negative real number. Let an odd function ga : X → Y satisfying the inequality

‖Dga(x1, x2, x3, x4)‖ ≤


µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ;

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

(45)

for all x1, x2, x3, x4 ∈ X. Then there exists a unique additive function A : X → Y such that

‖ga(x)−A(x)‖ ≤



µ
2 |a−1| ;

µ ‖x‖p
2 |a−ap| ;

µ ‖x‖4p

2 |a−a4p| ;

(46)

for all x ∈ X.

Proof. If we putting

α(x1, x2, x3, x4) =


µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ;

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

(47)

in theorem 3.1, we get (46).

4. Stability Results for (3): Even Case-Direct Method

In this section, we present the generalized Ulam - Hyers stability of the functional equation (3) for even case.

Theorem 4.1. Let l ∈ {−1, 1} and α : X4 → [0,∞) be a function such that

∞∑
k=0

α
(
akjx1, a

kjx2, a
kjx3, a

kjx4
)

a2kj

converges to R and

lim
k→∞

α
(
akjx1, a

kjx2, a
kjx3, a

kjx4
)

a2kj
= 0 (48)

for all x1, x2, x3, x4 ∈ X. Let gq : X → Y be an even function satisfying the inequality

‖Dgq(x1, x2, x3, x4)‖ ≤ α(x1, x2, x3, x4) (49)

for all x1, x2, x3, x4 ∈ X. Then there exists a unique quadratic mapping Q : X → Y which satisfies the functional inequality

(3) and

‖gq(x)−Q(x)‖ ≤ 1

4a2

∞∑
k= i−j

2

α
(
akjx, 0, 0, 0

)
a2kj

(50)

for all x ∈ X. The mapping Q(x) is defined by

Q(x) = lim
k→∞

gq
(
akjx

)
a2kj

(51)

for all x ∈ X.
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Proof. Assume that l = 1. Setting (x1, x2, x3, x4) by (x, 0, 0, 0) in (49) and using the evenness of gq, we get

∥∥4gq(ax)− 4a2 gq(x)
∥∥ ≤ α(x, 0, 0, 0) (52)

for all x ∈ X. The rest of the proof is similar to that Theorem 3.1.

Corollary 4.2. Let µ and p be a non negative real number. Let an even function gq : X → Y satisfying the inequality

‖Dgq(x1, x2, x3, x4)‖ ≤



µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ; p 6= 2

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

p 6= 2
4

(53)

for all x1, x2, x3, x4 ∈ X. Then there exists a unique quadratic function Q : X → Y such that

‖gq(x)−Q(x)‖ ≤



µ

4 |a2−1| ;

µ ‖x‖p

4 |a2−ap| ; p 6= 2

µ ‖x‖4p

4 |a2−a4p| ; p 6= 1
2

(54)

for all x ∈ X.

5. Stability Results for (3): Mixed Case-Direct Method

In this section, we investigate the generalized Ulam - Hyers stability lf the functional equations (3) for the mixed case.

Theorem 5.1. Let l ∈ {−1, 1} and α : X4 → [0,∞) be a function satisfying (33) and (48) for all x1, x2, x3, x4 ∈ X. Let

g : X → Y be a function satisfying the inequality such that

‖Dg(x1, x2, x3, x4)‖ ≤ α(x1, x2, x3, x4) (55)

for all x1, x2, x3, x4 ∈ X. Then there exists a unique additive mapping and unique quadratic mapping Q : X → Y which

satisfies the functional inequality (3) and

‖g(x)−A(x)−Q(x)‖ ≤ 1

2

 1

2a

∞∑
k= i−j

2

{
α
(
akjx, 0, 0, 0

)
akj

+
α
(
−akjx, 0, 0, 0

)
akj

}

+
1

4a2

∞∑
k= i−j

2

{
α
(
akjx, 0, 0, 0

)
a2kj

+
α
(
−akjx, 0, 0, 0

)
a2kj

} (56)

for all x ∈ X. The mapping A(x) and Q(x) is defined in (36) and (51) respectively for all x ∈ X.

Proof. Let us take

go(x) =
ga(x)− ga(x)

2
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for all x ∈ X. Then go(0) = 0 and go(−x) = −go(x) for all x ∈ X. Hence

‖Dgo(x1, x2, x3, x4)‖ ≤ 1

2
{‖Dgo(x1, x2, x3, x4)‖+ ‖Dgo(−x1,−x2,−x3,−x4)‖}

≤
{
α(x1, x2, x3, x4)

2
+
α(−x1,−x2,−x3,−x4)

2

}
(57)

for all x1, x2, x3, x4 ∈ X. By Theorem 3.1, we obtain

‖go(x)−A(x)‖ ≤ 1

4a

∞∑
k= i−j

2

{
α
(
akjx, 0, 0, 0

)
akj

+
α
(
−akjx, 0, 0, 0

)
akj

}
(58)

for all x ∈ X. Also let,

ge(x) =
gq(x) + gq(−x)

2

for all x ∈ X. Then ge(0) = 0 and ge(−x) = ge(x) for all x ∈ X. Hence

‖Dge(x1, x2, x3, x4)‖ ≤ 1

2
{‖Dgq(x1, x2, x3, x4)‖+ ‖Dgq(−x1,−x2,−x3,−x4)‖}

≤
{
α(x1, x2, x3, x4)

2
+
α(−x1,−x2,−x3,−x4)

2

}
(59)

for all x1, x2, x3, x4 ∈ X. By Theorem 4.1, we obtain

‖ge(x)−Q(x)‖ ≤ 1

8a2

∞∑
k= i−j

2

{
α
(
akjx, 0, 0, 0

)
a2kj

+
α
(
−akjx, 0, 0, 0

)
a2kj

}
(60)

for all x ∈ X. Define

g(x) = ge(x) + ge(−x) (61)

for all x ∈ X. It is follows from (58), (60) and (61), we get

‖g(x)−A(x)−Q(x)‖ = ‖ge(x) + go(−x)−A(x)−Q(x)‖

≤ ‖go(−x)−A(x)‖+ ‖ge(x)−Q(x)‖

≤ 1

4a

∞∑
k= i−j

2

{
α
(
akjx, 0, 0, 0

)
akj

+
α
(
−akjx, 0, 0, 0

)
akj

}

+
1

8a2

∞∑
k= i−j

2

{
α
(
akjx, 0, 0, 0

)
a2kj

+
α
(
−akjx, 0, 0, 0

)
a2kj

}
(62)

for all x ∈ X. Hence the Theorem is proved.

Using the corollaries 3.2 and 4.2, we have the following corolary concerning the stability of (3).

Corollary 5.2. Let µ and p be a non negative real number. Let an even function g : X → Y satisfying the inequality

‖Dg(x1, x2, x3, x4)‖ ≤



µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ; p 6= 1, 2

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

p 6= 1
4
, 2
4

(63)
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for all x1, x2, x3, x4 ∈ X. Then there exists a unique additive mapping A : X → Y function Q : X → Y such that

‖g(x)−A(x)−Q(x)‖ ≤



µ
2

{
1
|a−1| + 1

2 |a2−1|

}
;

µ ‖x‖p
2

{
1

|a−ap| + 1

2|a2−ap|

}
;

µ ‖x‖4p
2

{
1

|a−a4p| + 1

|a2−a4p|

}
;

(64)

for all x ∈ X.

For next sections 6, 7 and 8, let us consider X and Y to be a normed space and a Banach space, respectively. Define a

mapping Dg : X → Y by

Dg(x1, x2, x3, x4) = 0.

for all x1, x2, x3, x4 ∈ X.

Fixed Point Stability Results for the Functional Equation (3).

The following theorem are useful to prove our fixed point stability result.

Theorem A: (Banach Contradiction Principle)[4].

Let (X, d) be a complete metric spaces and consider a mapping P : X → X which is strictly contractive mapping, that is

(A1) . d(Px, Py) ≤ d(x, y) for some (Lipschitz Constant) L < 1, then

1. The mapping P has one and only fixed point x∗ = P (x∗).

2. The fixed point for each given element x∗ is globally contractive that is

(A2). lim
n→∞

Pnx = x∗

For any starting point x ∈ X. One has the following estimation inequalities

(A3). d(Pnx, x∗) ≤ 1
1−L d(Pnx, Pn+1x), for all n ≥ 0 and for all x ∈ X.

(A4). d(x, x∗) ≤ 1
1−L d(x, x∗), for all x ∈ X.

Theorem B: (The Alternative Fixed Point Theorem) [4].

Suppose that for a complete generalized metric space (X, d) and strictly contractive mapping T : X → Y with Lipschitz

constant L, then for each given element x ∈ X, either,

(B1). d(Pnx, Pn+1x) =∞; for all n ≥ 0

(B2). There exists a natural number n0 such that

1. d(Pnx, Pn+1x) =∞; for all n ≥ 0.

2. The sequence {Tnx} is convergent to a fixed point y∗ of T ,

3. y∗ is the unique fixed point of T in the set

Y = {y ∈ Y : d(Pn0x, y) < ∞}

4. d(y∗, y) ≤ 1
1−L d(y, Py) for all y ∈ Y .
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6. Fixed Point Stability of (3) : odd case - Fixed Point Method

In this section, we present the generalized Ulam - Hyers stability of the functional equation (3) for odd case using fixed

point method.

Theorem 6.1. Let ga : X → Y be an odd mapping for which there exists a function α : X4 → [0,∞) with the condition

lim
k→∞

{
α
(
νki x1, ν

k
i x2, ν

k
i x3, ν

k
i x4
)

νki

}
= 0 (65)

where

νi =


a ; i = 0

1
a

; i = 1

such that the functional inequality

‖Dga(x1, x2, x3, x4)‖ ≤ α(x1, x2, x3, x4) (66)

for all x1, x2, x3, x4 ∈ X. If there exists L = L(i) such that the function

x→ δ(x) =
1

2
α
(x
a
, 0, 0, 0

)

has the property

1

νi
δ(νix) = L δ(x) (67)

for all x ∈ X. Then there exists a unique additive function A : X → Y satisfying the functional equaiton (3) and

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x) (68)

holds for all x ∈ X.

Proof. Consider the set

X = {q / q : X → Y ; q(0) = 0}

and introduced the generalized metric on X.

d(r, q) = inf {k ∈ (0,∞) : ‖q(x)− r(x)‖ ≤ k δ(x), ∀ x ∈ X} .

It is easy to see that (X, d) is complete. Define T : X → X by

Tq(x) =
1

νi
q(νix)

for all x ∈ X. Now r, q ∈ X, then we have d(q, r) ≤ k

⇒ ‖q(x)− r(x)‖ ≤ k δ(x), x ∈ X

⇒
∥∥∥∥ 1

νi
q(νix) − 1

νi
r(νix)

∥∥∥∥ ≤ 1

νi
k δ(νix) x ∈ X

⇒ ‖Tq(x)− Tr(x)‖ ≤ L k δ(x), x ∈ X
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⇒ d(Tq, Tr) ≤ L K.

⇒ d(Tq, Tr) ≤ L d(q, r)

for all q, r ∈ X. That is, T is strictly contractive mapping on X with Lipschitz constant L. It is follows from (37) that

‖2 ga(ax)− 2 a ga(x)‖ ≤ α(x, 0, 0, 0) (69)

for all x ∈ X. It is follows from (69) that

∥∥∥∥ga(x)− ga(x)

a

∥∥∥∥ ≤ 1

2a
α(x, 0, 0, 0) (70)

for all x ∈ X. using (67), for the case i = 0, it it reduces to

∥∥∥∥ga(x)− 1

a
ga(x)

∥∥∥∥ ≤ 1

a
δ(x) (71)

for all x ∈ X. That is, d(ga, T ga) ≤ 1
a

, therefore,

d(ga, T ga) ≤ 1

a
= L = L1 <∞.

Again Replacing x by x
a

in (69), we arrive that

∥∥∥ga(x)− a ga(
x

a
)
∥∥∥ ≤ 1

2
α(
x

a
, 0, 0, 0) (72)

for all x ∈ X. using (67), for the case i = 1, it it reduces to

∥∥∥ga(x)− a ga(
x

a
)
∥∥∥ ≤ δ(x) (73)

for all x ∈ X. Therefore we arrive that d(ga, T ga) ≤ 1,

⇒ d(ga, T ga) ≤ 1 = L0 < ∞.

In the above case, we arrive that

d(ga, T ga) ≤ L1−i.

Therefore (B2(1)) holds. By (B2(2)), it follows that there exists a fixed point A of T in X, such that

A(x) = lim
k→∞

ga(νki x)

νki
(74)

for all x ∈ X. In order to prove A : X → Y is additive.

Replacing (x1, x2, x3, x4) by (νki x1, ν
k
i x2, ν

k
i x3, ν

k
i x4) in (66) and dividing by νki , it follows from (65) and (74), we see that

A satisfies (3) for all x1, x2, x3, x4 ∈ X. Hence A satisfies the functional equation (3).

By (B2(3)), A is the unique fixed point of T in the set,

Y = {ga ∈ X : d(Tga, A) ∞} .
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Using the fixed point Alternataive result, A is the unique function such that,

‖ga(x)−A(x)‖ ≤ k δ(x),

for all x ∈ X, and k > 0. Finally by (B2(4)), we obtain

d(ga, A) ≤ 1

1− L d(ga, T ga).

Therefore,

d(ga, A) ≤ L1−i

1− L.

Hence, we conclude that

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x).

for all x ∈ X.

Corollary 6.2. Let ga : X → Y be an odd mapping and there exists a real numbers p and µ such that

‖Dg(x1, x2, x3, x4)‖ ≤


µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ;

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

(75)

for all x1, x2, x3, x4 ∈ X. Then there exists a unique additive mapping A : X → Y such that

‖ga(x)−A(x)‖ ≤



µ
2 |a−1| ;

µ ‖x‖p
2 |a−ap| ; p 6= 1

µ ‖x‖4p

2 |a−a4p| ; p 6= 1
4

(76)

for all x ∈ X.

Proof. Replacing

α(x1, x2, x3, x4) =


µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ;

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

for all x1, x2, x3, x4 ∈ X. Now α(νki x1, ν
k
i x2, ν

k
i x3, ν

k
i x4)

=



µ

νki
;

µ

νki

{∥∥νki x1∥∥p +
∥∥νki x2∥∥p +

∥∥νki x3∥∥p +
∥∥νki x4∥∥p} ;

µ

νki

{{∥∥νki x1∥∥p ∥∥νki x2∥∥p ∥∥νki x3∥∥p ∥∥νki x4∥∥p}+
{∥∥νki x1∥∥4p +

∥∥νki x2∥∥4p +
∥∥νki x3∥∥4p +

∥∥νki x4∥∥4p}} ;

=


−→ 0 as k → ∞

−→ 0 as k → ∞

−→ 0 as k → ∞

(77)
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Therefore (65) holds. But we have

δ(x) =
1

2
α
(x
a
, 0, 0, 0

)
.

Hence

δ(x) =
1

2
α
(x
a
, 0, 0, 0

)
=



µ
2

;

µ
2ap
‖x‖p ;

µ
2a4p

‖x‖4p .

Also,

1

νix
δ(νix) =



µ
2νi

;

µ
2νi
‖νix‖p ;

µ
2νi
‖νix‖4p .

=


ν−1
i δ(x)

νp−1
i δ(x)

ν4p−1
i δ(x)

(78)

Hence the inequality (67) holds. For

L = a−1 for p = 0 if i = 0 and L = 1
a−1 for p = 0; if i = 1 and for

L = ap−1 for p < 1 if i = 0 and L = 1
ap−1 for p > 1; if i = 1 and for

L = a4p−1 for p < 1 if i = 0 and L = 1
a4p−1 for p > 1; if i = 1.

Now from (78), we prove the following cases:

Case : I Let L = a−1 ; i = 0

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x) =
(a−1)1−0

1− a−1
.
µ

2

=
a−1

1− 1
a

.
µ

2
=
a−1

a−1
a

.
µ

2
=

µ

2(a− 1)
.

Case : II Let L =
(
1
a

)−1
; i = 1

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x) =
((a)1−1)

(1− a)
.
µ

2
=

µ

2(1− a)
.

Case : III

Let L = ap−1 ; p < 1 ; i = 0

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x) =
((a)p−1)1−0

(1− ap−1)
.
µ

2ap
‖x‖p

=
(a)p a−1

1− ap

a−1

.
µ

2ap
‖x‖p =

µ

2 (a− ap) ‖x‖
p

Case : IV

Let L = 1
ap−1 ; p > 1 ; i = 1

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x) =

(
1

ap−1

)1−1

1− 1
ap−1

.
µ

2ap
‖x‖p

=
1

1− 1
ap

.
µ

2ap
‖x‖p =

µ

2 (ap − a)
‖x‖p

Case : V

Let L = a4p−1 ; p < 1
4

; i = 0

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x) =
((a)4p−1)1−0

(1− a4p−1)
.

µ

2a4p
‖x‖4p
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=
(a)4p a−1

1− a4p

a−1

.
µ

2a4p
‖x‖4p =

µ

2 (a− a4p) ‖x‖
4p

Case : VI

Let L = 1
a4p−1 ; p > 1

4
; i = 1

‖ga(x)−A(x)‖ ≤ L1−i

1− L δ(x) =

(
1

a4p−1

)1−1

1− 1
a4p−1

.
µ

2a4p
‖x‖4p

=
1

1− 1
a4p

.
µ

2a4p
‖x‖4p =

µ

2 (a4p − a)
‖x‖4p

7. Fixed Point Stability of (3) : Even Case-Fixed point method

In this section, we give the generalized Ulam - Hyers stability of the functional equation (3), for even case.

Theorem 7.1. Let gq : X → Y be an even mapping for which there exists a function α : X4 → [0,∞) with the condition

lim
k→∞

{
α
(
νki x1, ν

k
i x2, ν

k
i x3, ν

k
i x4
)

ν2ki

}
= 0 (79)

where

νi =


a ; i = 0

1
a

; i = 1

such that the functional inequality

‖Dgq(x1, x2, x3, x4)‖ ≤ α(x1, x2, x3, x4) (80)

for all x1, x2, x3, x4 ∈ X. If there exists L = L(i) < 1 such that the function

x→ δ(x) =
1

2
α
(x
a
, 0, 0, 0

)

has the property

1

ν2i
δ(νix) = L δ(x) (81)

for all x ∈ X. Then there exists a unique quadratic function Q : X → Y satisfying the functional equaiton (3) and

‖gq(x)−Q(x)‖ ≤ L1−i

1− L δ(x) (82)

holds for all x ∈ X.

Proof. The rest of the proof is similar to that of Theorem 6.1.

Corollary 7.2. Let gq : X → Y be an even mapping and there exists a real numbers p and µ such that

‖Dgq(x1, x2, x3, x4)‖ ≤


µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ;

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;
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for all x1, x2, x3, x4 ∈ X. Then there exists a unique quadratic mapping Q : X → Y such that

‖gq(x)−Q(x)‖ ≤



µ

4 |a2−1| ;

µ ‖x‖p

4 |a2−ap| ; p 6= 1, 2

µ ‖x‖4p

4 |a2−a4p| ; p 6= 1
2

for all x ∈ X.

8. Fixed Point Stability of (3) : Mixed Case-Fixed Point Method

In this section, we discuss the generalized Ulam - Hyers stability of the functional equation (3), for the mixed case.

Theorem 8.1. Let g : X → Y be mapping for which there exists a function α : X4 → [0,∞) with the condition (65) and

(79), where

νi =


a ; i = 0

1
a

; i = 1

such that the functional inequality

‖Dg(x1, x2, x3, x4)‖ ≤ α(x1, x2, x3, x4) (83)

for all x1, x2, x3, x4 ∈ X. If there exists L = L(i) such that the function for all x ∈ X, such that the condition

x→ δ(x) =
1

2
α
(x
a
, 0, 0, 0

)
has the property (67) and (sbb3) for all x ∈ X. Then there exists a unique additive function A : X → Y and a unique

quadratic function Q : X → Y satisfying the functional equaiton (3) and

‖g(x)−A(x)−Q(x)‖ ≤ L1−i

1− L [δ(x) + δ(−x)] (84)

holds for all x ∈ X.

Proof. The rest of the proof is similar to that of Theorem 6.1 and 7.1.

Corollary 8.2. Let g : X → Y be a mapping and there exists a real numbers p and µ such that

‖Dg(x1, x2, x3, x4)‖ ≤


µ;

µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ;

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

(85)

for all x1, x2, x3, x4 ∈ X. Then there exists a unique additive mapping A : X → Y and a unique quadratic mapping

Q : X → Y such that

‖g(x)−A(x)−Q(x)‖ ≤



µ
1 |a−1| + µ

4 |a2−1| ;

µ ‖x‖p
2 |a−ap| + µ ‖x‖p

4 |a2−ap| ; p 6= 1, 2

µ ‖x‖4p

2 |a−a4p| + µ ‖x‖4p

4 |a2−a4p| ; p 6= 1
2
, 1
4

for all x ∈ X.
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9. Fuzzy Stability Results: Odd Case-Direct Method

In this section, the authors present the basic definitions in Fuzzy normed space and investigate the fuzzy stability of the

additive functional equation, using direct method.

We use the definition of fuzzy normed spaces given in [15] and [7].

Definition 9.1. Let X be a real linear space. A function N : X × R → [0, 1] is said to be fuzzy norm on X, if for all

x, y ∈ X and s, t ∈ R,

(FNS1) N(x, c) = 0 for c ≤ 0;

(FNS2) x = 0 if and only if N(x, c) = 1 for all c > 0;

(FNS3) N(cx, t) = N
(
x, t
|c|

)
if c 6= 0

(FNS4) N(x+ y, s+ t) ≥ min {N(x, s), N(y, t)} ;

(FNS5) N(x, .) is non - decreasing function on R and limn→∞ N(x, t) = 1;

(FNS6) for x 6= 0, and N(x, .) is (α - upper semi) continuous on R.

The pair (X,N) is called fuzzy normed space.

Definition 9.2. Let (X,N) be a fuzzy normed linear space. Let {xn} be sequence in X. Then xn is said to be convergent

if there exists x ∈ X such that the

lim
n→∞

N(xn − x, t) = 1

for all t > 0. In that case, x is called the limit of the sequaence xn and we denote it by

N − lim
n→∞

xn = x.

Definition 9.3. A sequence {xn} in X is called Cauchy if for each ε > 0 and each t > 0 there exists n0 such that for n ≥ n0

and all p > 0, we have

N (xn+p − xn, t) > 1− ε.

Definition 9.4. Every convergent sequaence in a fuzzy normed space is Cauchy. If each Cauchy sequence is converegent,

then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

Definition 9.5. A mapping f : X → Y between fuzzy normed space X and Y is continuous at a point x0 if for each sequence

{xn} converging to x0 in X, the sequence f is said to continuous on X.

The stability of various functional equaiton in fuzzy normed spaces was investigated in [18–20, 24–26, 28].

Thoroughout this paper, assume that X, (X,N
′
) and (Y,N

′
) are linear space, fuzzy normed space and fuzzy Banach space

respectively. Now the authors investigate the generalized Ulam - Hyers stability of the functional equation (3).

Theorem 9.6. Let β ∈ {−1, 1} and let α : X4 → Z be a mapping with 0 <
(
d
a

)β
< 1

N
′ (
α(aβx, 0, 0, 0), r

)
≥ N

′ (
dβ α(x, 0, 0, 0), r

)
(86)

for all x ∈ X, and all d > 0, and

lim
n→∞

N
′ (
α
(
aβnx1, a

βnx2, a
βnx3, a

βnx4
)
, aβnr

)
= 1 (87)
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for all x1, x2, x3, x4 ∈ X, and all r > 0. Suppose that a function g : X → Y satisfies the inequality

N (Dga(x1, x2, x3, x4), r) ≥ N
′
(α(x1, x2, x3, x4), r) (88)

for all x1, x2, x3, x4 ∈ X, and all r > 0. Then the limit

A(x) = N − lim
n→∞

g(aβnr)

aβn
(89)

exists for all x ∈ X and the mapping A : X → Y is a unique additive mapping satisfying (3) and

N(g(x)−A(x), r) ≥ N
′
(α(x, 0, 0, 0), r |a− d|) (90)

for all x ∈ X and all r > 0.

Proof. First assume that β = 1. Replacing (x1, x2, x3, x4) by (x, 0, 0, 0) in (88), we get

N
(
2g(ax)− 2a2g(x), r

)
≥ N

′
(α(x, 0, 0, 0), r) (91)

for all x ∈ X and all r > 0. The rest of the proof to that of Theorem 3.1. Hence this completes the proof of the Theorem.

From the Theorem 9.6, we obtain the following corollary concerning the Ulam - Hyers stabilities of the functional equation

(3).

Corollary 9.7. Suppose that a function g : X → Y satisfies the inequality

N (Dga(x1, x2, x3, x4), r)

≥


N
′
(µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} , r) p < 1 or p > 1

N
′ (
µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

({
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}
, r
)})

p < 1
4

or p > 1
4

(92)

for all r > 0 and all x1, x2, x3, x4 ∈ X, where p and µ are constant. Then there exists a unique additive mapping A : X → Y

such that

N(g(x)−A(x), r) ≥


N
′
(µ ‖x‖p , r |a− ap|) ;

N
′ (
µ ‖x‖4p , r

∣∣a− a4p∣∣) ;

(93)

for all x ∈ X and all r > 0.

Proof. If we define that

α(x1, x2, x3, x4) =


µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} ;

µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

{
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}}
;

for all x1, x2, x3, x4 ∈ X. Then the corollary is followed from Theorem 9.6 by if we define

d =


ap;

a4p;
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10. Fuzzy Stability Results: Even-Case: Direct Method

In this section, the authors present the generalized Ulam - Hyers stability of the functional equation (3) in Fuzzy Normed

space even case using direct method.

Theorem 10.1. Let β ∈ {−1, 1} and let α : X4 → Z be a mapping with 0 <
(
d
a2

)β
< 1

N
′ (
α(aβx, 0, 0, 0), r

)
≥ N

′ (
dβ α(x, 0, 0, 0), r

)
(94)

for all x ∈ X, and all r > 0, and

lim
n→∞

N
′ (
α
(
aβnx1, a

βnx2, a
βnx3, a

βnx4
)
, aβnr

)
= 1 (95)

for all x1, x2, x3, x4 ∈ X, and all r > 0. Suppose that a function g : X → Y satisfies the inequality

N (Dgq(x1, x2, x3, x4), r) ≥ N
′
(α(x, 0, 0, 0), r) (96)

for all x1, x2, x3, x4 ∈ X, and all x ∈ X, r > 0. Then the limit

Q(x) = N − lim
n→∞

g(aβnr)

a2βn
(97)

exists for all x ∈ X and the mapping Q : X → Y is a unique quadratic mapping satisfying (3) and

N(g(x)−Q(x), r) ≥ N
′ (
α(x, 0, 0, 0), r

∣∣a2 − d∣∣) (98)

for all x ∈ X and all r > 0.

Proof. First assume that β = 1. Replacing (x1, x2, x3, x4) by (x, 0, 0, 0) in (96), we obtain

N
(
4g(ax)− 4a2g(x), r

)
≥ N

′
(α(x, 0, 0, 0), r) (99)

for all x ∈ X and all r > 0. The rest of the proof to that of Theorem 9.6. Hence this completes the proof of the Theorem.

From the Theorem 10.1, we obtain the following corollary concerning the Ulam - Hyers stabilities for the functional equation

(3).

Corollary 10.2. Suppose that a function g : X → Y satisfies the inequality

N (Dgq(x1, x2, x3, x4), r)

≥


N
′
(µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} , r) p < 2 or p > 2

N
′ (
µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

({
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}
, r
)})

p < 1
2

or p > 1
2

(100)

for all r > 0 and all x1, x2, x3, x4 ∈ X, where p and µ are constant. Then there exists a unique quadratic mapping Q : X → Y

such that

N(g(x)−Q(x), r) ≥


N
′ (
µ ‖x‖p , r

∣∣a2 − ap∣∣) ;

N
′ (
µ ‖x‖4p , r

∣∣a2 − a4p∣∣) ;

(101)

for all x ∈ X and all r > 0.
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11. Stability of the Functional Equation (3): Odd Case-Fixed Point
Method

In this section, the authors investigate the generalized Ulam - Hyers stability of the functional equation (3) in fuzzy normed

space using the fixed point method.

Theorem 11.1. Let g : X → Y be a mapping for which there exists a function α : X4 → Z with the condition

lim
n→∞

N
′
(α (µni x1, µ

n
i x2, µ

n
i x3, µ

n
i x4) , µni r) = 1 (102)

for all x1, x2, x3, x4 ∈ X and all r > 0 and satisfying the functional inequality

N (δ(x1, x2, x3, x4), r) ≥ N
′
(α(x1, x2, x3, x4), r) (103)

for all x1, x2, x3, x4 ∈ X and all r > 0. If there exists L = L(i) such that the function

x −→ δ(x) = α
(x
a
, 0, 0, 0

)

has the property

N
′
(
L
δµix

µi
r

)
= N

′
(δ(x), r) (104)

for all x ∈ X; and all r > 0. Then there exists a unique additive function A : X → Y satisfying the functional equation (3)

and

N (δ(x)−A(x), r) ≥ N
′
(
δ(x),

L1−i

1− L

)
; (105)

for all x ∈ X; and all r > 0.

Proof. The rest of the proof to that pf the Theorem 6.1.

From the Theorem 11.1, we get the following corollary concerning the stability for the functional equation (3).

Corollary 11.2. Suppose that a odd function g : X → Y satisfies the inequality

N (δ(x1, x2, x3, x4), r)

≥


N
′
(µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} , r)

N
′ (
µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

({
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}
, r
)}) (106)

for all r > 0 and all x1, x2, x3, x4 ∈ X, where p and µ are constant with µ > 0. Then there exists a unique additive mapping

A : X → Y such that

N(g(x)−A(x), r) ≥


N
′
(
µ ‖x‖p , a

|a−ap|

)
; p < 1 or p > 1

N
′
(
µ ‖x‖4p , a

|a−a4p|

)
; p < 1

4
or p > 1

4

(107)

for all x ∈ X and all r > 0.
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12. Stability of the Functional Equation (3): Even Case-Fixed Point
Method

In this section, the authors present the generalized Ulam - Hyers stability of the functional equation (3) in Fuzzy Normed

space using fixed point method.

Theorem 12.1. Let g : X → Y be a mapping for which there exists a function α : X4 → Z with the condition

lim
n→∞

N
′
(α (µni x1, µ

n
i x2, µ

n
i x3, µ

n
i x4) , µni r) = 1 (108)

for all x1, x2, x3, x4 ∈ X and all r > 0 and satisfying the functional inequality

N (Dgq(x1, x2, x3, x4), r) ≥ N
′
(α(x1, x2, x3, x4), r) (109)

for all x1, x2, x3, x4 ∈ X and all r > 0. If there exists L = L(i) such that the function

x −→ δ(x) = α
(x
a
, 0, 0, 0

)

has the property

N
′
(
L
δµix

µ2
i

r

)
= N

′
(δ(x), r) (110)

for all x ∈ X; and all r > 0. Then there exists a unique quadratic function Q : X → Y satisfying the functional equation

(3) and

N (δ(x)−Q(x), r) ≥ N
′
(
δ(x),

L1−i

1− L

)
; (111)

for all x ∈ X; and all r > 0.

Corollary 12.2. Suppose that a odd function g : X → Y satisfies the inequality

N (δ(x1, x2, x3, x4), r)

≥


N
′
(µ {‖x1‖p + ‖x2‖p + ‖x3‖p + ‖x4‖p} , r)

N
′ (
µ
{
{‖x1‖p ‖x2‖p ‖x3‖p ‖x4‖p}+

({
‖x1‖4p + ‖x2‖4p + ‖x3‖4p + ‖x4‖4p

}
, r
)}) (112)

for all r > 0 and all x1, x2, x3, x4 ∈ X, where p and µ are constant with µ > 0. Then there exists a unique quadratic mapping

Q : X → Y such that

N(g(x)−Q(x), r) ≥


N
′
(

µ
ap
‖x‖p , a2

|a2−a4p|

)
; p < 2 or p > 2

N
′
(

µ
a4p
‖x‖4p , a2

|a2−a4p|

)
; p < 1

2
or p > 1

2

(113)

for all x ∈ X and all r > 0.
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