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Abstract: The harmonic index H(G) of a graph G is defined as the sum of the weights m of all edges uv of G, where d(u)
u v
denotes the degree of the vertex u in G. In this work, we obtain harmonic index of bridge and chain graphs. Using these
results, harmonic index of chemical graphs are computed.
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1. Introduction

2
For a graph G, the harmonic index is defined as H(G) = _
(D= 2 dw) + )

As far as we know, this index first appeared in [9]. In 2012, Zhong reintroduced this index as harmonic index and found the

where d(u) is the degree of the vertex u in G.

minimum and maximum values of the harmonic index for simple connected graphs and trees [14]. To know more about this
index refer [1-3, 6-8, 10, 12, 14-16]. Some topological indices of bridge and chain graphs have been computed, previously
[4, 11, 13]. In this work, we obtain harmonic index of bridge and chain graphs. Using these results, harmonic index of
chemical graphs are computed.

In this paper, we consider connected finite graphs without loops or multiple edges. For a graph G = (V(G), E(G)), the
degree of a vertex v of G is the number of edges adjacent to v and it is denoted by dg(v) or simply d(v). The set of

neighbours of v is denoted by Ng(v). For other notations in graph theory, may be consulted[5].
1.1. Preliminaries
We can recall the definitions of bridge and chain graphs.

Definition 1.1. Let {Gi}le be a set of finite pairwise disjoint graphs with distinct vertices u;,v; € V(G;) such that u; and
vi are not adjacent in Gi. The bridge graph By = B1(G1, Ga, ..., Gr; u1, v1, Uz, V2, U3, U3, ..., Uk, ) of {Gi}i_1 with respect
to the vertices {ui,vi}f:l is the graph obtained from the graphs G1,Ga,...,Gr by connecting the vertices v; and u;+1 by an

edge for alli=1,2,....k — 1 as shown in the Figure 1.
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V3 Uk Vk

Figure 1. The bridge graph By = B1(G1,Ga, ..., Gr; U1, U1, Uz, V2, ..., Uk, Vi)

Definition 1.2. Let {Gi}le be a set of finite pairwise disjoint graphs with distinct vertices u;,v; € V(G;) such that u; and
vi are adjacent in Gy. The bridge graph Ba = Ba(G1,Ga, ..., Gi; u1,v1, Us, V2, U3, U3, ..., Uk, Uk ) of {Gi}r 1 with respect to the
vertices {ui,v; }¥_y is the graph obtained from the graphs G1,Gs, ..., Gr by connecting the vertices v; and u;11 by an edge for

alli =1,2,....k — 1 as shown in the Figure 2.

E--——> G = > P )

V3 Uk Vk

Figure 2. The bridge graph By = B2(G1,Ga, ..., Gi; U1, V1, U2, V2, ..., Uk, Vk )

Definition 1.3. Let {G;}f_, be a set of finite pairwise disjoint graphs with vertices v; € V(G:). The bridge graph Bs =
B3(G1,Ga, ..., Gr;v1,v2,03, ..., V%) of {Gi}le with respect to the vertices {vi}le is the graph obtained from the graphs

G1,Ga, ..., Gr by connecting the vertices v; and vit1 by an edge for all i =1,2,....k — 1 as shown in the Figure 3.

Vi A% V3 V4 Vk

G: G2 Gs Ga Gk

Figure 3. B3 = B3(G1,G2,...,Gr;v1,v2,03, ..., Vi)

Definition 1.4. Let {Gi}le be a set of finite pairwise disjoint graphs with distinct vertices u;,v; € V(G;) such that u; and
v; are not adjacent in G;. The chain graph C1 = C1(G1, G2, ..., Gk;u1,v1, U2, V2, U3, U3, ..., Uk, Uk) Of {Gi}le with respect
to the vertices {ui,vi}le is the graph obtained from the graphs G1,Gs, ..., Gk by identifying the vertices v; and w;+1 for all

i=1,2,....k — 1 as shown in the Figure 4.

Definition 1.5. Let {Gi};“:l be a set of finite pairwise disjoint graphs with distinct vertices u;,v; € V(G;) such that u;
and v; are adjacent in G;. The chain graph Co = C2(G1, Ga, ..., G; U1, V1, Uz, V2, U3, U3, ..., Uk, V) of {Gi}i_q with respect
to the vertices {ui,vi}i?:l is the graph obtained from the graphs G1,Ga, ..., Gk by identifying the vertices v; and w;+1 for all

i=1,2,....k — 1 as shown in the Figure 5.

2. Harmonic Index of Bridge Graphs

In this section, we compute harmonic index of three bridge graphs, namely, B, B2 and Bs.
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G Go Gs Ga Gk

Figure 4. The chain graph C; = C1(G1, Ga, ..., Gr; U1, V1, Uz, V2, ..., Uk, Vi)

G G2 Gs G Gk

Figure 5. The chain graph Cs = C2(G1, Ga, ..., Gr; U1, V1, Uz, V2, ...\ Uk, Vi)

Theorem 2.1. The harmonic index of the bridge graph Bi,k > 2 is given by

k
1
H(By) = H( '—Q{Z Z d(vi) + d(w)][d(vi) + d(w) + 1]

i=1 i=1 weN (v;)

k-1
1
+
;we;(u [d(ui) + d(w )][d( )+ d(w) +1] ; d(vi) + d(uiy1) + 2}
2
dp, (z) +dB, (y)
over all edges zy € E(B;). From the definition of the bridge graph By, E(B1) = E(G1) U E(G2)U...UE(Gg) U{viuitr1;1 <

Proof. By the definition of harmonic index, H(Bi) is equal to the sum of , where the summation is taken

it <k —1}. In order to compute H(B1), we partition our sum into four sums as follows.

The first sum S, is taken over all edges zy € E(G1).

Si=H(G) = > oS +d OV ET RPN ChES (OES!

1
=HG) =2 ) mrs e aTae) T d@) T

Se=H Z duk+d y Tt Z d(w)+1

The third sum S3 is taken over all edges zy € E(G;) for all t = 2,3,....k — 1.

k—

k— 2
S-YHG)-Y Y Cosr o RSP I e ko

-

=2 i=2 weN (u;) =2 weN (v;)
k-1 k—1
2 2
+y +
=N [d(ui) +d(w) +1] = N o) [d(vi) + d(w) + 1]

k—1 k=1 1
— . H(G;) — QZ { Z ‘ [d(ui) + d(w)][d(us) + d(w) + 1]

+
(]

1
[d(vs) + d(w)][d(vi) + d(w) +1] }

weEN (v;)

The last sum Sy is taken over all edges viu;4+1 for all i =1,2,....k — 1.

Now H(Bi) is obtained by adding Si, Sz, S3, S4. O
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Suppose that v and v are two vertices of a graph G and let G, = G, v, =v and u; = u for all i = 1,2, ..., k.

Corollary 2.2. If u and v are not adjacent in G, then

1
H(B1) =kH(G) —2(k — 1){ Z [d(w) + d(w)][d(u) + d(w) + 1]

wENgG (u)

1 1
+ > [d(v) + d(w)][d(0) + d(w) +1] _ d(u) +d(©) + 2}

wENgG(v)

Theorem 2.3. The harmonic index of the bridge graph B2,k > 3 is given by

k k—1 1
H(Bz)‘ZH(G")‘Q{Z 2 o)+ ) + @) 71

i=1 i=1 weN(v;)—{u;}
k

1
T2 D )Tl T dw <]

i=2 weN (ui)—{v;}

1
2 Tau) + do () + 4w + 1

i=1,k

k—1 9 k—1 1
*  [d(ws) + d(vi)][d(wi) + d(vi) +2] ; d(vi) + d(uit1) + 2 }
2

dp, () + dB, (y)
over all edges zy € E(B2). From the definition of the bridge graph Bs, E(B2) = E(G1) U E(G2)U...U E(Gy) U{viuiyr1;1 <

Proof. By the definition of harmonic index, H(Bs) is equal to the sum of , where the summation is taken

i <k —1}. In order to compute H(B3), we partition our sum into four sums as follows.

The first sum S; is taken over all edges zy € E(G1).

1

S = H(Gh) - 2%%(3”) [d(or) + d(w)][d(or) + d(w) + 1]
The second sum Sy is taken over all edges zy € E(Gy).
1
Sy = H(Gj) — QweNZ(uk) [d(ur) + d(w)][d(ux) + d(w) + 1]

The third sum S3 is taken over all edges zy € E(G;) for all i = 2,3,...,k — 1.

k—1 k—1 1
S3 = ; H(G:) -2 ; { WEN(uZi)_{W} [d(us) + d(w)][d(ui) + d(w) + 1]

1
" weN(%):f{ui} [d(vi) + d(w)][d(vs) + d(w) + 1]

2
" dCus) + d(oa)[do) + (o) + 2] }
The last sum Sy is taken over all edges viu;4+1 for alli =1,2,....k — 1.
k—1

Si=>Y"

i=1

2
d(vi) + d(uit1) +2

Now H(B3) is obtained by adding Si, S2, S3, S4. O
Suppose that u and v are two vertices of a graph G and let G; = G, v; = v and u; = u for all i = 1,2, ..., k.
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Corollary 2.4. If u and v are adjacent in G, then

. _ B 1
(B2 = ki(6) - 206 1] o T T T i)+

1 1
+ > [d(v) + d(w)][d(®) + d(w) 1] _ d(a) + d(0) + 2}

weEN (v)—{u}

- 4 { 1 n k-2 ]
d(u) +d(w) |d(u) +d(v)+1  d(u)+dv)+2

Theorem 2.5. The harmonic index of the bridge graph Bs,k > 3 is given by

k 1
H(Bs):Z i _2{ Z Z d(v;) + d(w)][d(vi) + d(w) + 1]

i=1 i=1,k weN (v

2
+Z Z d(vi) + d(w)][d(vi) + d(w) + 2]

i=2 weN (v; )

1 = 1
-2 [d(vi) + d(vit1) +3] ; [d(vi) + d(vit1) + 4] }

i=1,k—1

2
Proof. By the definition of harmonic index, H(Bs) is equal to the sum of ————————— where the summation is taken
st (:E) + de (y)

over all edges zy € E(Bs). From the definition of the bridge graph Bs, E(Bs) = E(G1) U E(G2)U...U E(Gg) U{viviy1;1 <

it <k —1}. In order to compute H(Bs3), we partition our sum into four sums as follows.

The first sum S, is taken over all edges zy € E(G1).

1
Si=H(Gi)=2 > [d(v1) + d(w)][d(v1) + d(w) + 1]

weN (vy)

The second sum S» is taken over all edges zy € E(Gy).

1
So=H(Gr)—2 [d(vi) + d(w)][d(ve) + d(w) + 1]

wEN (vg)

The third sum S3 is taken over all edges zy € E(G;) for all i = 2,3,...,k — 1.

k—1 2
5= 3 H(G) -2 2 o+ )][d(vi)+d(w)+2]}

i=2 =2 weN (v;)

The last sum Sy is taken over all edges v;v;41 for all i =1,2,...,k — 1.

2

S =
Y= Ao+ d Z (o) + d( UM) 4 T d(oey) £ d(on) + 3

- Z.:;I;l d(vi) + d(vit1) Z d(vi) ’Uz+1) +4
Now H(Bs) is obtained by adding Si, Sa, S3, S4. O
Suppose that v is a vertex of a graph G and let G; = G, v; =v for all i = 1,2, ..., k.
Corollary 2.6. If v is a vertex of a graph G, then

1
H(Bs) =kH —4
(Fa) = KIS {w%) (o) + (][] + ) + 1]
1 1
_9 _
=2 > G T @) T dw) 72 240 73

weN (v)

1
~ ) iy 1 g }

[\
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Note that the formulae given in Theorems 2.3 and 2.5 do not hold for the case k = 2. Since Bi(G1, G2;u1,v1,u2,v2) =
B2(G1,G2;u1,v1,u2,v2) = B3(G1,G2;v1,v2), we can apply Theorem 2.1 to compute the harmonic index of bridge graphs

consisting of two components.

3. Harmonic Index of Chain Graphs

In this section, we compute harmonic index of two chain graphs, namely, C'y and Cs.

Theorem 3.1. The harmonic index of the chain graph Ci,k > 2 is given by

k

B B d(ui+1)
H(Ch) =) H(Gs 2{2 Z d(vi) + d(w)][d(vi) + d(uit1) + d(w)]

i=1 i=1 weN (v; )

d(’l)171)
2 2 [d(u:) + d(w)][d(us) + d(vi-1) + d(w)] }

1=2 weN (u;)

2
dey (z) + dey (y)
over all edges zy € E(C1). From the definition of the bridge graph C1, E(C1) = E(G1) U E(G2) U ... U E(Gy). In order to

Proof. By the definition of harmonic index, H(C4) is equal to the sum of , where the summation is taken

compute H(C1), we partition our sum into three sums as follows.

The first sum S is taken over all edges 2y € E(G1).

d(uz2)

S=HE)=2 2 i+ ddion) + dn) + Ao
The second sum Ss is taken over all edges zy € E(Gy).
Sy = H(Gy) — 2 Z d(ve—1)
[d(ur) + d(w)][d(ur) + d(vi-1) + d(w)]

wEN (uy)

The third sum S3 is taken over all edges zy € E(G;) for all i = 2,3,....k — 1.

e _ d(vi-1)
*;QH( 22{ 2. [d(ui) + d(w)][d(u) + d(vi1) + d(w)]

= wEN (u;)
d(wit1) }
+
we%(:m ) + d(w)][d(vi) + d(uit1) + d(w)]
Now H(C4) is obtained by adding S1, S2, Ss. -

Suppose that v and v are two vertices of a graph G and let G; = G, v; =v and u; =wu for all ¢ = 1,2, ... k.

Corollary 3.2. If u and v are not adjacent in G, then

- d(v)
H(Cy) = kH(G) —2(k — 1>{ we;(u) [d(u) + d(w)][d(u) + d(v) + d(w)]
d(u)
+ Z + d(w)][d(v) + d(u) + d(w)] }

wEN(v)
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Theorem 3.3. The harmonic index of the bridge graph Ca, k > 3 is given by

k

_ NN d(uiy)
H(Ca) =} H(GY) Q{Z D e T A T e T da]

i=1 i=1 weN (v;)—{u;}

k

d(Uz_l)
v 2 [d(ui) + d(w)][d(us) + d(vi-1) + d(w)]

=2 weN (u;)—{vi}

+ S d(vi-1) + d(uit1)

i=2 d(u;) + d(vi)][d(us) + d(vi-1) + d(vi) + d(uit1)]
+ d(uz)

[d(v1) + d(ua)][d(v1) + d(u2) + d(ua)]
+ d(vk_l) }

[d(ur) + d(vk)][d(ur) + d(vk-1) + d(vk)]

2
de, (z) + des, (y)
over all edges zy € E(C2). From the definition of the bridge graph Cs, E(C2) = E(G1) U E(G2) U ... U E(Gy). In order to

Proof. By the definition of harmonic index, H(C3) is equal to the sum of , where the summation is taken

compute H(C2), we partition our sum into three sums as follows.

The first sum S is taken over all edges 2y € E(G1).

d(’LLQ)

S1=H(G1)—2
1 (G1) weNZ(vl) [d(v1) + d(w)][d(v1) + d(uz2) + d(w)]
The second sum Ss is taken over all edges zy € E(Gy).
Sp=H(Gr) =2 > d(vk—1)

[d(ur) + d(w)][d(uk) + d(ve-1) + d(w)]

wEN (ug)

The third sum Ss is taken over all edges zy € F(G;) for all i =2,3,....k — 1.

2
Si= Y H(C: ZZWZZM

i=2 = 2wEN(uZ) {v;} =2 weN (v;)—{u;}
k—1 9
— £ d(u:) + d(v:) + Zz; wGN(uZl): o [d(ui) + d(vi—1) + d(w)]
k—1 9 k—1 2
= weN% (o BT ) 300 2 ) T ) () F )]
k—1 B d(vi_1)
2 e =2 Z { o T T o) + o) G
n $ d(wit1)

ey @)+ d@)][d(0:) + dui) + d(w)

k—1

d(vi—1) + d(ui+1)
- ; [d(ui) + d(vi)][d(wi) + d(vi-1) + d(vi) + d(uit1)] }

Now H(C5) is obtained by adding S1, S2, Ss. O
Suppose that v and v are two vertices of a graph G and let G, = G, v;, = v and u; = u for all i = 1,2, ..., k.

Corollary 3.4. If u and v are adjacent in G, then

~ o d(v)
H(G2) = kH(G) = 2(k ”{ > @)+ d@)dw) T o) + d(w)]

weN (u)—{v}

d(u) B 2
> [d<v>+d<w>nd<v>+d<u>+d<w>1} d(w) + d(v)

weN(v)—{u}

(k—2) d(u) d(v)
{ 2 2dw) t+d) T dw) + 2d(v)}
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Note that the formula given in Theorem 3.3 do not hold for the case &k = 2. Since C1(G1,G2;u1,v1,u2,v2) =
C2(G1,G2;u1,v1,u2,v2), we can apply Theorem 3.1 to compute the harmonic index of chain graphs consisting of two

components.

4. Applications

In this section, we consider some simple molecular graphs and determine their harmonic index.
Two vertices v and v of a hexagon H are said to be in ortho-position if they are adjacent in H. If two vertices u and v are

at distance two, they are said to be in meta-position and if two vertices u and v are at distance three, they are said to be

in para-position. Examples of vertices in the above three types of positions are shown in Figure 6.

Figure 6. Ortho-, meta- and para-positions of vertices in hexagon
An internal hexagon H in a polyphenyl chain is said to be an ortho-hexagon, mete-hexagon and para-hexagon, respectively
if two vertices of H incident with two edges which connect other two hexagons are in ortho-, meta- and para-position. A

polyphenyl chain of h hexagons is ortho — PPC},, denoted by Oy, if all its internal hexagons are ortho-hexagons. Similarly
we define meta — PPC}, (denoted by Mj,) and para — PPC}, (denoted by Ly), (see Figure 7). The polyphenyl chains M}, and

Sollclolclo

Figure 7. Ortho-, para- and meta-polyphenyl chanins with h hexagons

Ly, can be viewed as the bridge graphs B1(Cs, Cs, ..., Cs; u, v, u, v, ..., u,v) (h times) where Cs is the cycle on six vertices and

44 1
u and v are the vertices shown in Figure 6. Since H(Cs) = 3, using Corollary 2.2 we obtain H(My) = H(Lp) = ?7;_
The polyphenyl chains Oy, can be viewed as the bridge graph Bs3(Cs, C, ..., Cs; v, v, ...,v)(h times). Using Corollary 2.6,
1225h + 37
"©On =05

Consider the square comb lattice graph Cyq(N) with open ends, where N = n? is the number of vertices (see Figure 8).

This graph can be viewed as the bridge graph Bs(Py, Py, ..., Pa;v,v,...,v)(n times), where P, is the path on n vertices

and v is its first vertex. Since H(P,) = % — &, by Corollary 2.6 H(Cy(N)) = (5"1;01)" forn > 3 and H(Cy(N)) = & forn = 2.

Consider the spiro-chain of the cycle C,, for arbitrary n > 3. The spiro-chains of C35,C4,Cs are shown in Figure 9.
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SIS I I

1 2 3 4 n-2 n-1 n

Figure 8. The square comb lattice graph with N = n? vertices

P N W b~ O

We denote the spiro-chain containing d times the component C, by S4(Cy). S4(C,) can be viewed as the chain graph

1 2 3 d-1\ /d

Figure 9. The spiro-chains of C3,C; and Cs

Ci(Crn,Chn, ..., Cryu,v,u,0, ..., u,v) (d times). Since H(C,) = %, by Corollary 3.2, H(Sa(Crn)) = %;n > 4.

S4(C3) can be viewed as the chain graph C3(Cs,Cs, ..., Cs;u,v,u,v,...,u,v) (d times). Since H(Cs) = g, by Corollary
3.4, H(Sa(Cs)) = L&,
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