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1. Introduction

In [29], Ulam proposed the general stability problem: when is it true that by slightly changing the hypothesis of a theorem
one can still assert that the thesis of the theorem remains true or approximately true?. In [30], Hyers gave the first
Affirmative answer to the question of Ulam for additive functional equation on Banach Spaces. Hyers result have since
then seen many significant generalizations, both interms of the control condition used to define the concept of approximate
solution [3, 4, 8, 12-14, 16]. On the other hand, Cadariu and Radu noticed that a fixed point Alternative method is very
important for the solutions of the Ulam problem. In otherwords, they employed this fixed point method to the investigation
of the Cauchy functional equation [9, 10] and for the quadratic functional equation [19-23]. Nowadays, fixed point and
operator theory play an important role in different areas of Mathematics and its applications, particularly in Mathematics,
Physics and Differential equation. Since the fuzzy mathematics and fuzzy physics along with the classical one are constantly
developing, the fuzzy type of the fixed point and operator theory can also play an important role in new fuzzy area and

fuzzy mathematical physics. Many authors [3—6, 16] have also proved some different type of fixed point theorems in fuzzy
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metric spaces and fuzzy normed spaces. The fixed point method was used for the first time by Baker [5] who applied a
variant of Banach fixed point theorem to obtain the Ulam - Hyers stability of functional equation in a single variable (for
more application of this method see [1, 2, 7, 8, 11-14, 17, 24, 27]). One of the most famous functional equations is the

additive functional equation

flz+y) = flx)+ f(y). 1)

In 1821, it was first solved by A. L. Cauchy in the class of continuous real valued functions. It is often called an additive
cauchy functional equation in honor of cauchy. The theorey of additive functional equations is frequently applied to the
developement of theories of the other functional equations. Moreover, the properties of additive functional equations are
powerful tools in almost every field of natural and social sciences. Every solutions of the additive functional equation (1) is

called the additive function. The second famous functional equation is

flx+y) + fla—y) = 2 f(z) + 2 f(y) (2)

is said to be quadratic functional equation because the quadratic function f(x) = ax? is a solution of the functional equation
(2). In this paper, we consider the following functional equation deriving from additive and quadratic functional equation
of the form general solution and generalized Ulam - Hyers - Rassias stability of the new type of cubic functional equation of

the form

g (ax1 + bxe + cxz +dza) + g(—axy + bxe + cx3 +dzs) + g(axy —bre + cws +drs) +
g (ax1 + bxe — cxs +dxs) + g(axi +bre +cxs —dry) = g(ax1 +bx2) + g(ax1 +cxs) +
g(az1 +dxs) + g(bxa +cxs) + g(bra +dzs) + g(cxs +drs) + g(ax1) — g(—az) +
g (bxa) — g(=bx2) + g(cxs) — g(—cws) + g(dwa) — g(—dxa) — (ag(z1) — ag(—z1) +
bg(z2) — bg(—w2) + cg(ws) — cg(—ws) + dg(xa) — dg(—z4)) + a® (9(x1) + g(—a1))

+ 0% (g(a2) + g(—x2)) + ¢ (g(zs) + g(~wa)) + d* (g9(za) + g(~w4)) ®3)

where a, b, ¢, d are positive integers with a # b # ¢ # d # 0. We find the general solution of this new type functional equation
in Banach space (BS), Fuzzy Normed Space (FNS) and Instuitionistic Fuzzy normed space (IFNS) by using Two different

methods.

2. General Solution of the Functional Equation (3).

In this section, we obtain the general solution of the functional equation (3).
Lemma 2.1. Let X and Y be a real vector space. An odd function g : X — 'Y satisfies (3) if and only if g is additive.

Proof.  Since g is odd function. Replacing (z,y) by (0,0) in (1), that g(0) = 0 and setting (z,y) by (z, —z) in (1), we get

Putting (z,y) by (z,z) and (z,2z) in (1) respectively, we get

g(2z) = 2g(x)
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and

9(3z) = 3g(x).
In general for any positive integer n, such that

g(ax) = ag(x)

for all x € X. It is easy to verify that from (4), that

g(a’z) = a’g(x),

g(a’z) = a’g(x),

and
gla'z) = a'g(x),

for all z € X. Replacing (z,y) by (az1 + bx2 + cxs,drs) in (1), we obtain

g(azx1 + bxa + cxs + dza) = glaz1 + bx2) + g(cxs) + g(dza)

for all z1,x2,z3,24 € X. Again setting x4 by —z4 in (6), we get

g(az1 + bza + cxs — dzs) = glazy + bx2) + g(czs) — g(dza)

for all x1,x2,x3, 24 € X. Replacing (z,y) by (ax1 + bx2 + dza,cxs) in (1), we obtain

g(az1 + bxa + cxs + dxa) = glaz1 + dza) + g(bx2) + g(czs)

for all x1,x2, 23,24 € X. Changing z3 by —z3 in (8), we get that

g(ax1 + bxo — crs + dra) = glaz1 + dza) + g(bz2) — g(cxs)

for all x1,x2,x3, 24 € X. Replacing (z,y) by (ax1 + cxs + dxa, bx2) in (1), we obtain

g(ax1 + bxa + cxs + dxa) = glaz1 + cxs) + g(dza) + g(bx2)

for all z1,x2,z3,24 € X. Using (10) and changing x2 by —z2, we get

glaxy — bra 4 cx3 4 dwa) = glaz + cxs) + g(dza) — g(bx2)

for all x1,x2,x3,24 € X. Replacing (z,y) by (bx2 + cxs + dxa,azx1) in (1), we obtain

g(azx1 + bxa + cxs + dza) = g(bxa + dzxa) + g(cx3) + g(az1)

for all x1,x2, 23,24 € X. Changing z1 by —z1 in (12), we get

g(—az1 + bxs + cxs + dra) = g(bza + dxs) + g(czs) — glazy)

(10)

(11)

(12)
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for all z1,x2, 23,24 € X. Adding (6), (7), (8), (9), (10), (11), (12) and (13) and again adding
g(azr) — g(—az1) + g(bx2) — g(—bw2) + g(cws) — g(—cws) + g(dwa) — g(—dwa)
—la(g(@1) — g(—=z1)) + b(g(22) — g(—22)) + c(g(x3) — g(—x3)) + d (9(z4) — g(—z4))]
on both sides and using oddness, we get desired our result of (3).
Conversely, let g : X — Y satisfies the functional equation (3), replacing (z,y) by (0,0) in (3), that
9(0) =0
Setting (x,y) by (%, —%) in (3) we get
g(—z) = —g(z)
for all z € X. Putting (z,y) by (%,%) and (2%, £) in (3), we obtain
9(2z) =2 g(z)
and
9(3z) =3 g(z)
for all x € X. Again replacing (z,y) by (%, %) in (3), and using oddness of (3), we get the desired result of (1). O

Lemma 2.2. If an even mapping g : X — Y satisfies the functional equation (2) for all z,y € X if and only if g : X =Y

satisfies the functional equation (3) for all 1,x2, 73,24 € X.

Proof. Let f: X — Y satisfies the functional equation (2). Setting (z,y) by (0,0) in (2), that

Putting (z,y) by (0,z) in (2), that

for all x € X. Again changing (z,y) by (x,z) and (2z,x) in (2), we obtain

f(2z) =4 f(x)

and

fBz) =9 f(x)

for all z € X. For any positive integer n, we arrive that

flaz) = a® f(z)

for all x € X. It is easy that to verify from (14) respectively, we get

f(a2x) = a4f(m) and f(a3a:) = aGf(w)
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for all x € X. Setting (z,y) by (az1 + dxa4, bxrz + cxs) in (2), we arrive that

g(ax1 + dxa + bxa + cx3) + g(az1 + dza — bz — cx3) = 2 g(ax1 + dza) + g(bx2 + cx3)

for all x1,x2, 3,74 € X. Again replacing (z,y) by (az1 + czs,bre + dxa) in (2), that

g(ax1 + cxs + bre + dza) + g(az1 + cxs — bxa — dzxs) = 2 g(az1 + cx3) + g(bra + dxa)

for all x1,x2,x3, 24 € X. Putting (x,y) by (az1 + bz, cxs + dzs) in (2), we get

g(axy + bxa + cxs + dzs) + glazy + bxa — cxs — dxs) = 2 g(az + bxa) + g(cxs + dxa)

for all x1,x2,x3,24 € X. Putting (z,y) by (ax1 — bz2, cxs — dx4) in (2), we obtain that

glax1 — bxa + cxs — dxa) + glaz1 — bxa — cx3 + dza) = 2 glax:s — bx2) + 2 g(cxs — dxa)

for all z1,x2,z3,24 € X. Changing (z,y) by (czs + dxa,ax1 — bxz2) in (2), we have

g(cxs + dxa + ax1 — bx2) + g(cxs + dza — ax1 + bx2) = 2 g(cxs + dza) + 2 glax: — bx2)

for all x1,x2, 3,24 € X. Adding (16) and (17), we get

g(az1 + bxa + cxs + dxa) + glazs — bxg — cxs + dza) + glax1 + bxa + cxs + dza) + glazs — bra + cxs — dxy)

=2 g(ax1 +dxa) + 2 g(bxa + cx3) + 2 glax1 + cx3) + 2 g(bxa + dxa)

for all z1,x2,z3,24 € X. Using (19) and (21), we obtain

g(azxi + bxa + cxs + dza) + 2 gaxi — bx2) + 2 g(cxs — dza) = 2 g(az1 + dxa)

+ 2 g(bza + cx3) + 2 glax1 + cx3) + 2 g(bza + dza)

for all z1,x2,z3,24 € X. Using (22) and rearranging, we obtain

g(azx1 + bxa + cxs + dza) + g(ax1 — bxe) + g(cxs — dza) = g(ax1 + dza)

+ g(bxa + cx3) + glax + cx3) + g(bxe + dxa)

for all x1,x2,x3,24 € X. Adding g(az1 — bzz) and g(cxs — dzx4) on both sides in (23), we get

glax1 + bxa + cxs + dxa) + 2 glaxs — bx2) + 2 g(crs — dza) = g(az1 + dza) + g(bx2 + cx3)

+ g(ax1 + cx3) + g(bze + dzs) + g(azx1 — bxe) + g(cxs — dza)

for all z1,x2, 3,24 € X. Adding (18) and (24), we arrive

glax1 + bxa + cxs + dxa) + 2 glaxs — bx2) + 2 g(cws — dxa) + g(az1 + bxe + cxs + dza)

(18)

(19)

(20)

(21)

(22)

(24)
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+g(az1 + bxe — cxs — dza) = 2 glaz1 + bxa) + 2 g(czs + dza) + glaz1 + dzs) + g(bza + cx3)
+ g(az1 + cxs) + g(bxa + dza) + g(az1 — bx2) + g(cxs — dxy) (25)
for all z1,x2, 3,24 € X. Using (25) in (3), that
g(axi + bxa + cxs + dza) + 2 glaz: — bxa) + 2 g(cxs — dza) + 2 glaz1 + bx2) + 2 g(cxs + dxa)
= g(az1 + bz2) + g(cxs + dza) + glaz1 + bx2) + g(czs + dza) + glaz1 + dzs) + g(bza + cx3)
+ g(ax1 + cx3) + g(bre + dxa) + glaz1 — bx2) + g(cxs — dxa) (26)
for all z1,x2,z3, 24 € X. Using (20) in (26), we get
g(az1 + bxa + cxs + dza) + glazs — bxa + cxs + dxa) + g(—az1 + bxa + cx3 + dza) + 2 gaz1 + bxo)
+2 g(cxs — dza) = g(azy + bx2) + glaz1 + cxs) + g(azy + dza) + g(bxe + czs) + g(bra + dza)+
g(cxs + dza) + gazy + bx2) + glaxs — bxz) + g(cxs + dxs) + g(cxs — dzy) (27)
for all x1,x2,x3,24 € X. Replacing (z,y) by (az1,bxs2) in (2), we obtain
g(az1 + bz2) + glaz1 — bxa) = 2 g(axy) + 2 g(bx2) (28)
for all z1,xz2 € X. Putting (z,y) by (cx3,dz4) in (2), we get
g(cxs + dza) + g(cxs — dza) = 2 g(cxs) + 2 g(dza) (29)
for all z3,z4 € X. Setting (z,y) by (az1 + bx2, cxs — dzs) in (2), we obtain
g(ax1 + bz + cxs — dxa) + g(az1 + bz — cx3 + dza) = 2 glaxs + bx2) + 2 g(cxs — dxa) (30)
for all x1,x2,x3, x4 € X. Substitute (28), (29) and (30) in (27) respectively, we get
glaxi + bxa + cxs + dza) + g(—ax1 + bxe + cxs + dxa) + glaxr — bxa + cxs + dxa) +
g(axy + bra — cxz + dzs) + glazi + bxe + cxs —dza) = g(axr + bx2) + glaz1 + cxs)+
g(axy + dza) + g(bze + cxs) + g(bxa + dxa) + g(cxs + dxs) + 2 a® g(z1) +2 b g(z2)
+2 ¢ g(zs) +2 d* g(za) (31)

for all z1,x2,x3,24 € X. Adding
g(aw1) — g(—ax1) + g(bw2) — g(—bx2) + g(cws) — g(—cws) + g(dwa) — g(—dxa)—

[a(g(x1) = g(=z1)) + b(g(z2) — g(—22)) + c(9(w3) — g(—x3)) + d (g(xa) — g(—4))]
and using eveness, we get desired result for (3). Conversely, Let g : X — Y satisfies the functional equation (2). Replacing

(z1, z2, 23, 24) by (z1,22,0,0) in (3), we get
glaz1 + bx2) + g(—ax1 + bx2) + glax:s — bx2) + glax1 + bx2) + glax1 + bx2) = glaz1 + bxa)+

g(az1) + glaxr) + g(bxa) + g(bw2) + 2 a® g(w1) + 2 b° g(w2) (32)

for all 1,22 € X. Using eveness and it is easy to verify from (14), we arrive (2). Hence this completes the proof of the

Theorem. O
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3. Stability Results for (3): Odd Case-Direct Method

In this section, we present the generalized Ulam - Hyers stability of the functional equation (3) for odd case.
Theorem 3.1. Letl € {—1,1} and o : X* = [0,00) be a function such that

>« (aijl, axo, a*zs, a’”m)
Z akJ

k=0

converges in R and
a (a’”ml, a®i Ta, a’”acg7 a®l ac4)

li .
el aki (33)
for all x1,x2,x3,2x4 € X. Let go : X = Y be an odd function satisfying the inequality

[Dga(x1, 22, T3, 24)|| < (@1, T2, T3, T4) (34)

for all x1,x2,x3,24 € X. There exists a unique additive mapping A : X — Y which satisfies the functional equation (3) and

1 =« (akjm, 0,0, 0)
lgate) —A@I < 57 3. —— 5 (3)
k=151
for all x € X. The mapping A(zx) is defined by
kj
B ga (a™z)
A(z) = klﬂn;o oy (36)
forallx € X.
Proof.  Assume that [ = 1. Replacing (z1, x2, z3,24) by (2,0,0,0) in (34) and using oddness of g,, we get
1290 (az) — 2a ga(2)]| < a(2,0,0,0) (37)
for all z € X. Tt is follows from (37) that
Ga (am) 1
- T Ya < » Vs Yy
’ o ga(2)|| < % a(z,0,0,0) (38)
for all x € X. Replacing = by ax in (38) and dividing by a, we obtain
ga(a®z) _ ga(az)
Yal@ &) GalOL)H - 2
‘ pe o < 52 a(ax,0,0,0) (39)
for all z € X. It is follows from (38) and (39) that
ga(a’x) 1 a(az,0,0,0)
’ 2 ga(az)|| < % a(z,0,0,0) + Y (40)

for all x € X. Generalizing the above, we arrive that

n—1
1 a(a®z,0,0,0)
< = ot St Rt Bt A
’ ’ = 24 {Z aF

k=0

ga(az) — w:fﬂ)
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;{ZaaxOOO)} @)

0

for all z € X. In order to prove that the convergence of the sequence

()

replace z by a'z and dividing o' (41), for any k,l > 0, to deduce that, we will arrive

ga(a'z)  ga(a*T2)| 1 . ga(a”a'z)
al gk 2l ga(a'z) - ak
n—1 k1
1 {Za(a x,0,0,0)}
~ 2a ak+l
k=0

for all z € X. Hence the sequence

is a Cauchy sequence. Since Y is complete, there exists a mapping A : X — Y such that

k
. gola™x
Ale) = i, 2

for all x € X. Letting & — oo in (33), we see that (35) holds for all € X. To prove that A satisfies (3), replacing

Z1,T2,x3,24) by (a"x1,a"x2,a"x3,a"x4) and dividing a” in we obtain
by (a*z1,a"z2, a" 23, a* d dividing a* in (34 btai
k k k k 1 k k k k
— HDga(a T1,a" x2,a" T3, a m)H < & a(a“z1,a"z2,a"x3,0"14)
for all x1,x2,x3,24 € X. Letting k — oo in the above inequality and using the definition of A(x), we see that
DA(:L‘l,LL‘z,xg,JM) =0.

Hence, A satisfies the equation (3) for all 1, z2,z3,24 € X. To show that A is unique, let B be another additive mapping

satisfying (3) and (34), then

1A(2) = B(@)| < {HAM ~ gala'a)| +

gaam awH}

i (a**'z,0,0,0)

<
= ak+l

QL —0 as l — o0,
k=0

for all z € X. Hence A is Unique. Now, replacing = by (%) in (37), we get

x x
2 galz) — 2 “(*)H< (7,0,0,0) 43
2 9@ =29 (2)| <0 (2 (43)
for all z € X. It is follows from (43) that
J9a@) g (£)] < 1, (2,0,0,0) (44)
ga gll a — 2 a? ) )
for all x € X. The rest of proof is similar to that [ = 1. Hence for [ = —1 also the theorem is true. This completes the proof
of the Theorem. O
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The following corollary is an immediate consequence of of Theorem 3.1 concerning the stability of (3).
Corollary 3.2. Let u and p be a non negative real number. Let an odd function g, : X — Y satisfying the inequality
M3
1Dga (@1, 22, 23, 2a)| < o {llall” + llwall” + [lzs]|” + |24} ; (45)

4 4 4
pAllzll” w2l sl leall”y + {1 + a2l ™ + sl + 2l 3} 5

for all x1,x2, 3,24 € X. Then there exists a unique additive function A : X — 'Y such that

TR
3 Ja—1]’
lga(z) — A@)] < pelel . (46)
p =P
2 ‘a7a4p|’
forallx € X.
Proof. If we putting
s
a1, 22,23, 24) =  p{[|lz1 || + 2 ||” + [ls|” + |24l ; (47)

pAllzll” 2l llsl” leall”} + {1 + N2l ™ + llas| + llzall 3} 5

in theorem 3.1, we get (46). O

4. Stability Results for (3): Even Case-Direct Method

In this section, we present the generalized Ulam - Hyers stability of the functional equation (3) for even case.

Theorem 4.1. Letl € {—1,1} and o : X* = [0,00) be a function such that

i k3x27ak]m3,aij4)
k=

S
2kj
a

0

converges to R and

kj

a (a 1, akam, a'“mg,, a®I

) x4)
lim T
k— oo a<kJ

=0 (48)

for all x1,x2,z3,204 € X. Let g4 : X — Y be an even function satisfying the inequality

|Dgq(x1, x2, 3, 24)|| < (@1, T2, T3, %4) (49)

for all x1,x2,x3,2x4 € X. Then there exists a unique quadratic mapping Q : X — Y which satisfies the functional inequality

(3) and
1 “ « (aij,0,0,0)
loa(@) Q@I < oy > TSRO0 (50)
k=15
for all x € X. The mapping Q(x) is defined by
kj
Q) = tim 91477 (51)

k—oo a?ki

forallx e X.
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Proof.  Assume that [ = 1. Setting (z1, z2,z3,x4) by (z,0,0,0) in (49) and using the evenness of g, we get
H4gq(ax) — 4a° gq(m)H < a(z,0,0,0) (52)
for all z € X. The rest of the proof is similar to that Theorem 3.1. O

Corollary 4.2. Let i and p be a non negative real number. Let an even function gq : X — 'Y satisfying the inequality

M

pAllzal” + llz2ll” + sl + [lzall”} p#2
||ng(:r1,m2,x3,x4)|\ < (53)

pA Lz 17 Na2l” sl lall?} + {leall* + o2 + sl ™ + leal ™} } 5

p#2

for all x1,x2,x3,x4 € X. Then there exists a unique quadratic function Q : X — Y such that

b .
4 |a2-1|
loa(a) ~ QI < | L, p#2 (54)
lz)*? . 1
4H|a2w_a4p|’ p# 2

forallx e X.

5. Stability Results for (3): Mixed Case-Direct Method

In this section, we investigate the generalized Ulam - Hyers stability 1f the functional equations (3) for the mixed case.

Theorem 5.1. Let | € {—1,1} and a : X* — [0,00) be a function satisfying (33) and (48) for all x1,ze,x3, 04 € X. Let

g: X =Y be a function satisfying the inequality such that
|Dg(x1,x2, x3, x4)|| < a(x1, T2, T3, T4) (55)

for all x1,x2,x3,74 € X. Then there exists a unique additive mapping and unique quadratic mapping Q : X — Y which

satisfies the functional inequality (3) and

lg(z) = A(z) = Q(z)[| <

1 = a(a*z,0,0, 0) « (—akjm,O, 0,0)
2a Z { aki + aki
i—j

k=

N

2

4q2 a2ki a2ki (56)

+i i {a(aij,0,0,0) a(—aij,0,0,0)}

_i=J
k==

for all x € X. The mapping A(x) and Q(x) is defined in (36) and (51) respectively for all x € X.

Proof. Let us take

ga () — ga(x)

go(z) = 5
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for all z € X. Then g,(0) = 0 and go(—x) = —go(x) for all x € X. Hence

1
||Dgo(a:1,x2,$3,m4)|\ < 5 {||Dgo($1,.1‘2,$3,$4)” + HDgO(_xl? —T2, —T3, _334)H}

< {a(:ﬂl,wz,x3,$4) 4 Oz(*:m,*:rz,*m:s’*fm)} (57)
2 2
for all x1,x2,x3,24 € X. By Theorem 3.1, we obtain
1 & a(a®%,0,0,0 a(—ad"z,0,0,0
Hgo(m) - A(l‘)” = E Z { ( aki ) + ( aki ) (58)
k=171
2
for all z € X. Also let,
x)+ -z
ge(x) — gLI( ) 29‘1( )
for all x € X. Then g.(0) = 0 and ge(—z) = ge(x) for all z € X. Hence
1
IDge (1, @2, 3, 4) || < 5 {1 Dga(@1, 22, 23, 24) || + || Dga (=21, =22, =23, —z4) ||}
a(z1,T2,23,74) | a(—x1, —T2, —T3, —T4)
< + (59)
2 2
for all x1, 22, 23,24 € X. By Theorem 4.1, we obtain
1 > a (akja:, 0,0, O) a (—aij, 0,0, 0)
ng(aj) - Q(x)H < @ Z { a2ki + a2ki (60)
k=131
for all z € X. Define
9(z) = ge(z) + ge(—2) (61)
for all x € X. It is follows from (58), (60) and (61), we get
lg(z) — A(z) — Q@) = [|ge() + go(—z) — A(z) — Q()]|
< llgo(=2) = A(2)[| + [lge () — Q=)
 —“ a(a*z,0,0,0 a(—a*2,0,0,0
SZ{( 0.00) o (o, )}
da “—~ aki aki
k=151
2
1 > « (aij, 0, 0,0) a (—akjm, 0, 0,0)
+ 8a2 Z { a2ki + a2ki (62)
k=151
for all x € X. Hence the Theorem is proved. O
Using the corollaries 3.2 and 4.2, we have the following corolary concerning the stability of (3).
Corollary 5.2. Let p and p be a non negative real number. Let an even function g : X — Y satisfying the inequality
M3
pAllzall” + llz2ll” + llzsll” + [lzall”} ; p#1,2
[Dg (1, w2, 3, 24)|| < (63)

pA Lz 17 Na2l” sl lall?} + {leall + o2l + sl ™ + leal ™} } 5

p# 1.3
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for all x1,x2,z3,2x4 € X. Then there exists a unique additive mapping A : X — 'Y function Q : X =Y such that

1 1 .
{m + ﬁ}
llz|I” 1 1 .
5 {‘le M- } (64)

[E 1 1 .
: {|a—a4v| e }

s

=

lg(z) — A(z) = Q(z)]| <

=

foralzxe X.

For next sections 6, 7 and 8, let us consider X and Y to be a normed space and a Banach space, respectively. Define a
mapping Dg : X — Y by

Dg(x1,x2,x3,24) = 0.

for all 1,2, 23,24 € X.

Fixed Point Stability Results for the Functional Equation (3).

The following theorem are useful to prove our fixed point stability result.
Theorem A: (Banach Contradiction Principle)[4].
Let (X, d) be a complete metric spaces and consider a mapping P : X — X which is strictly contractive mapping, that is

(A1) . d(Pz, Py) < d(z,y) for some (Lipschitz Constant) L < 1, then
1. The mapping P has one and only fixed point z* = P(z*).
2. The fixed point for each given element z* is globally contractive that is

(A2). lim P"z =z

n— o0
For any starting point z € X. One has the following estimation inequalities
(A3). d(P"z,2*) < 17 d(P"z, P"*'z), for all n > 0 and for all 2 € X.

(A4). d(z,2*) < 25 d(z,2"), for all z € X.

Theorem B: (The Alternative Fixed Point Theorem) [4].

Suppose that for a complete generalized metric space (X,d) and strictly contractive mapping 7' : X — Y with Lipschitz
constant L, then for each given element z € X, either,

(B1). d(P"z, P""'z) = co; for alln > 0

(B2). There exists a natural number ng such that

1. d(P™z, P""'x) = oo; for all n > 0.

[\]

. The sequence {T"x} is convergent to a fixed point y* of T,

3. y* is the unique fixed point of T in the set

Y = {yeY : d(P™x,y) < oo}

4. d(y*,y) < 12 d(y, Py) forally €Y.
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6. Fixed Point Stability of (3) : odd case - Fixed Point Method

In this section, we present the generalized Ulam - Hyers stability of the functional equation (3) for odd case using fixed

point method.

Theorem 6.1. Let g, : X — Y be an odd mapping for which there exists a function a : X* — [0, 00) with the condition

k k k k
a(\V; X1,V; T2,V; X3,V; T
lim{ (v e 4)}_0 (65)
k—oo v;
where
a ;1=0
vy =
Lii=1
such that the functional inequality
|Dga(x1, 2, x3,24)|| < a(x1,x2,x3,74) (66)

for all x1,z2,23,24 € X. If there exists L = L(i) such that the function
S(z) = & (fooo)
x z) = za (0,0,

has the property
L Sz = L5 (67)

Vi

for all x € X. Then there exists a unique additive function A : X — Y satisfying the functional equaiton (3) and

Ll*i
1-L

llga () = Az)[| < 5(z) (68)

holds for all x € X.

Proof. Consider the set

X={q/q:X—=Y; q0)=0}

and introduced the generalized metric on X.

d(r,q) =inf{k € (0,00) : |lg(z) —r(x)|| <k d(zx), Ve X}.

It is easy to see that (X, d) is complete. Define T': X — X by

T,(x) = - qlwia)
for all x € X. Now r,q € X, then we have d(q,7) <k
= llg(z) —r(@)|| < k 6(x), reX
= — q(viz) — e r(viz)|| < 1 k o(viz) rzeX
Vi i Vi ‘ B ‘
= Ty (z) = Tr(z)|| < Lk d(x), reX
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=  dT,T,) < LK.
= d(TLI7TT) S Ld(qu)

for all ¢,r € X. That is, T is strictly contractive mapping on X with Lipschitz constant L. It is follows from (37) that

12 ga(az) — 2 a ga(z)|] < a(z,0,0,0) (69)
for all z € X. It is follows from (69) that
YGa (x) 1
a - < s Yy Yy
‘g (z) u ‘ < 5 a(z,0,0,0) (70)

for all z € X. using (67), for the case ¢ = 0, it it reduces to

1 1
a — — Ya < - 5 71
00— 1 0] < 3o ()
for all x € X. That is, d(ga,Tga) < %, therefore,
1 1
d(ga; Tga) < P L=L <oo.
Again Replacing = by Z in (69), we arrive that
x 1 =z
@) —a g5 < = a(®,0,0,0 72
|90(2) = a ga(5)]| < 5 a(2,0,0,0) (72)
for all z € X. using (67), for the case ¢ = 1, it it reduces to
T
@) = a 9.5)| < o(a) (73)

for all x € X. Therefore we arrive that d(ga,Tg.) < 1,
= d(ga;Tga) < 1= L’ < oo.
In the above case, we arrive that
d(ga, Tga) < L.
Therefore (B2(1)) holds. By (B2(2)), it follows that there exists a fixed point A of T in X, such that

k
Al) = lim 9el2)
—»00 Uz'

(74)

for all z € X. In order to prove A : X — Y is additive.
Replacing (21,2, 23, x4) by (vFz1, vFae, vFes, vFzs) in (66) and dividing by vF, it follows from (65) and (74), we see that
A satisfies (3) for all z1,x2,23,24 € X. Hence A satisfies the functional equation (3).

By (B2(3)), A is the unique fixed point of T" in the set,

Y={¢.€X : dTga,A) oo}.
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Using the fixed point Alternataive result, A is the unique function such that,

lga () = A(@)[| < K 6(),

for all z € X, and k& > 0. Finally by (B2(4)), we obtain

1-L
Therefore,
Ll—z
as A .
d(9a,A) < 77
Hence, we conclude that
i
lga() = A@) < T 3().
for all x € X. O

Corollary 6.2. Let g, : X — Y be an odd mapping and there exists a real numbers p and p such that

122
IDg (1, 22,28, 20l < § pfllen [P + leall” + llesl” + 247} ; (75)

pA Ll 17 Na2ll” sl lwall”} + {lea I + o2l + sl ™ + leal ™} } 5

for all x1,x2, 3,24 € X. Then there exists a unique additive mapping A : X — 'Y such that

b
2 la—1]|"
lgoa) — Alw)]| < { it b1 (76)
llz|*P . 1
2u|a7a4pl’ p# 4
forallzx e X.
Proof. Replacing
s
a1, 22,23, 24) =  p{||lz1 || + 2 |I? + [los|” + 4]} ;

pA Ll 1” N2l” lsl” lwallP} + {leall* + o2l + sl ™ + leal ™} } 5

for all z1, 20, 23,24 € X. Now a(fzy, vz, vizs, viry)

)

S

eIl + vfea]|” + [lpfas | + [lviea] |} 5

{Lltan P has” ks | ok zal*} + ke + kel + [obes|™ + ke }

e S

|

124
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=93— 0 as k— o (77)

— 0 as k— oo
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Therefore (65) holds. But we have
1 T
5(z) = = (770,0,0) .
(@) =5 af-
Hence
.
29
5(z) =+ o (%,0,0,0) = P
(w)—5a(a, ,0, )— 25 )|
sy ™
Also,
et v to(x)
1
200 =1 |y = qor () (78)
A vz v ()
Hence the inequality (67) holds. For
L=alforp=0ifi=0and L = ail for p=0;if i = 1 and for
L=a’""forp<1lifi=0and L = forp>1;ifi=1and for
L =qg*! forp<1ifi:0andL:¢4p%lforp>1; if i = 1.
Now from (78), we prove the following cases:
Case: I LetL=a"1;i=0
Llfz (a—l)lfo u
() — A < o(x) = =
loale) ~ A@l < L o) = 0L A
_o op_a op_
C1-172 el 9(a—1)
Case : IT Let L = (5)71 ii=1
L (@™ » p
() — A 1) ==
lon(@) = A@)| < = 6@ = (P 4 = gt

Case : III

Let L=a?"';p<1;i=0
D (@)

“ —A = p
loa(x) =A@ < = 8(e) = (Pl - g sl
_ (a)? a”! [ P _ [ P
- 1_% : 2aP ||CC|| - Z(CL*CLP) H‘TH
Case : IV
LetL:ap—l,l;p>1;i:1
L () &
- —A S(a) = —_ P
lon(e) =A@ < T 8x) = S 55 el
_ 1 K p_ H© p
=1 b =5y e
Case : V
Let L=a%"1;p< i ;0=20
L (@D
lgo(e) =A@ < ToF 60) = Py - e ol

[~}
(=}
[N~}
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T R —
P : _
1— o 2a% 2 (a — a*r)
Case : VI
LetL:WI,l;p>%;i:1
-1
L (%) H 4
llga(z) — A(z)|| < o(z) = ~—F— . 50 ll=I™
¢ 1-L 1— =  2a%
1 " o 4
= ]| = [l

17114% " 2atr 2 (a* —a)

7. Fixed Point Stability of (3) : Even Case-Fixed point method

In this section, we give the generalized Ulam - Hyers stability of the functional equation (3), for even case.

Theorem 7.1. Let g, : X — Y be an even mapping for which there exists a function o : X* — [0, 00) with the condition

k k k K
a(vix,viTe, vixs, Vi T
lim{ (o e 4)}—0 (79)
k— oo Vi
where
a ;1=0
V; =
Li=1
such that the functional inequality
Dgq(x1, w2, x3, Ta)|| < (w1, @2, 23, 74) (80)

for all x1,x2,x3, 24 € X. If there exists L = L(i) < 1 such that the function
96—)6(;18)—10[(E 0,0 0)
- 2 a’ b) b

has the property
1

2
7

> O0(vixz) = L (x) (81)

for all x € X. Then there exists a unique quadratic function Q : X —'Y satisfying the functional equaiton (8) and

Ll—i

lga(@) - Q@I < T—

d(z) (82)

holds for all x € X.
Proof.  The rest of the proof is similar to that of Theorem 6.1. O
Corollary 7.2. Let g : X — Y be an even mapping and there exists a real numbers p and p such that

123

1Dgq (w1, w2, 23, xa) || < q g { |21 ||” + [|w2l|” + lzs||” + [|zal”};

4 4 4 4
Ll fl2 P s ll” loal”} + {1 + 2l + sl + llzal ™} } 5

<
I
b
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for all x1,x2, 3,24 € X. Then there exists a unique quadratic mapping Q : X — Y such that

22 .
4 |a.271|7

lga(2) = Q) < | pgels p#1,2
4p

4L|ta!x_”a4p|; p#%

forallzx e X.

8. Fixed Point Stability of (3) : Mixed Case-Fixed Point Method

In this section, we discuss the generalized Ulam - Hyers stability of the functional equation (3), for the mixed case.

Theorem 8.1. Let g : X — Y be mapping for which there exists a function o : X* — [0, 00) with the condition (65) and
(79), where

a ;1=0
V; =
Li=1
such that the functional inequality
[ Dg(x1, 22,23, 24)|| < a1, 22,23, 24) (83)

for all x1,x2,x3,24 € X. If there exists L = L(i) such that the function for all x € X, such that the condition
x—)é(w)*la(f 0,0 0)
- 2 CL’ »

has the property (67) and (sbb3) for all x € X. Then there exists a unique additive function A : X — Y and a unique

quadratic function Q : X —'Y satisfying the functional equaiton (3) and

Ll*i
lg(z) = Alz) = Q)| < ;=5 [6(z) +6(=2)] (84)
holds for all x € X.
Proof.  The rest of the proof is similar to that of Theorem 6.1 and 7.1. O

Corollary 8.2. Let g: X — Y be a mapping and there exists a real numbers p and p such that

123
1Dg (1, 2,23, 2a)ll < p{ |z |” + [l@2]” + |lws]|” + [|za]|} ; (85)

pl{llzll” 2 llsl” leall”} + {1 + N2l ™ + llasl|* + lzall 3} 5

for all x1,x2,23,24 € X. Then there exists a unique additive mapping A : X — Y and a unique quadratic mapping

Q: X =Y such that

Y T K.
TTa1] T 4 [a2 1]}

lofa) ~ A@) = QI < § lell ¢ ca el p#£1,2
llz*? llzl*? . 11
2‘u|a—a4p| + 47a2—a4p| ’ p 7é 274

forallz € X.
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9. Fuzzy Stability Results: Odd Case-Direct Method

In this section, the authors present the basic definitions in Fuzzy normed space and investigate the fuzzy stability of the
additive functional equation, using direct method.

We use the definition of fuzzy normed spaces given in [15] and [7].

Definition 9.1. Let X be a real linear space. A function N : X x R — [0,1] is said to be fuzzy norm on X, if for all
z,y € X and s,t € R,

N(z,c) =0 for ¢ <0;

=0 if and only if N(z,c) =1 for all ¢ > 0;

N(cz,t) =N (ac, ﬁ) ifc#0

N(z+y,s+t) > min{N(z,s), N(y,t)} ;

N(z,.) is non - decreasing function on R and limp—oe N(z,t) = 1;

for x #0, and N(z,.) is (o - upper semi) continuous on R.

The pair (X, N) is called fuzzy normed space.

Definition 9.2. Let (X, N) be a fuzzy normed linear space. Let {x,} be sequence in X. Then x, is said to be convergent
if there exists x € X such that the

lim N(zn,—z,t)=1

n— oo

for all t > 0. In that case, x is called the limit of the sequaence x,, and we denote it by

N — lim =z, =zx.
n— oo

Definition 9.3. A sequence {z,} in X is called Cauchy if for each € > 0 and each t > O there exists no such that for n > ng
and all p > 0, we have

N (Tntp — Tn,t) > 1 —€.

Definition 9.4. FEvery convergent sequaence in a fuzzy normed space is Cauchy. If each Cauchy sequence is converegent,

then the fuzzy norm is said to be complete and the fuzzy normed space is called a fuzzy Banach space.

Definition 9.5. A mapping f : X — Y between fuzzy normed space X andY is continuous at a point xo if for each sequence

{xn} converging to xo in X, the sequence f is said to continuous on X.

The stability of various functional equaiton in fuzzy normed spaces was investigated in [18-20, 24-26, 28].
Thoroughout this paper, assume that X, (X, N/) and (Y, N/) are linear space, fuzzy normed space and fuzzy Banach space

respectively. Now the authors investigate the generalized Ulam - Hyers stability of the functional equation (3).

Theorem 9.6. Let 3 € {—1,1} and let o : X* — Z be a mapping with 0 < (g)ﬁ <1
N’ (a(a%,o,o,o),r) >N (dﬂ a(x,0,0,0),r) (86)
for allx € X, and all d > 0, and

!
lim N (a (a’g”:chaﬁnmz,aﬁnmg,,aﬂ”:m) ,aB"r) =1 (87)

n—o0o

[\
(=}
(524
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for all x1,x2,z3,24 € X, and all r > 0. Suppose that a function g : X — Y satisfies the inequality
N (Dga(z1, 22, 23, 24),7) > N (a(x1, 2,3, 24),T) (88)
for all x1,x2,z3,24 € X, and all r > 0. Then the limit
A(z) =N — nh_)rrgo % (89)
exists for all x € X and the mapping A : X —'Y is a unique additive mapping satisfying (3) and
N(g(z) — A(z),r) > N (a(z,0,0,0), 7 |a — d|) (90)
forallz € X and all r > 0.
Proof. First assume that 8 = 1. Replacing (z1, x2, z3,24) by (z,0,0,0) in (88), we get
N (2g(ax) —2a%g(x), 7") > N (a(z,0,0,0),7) (91)

for all z € X and all » > 0. The rest of the proof to that of Theorem 3.1. Hence this completes the proof of the Theorem. [

From the Theorem 9.6, we obtain the following corollary concerning the Ulam - Hyers stabilities of the functional equation

3).

Corollary 9.7. Suppose that a function g : X — Y satisfies the inequality
N (Dga(l'l, x2,T3, 1'4), T)

N (Al P + sl + lasll” + a]”} ) p<l or p>1

Z AN (Ll laall? sl ealP} + () + llz2l® + sl + e} ,7)})

p<i or p>i

(92)

for allr > 0 and all x1,x2,x3,x4 € X, where p and p are constant. Then there exists a unique additive mapping A: X —Y

such that
NG 2] vl = ar));
N(g(z) = A(z),r) /
N (u N2l r|a—a']);

for allx € X and all v > 0.

Proof. If we define that

pAllzal|” + llz2|” + llzsl|” + [lzal"} s
oz, T2, T3, T4) =

pA Ll 1” N2l” lasl” lwallP} + {leall* + o2l + sl ™ + leal ™} } 5

for all z1,x2,x3,24 € X. Then the corollary is followed from Theorem 9.6 by if we define

(93)
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10. Fuzzy Stability Results: Even-Case: Direct Method

In this section, the authors present the generalized Ulam - Hyers stability of the functional equation (3) in Fuzzy Normed

space even case using direct method.

Theorem 10.1. Let B € {—1,1} and let o : X* — Z be a mapping with 0 < (%)’8 <1

a

N (a(aﬂw,070,0)77") >N (d’* 04(1'70,0,0),7") (94)
for allz € X, and all r > 0, and
lim N’ (a (aﬂnm,aﬂ"xz,aﬂnajg,aﬂnu) ,aﬁnr) =1 (95)
n— oo

for all x1,x2,x3,2x4 € X, and all r > 0. Suppose that a function g : X — Y satisfies the inequality
N (Dgq(x1, 22,23, 4),7) > N (a(z,0,0,0),7) (96)
for all x1,x2,x3,24 € X, and all x € X, r > 0. Then the limit

Q) = N — fim 27 (97)

n— 00 a n

exists for all x € X and the mapping Q : X — Y is a unique quadratic mapping satisfying (3) and
N(g(z) — Q(z),r) > N (a(w,0,0,0),r |a2 — d|) (98)

for all x € X and all r > 0.

Proof. First assume that 8 = 1. Replacing (z1, 2, z3,24) by (z,0,0,0) in (96), we obtain
N (4g(ax) — 4(129(30)7 7") > N (a(z,0,0,0),7) (99)

for all x € X and all » > 0. The rest of the proof to that of Theorem 9.6. Hence this completes the proof of the Theorem. [

From the Theorem 10.1, we obtain the following corollary concerning the Ulam - Hyers stabilities for the functional equation
3).

Corollary 10.2. Suppose that a function g : X — Y satisfies the inequality
N (ng(xlv T2,T3, $4), 71)

N ({21 ]l? + 22 ]” + llzs]l” + I[P}, 7) p<2 or p>2
ZAN (Ll llazll® sl zal®} + ({4 ezl ' + lzs )| + lzal*} ) }) (100)
p < % or p> %
forallr > 0 and all 1,2, x3,x4 € X, where p and p are constant. Then there exists a unique quadratic mapping Q : X —Y
such that
N (u ||lzl”, r[a® —a?]);
N(g9(z) — Q(z),r) > / (101)
N (M ||a:||4p, r |a2 — a4p|) ;

forallz € X and all r > 0.

[\
(=}
~
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11. Stability of the Functional Equation (3): Odd Case-Fixed Point
Method

In this section, the authors investigate the generalized Ulam - Hyers stability of the functional equation (3) in fuzzy normed

space using the fixed point method.

Theorem 11.1. Let g: X — Y be a mapping for which there exists a function o : X* — Z with the condition

lim N (o (ufer, pf'wz, ples, pfea) , wir) = 1 (102)

n—oo
for all x1,x2, 23,24 € X and all r > 0 and satisfying the functional inequality
N (8(x1,22,23,24),7) > N (a1, 22, 23, 24),7) (103)
for all x1, w2, 23,24 € X and all v > 0. If there exists L = L(i) such that the function
x
z— () =« (E,O,O,O)

has the property
N (L Sz r) - N (5(z), 1) (104)

i

for all x € X; and all v > 0. Then there exists a unique additive function A : X —'Y satisfying the functional equation (3)

and
, Ll*i
N (5(x) - A(z), ) > N (6@:), ﬁ) ; (105)
for allx € X; and all r > 0.
Proof.  The rest of the proof to that pf the Theorem 6.1. O

From the Theorem 11.1, we get the following corollary concerning the stability for the functional equation (3).

Corollary 11.2. Suppose that a odd function g : X — Y satisfies the inequality
N (0(z1, 2, 3, 24),T)

N (p{llzall” + llz2ll” + Nzl + [lzall "}, )
(106)

N (Ll lzall” lzsll? lzalP} + () + o2l + sl + e} ,7) })

for allr > 0 and all x1,x2,x3, x4 € X, where p and p are constant with p > 0. Then there exists a unique additive mapping

A: X =Y such that

N(u H»’L’H”,ﬁ); p<l or p>1
N(g(z) — A(z),r) > (107)
N <AL e, ‘a,:;ﬂ); p<! or p>1

forallz € X and all r > 0.
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12. Stability of the Functional Equation (3): Even Case-Fixed Point
Method

In this section, the authors present the generalized Ulam - Hyers stability of the functional equation (3) in Fuzzy Normed

space using fixed point method.

Theorem 12.1. Let g : X — Y be a mapping for which there exists a function o : X* — Z with the condition
Tim N (o (uf@r, pl @, pif v, il wa)  iir) = 1 (108)
for all x1,x2, 23,24 € X and all r > 0 and satisfying the functional inequality
N (Dgq(z1,x2, T3, 24),7) > N (a(x1, 2, 23, 24),T) (109)
for all x1, w2, 23,24 € X and all v > 0. If there exists L = L(i) such that the function

z — 6(x) :a(g,0,0,0)

has the property

N (L 5”:;” r) =N (8(z), ) (110)

for all x € X; and all r > 0. Then there exists a unique quadratic function Q : X — Y satisfying the functional equation

(3) and

N (@) - Q@) 0= N (3, £ ) (1)

for allx € X; and all r > 0.

Corollary 12.2. Suppose that a odd function g : X — Y satisfies the inequality
N (6({1}1, T2,T3, 1'4), T)

N (pAllza|l” + N2l + llzs|l” + llzalP}, 7)
(112)

N (Ll P a2 ll? lzs)” lzall”} + ({2l + a2l + llzs]|* + llza] 7} ) })
for allr > 0 and all x1,x2,z3,x4 € X, where p and p are constant with p > 0. Then there exists a unique quadratic mapping

Q: X =Y such that

’ 2
N (a% lzl”, #Tﬂ)v p<2 or p>2

N(g(z) = Q(z),7) > (113)

2

4 4
N (el )i p<d o >

forallz € X and all r > 0.
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