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1. Introduction

In this article, we are concerned with simple graphs, that is finite and undirected graphs without loops or multiple edges.
Let G be such a graph and V(G) and E(G) be its vertex set and edge set, respectively. An edge of G, connecting the vertices
u and v will be denoted by wv. The degree d(v) of a vertex v € V(G) is the number of vertices of G adjacent to v. The most
elementary constituents of a (molecular) graph are vertices, edges, vertex-degrees, walks and paths [11]. They are the basis
of many graph-theoretical invariants referred to as topological index, which have found considerable use in Zagreb index.
The vertex-degree-based graph invariants M1(G) = 3. d(v)? and M2(G) = 5.  d(u)d(v) are known under the name
first and second Zagreb index, respectively. These h;ig(g(;en conceived in the 11517601&;(;)1(1 found considerable applications in

chemistry [4, 7, 8]. The Zagreb indices were subject to a large number of mathematical studies, of which we mention only

a few nearest [5, 6].

1.1. Preliminaries

Definition 1.1. Let G be a graph. The degree of a vertex v of G is denoted by d(v). If d(v) = 1, then v is said to be a

pendant vertex in G and the edge incident with v is referred to as pendant edge.

Definition 1.2. The set of neighbours of v is denoted by N (v). As usual, P, and S, denote the path and the star on n

vertices respectively.

Definition 1.3. The first and the second modified Zagreb index were defined as "M1(G) = Y )2
veV(G)

and "M>(G) =

1

> ————, where d(v) is the degree of the vertex v in G.
weE(G) d(u)d(v)

* E-mail: dhanamaths219Qgmail.com

[\
le el
(524



http://ijmaa.in/

Modified Zagreb Index of Some Chemical Structure Trees

Assuming that the graph G has more than one cut-vertex, Balakrishnan et al. obtained an expression for Wiener Index of
the graph G in terms of the blocks of G and other quantities [3]. Similar to this, we obtain an expression for the modified
Zagreb index of a graph with a cut-vertex and with more than one cut-vertex. As an application, this topological index is
computed for Bethe trees and dendrimer trees. Also, the modified Zagreb index of Fasciagraph and a special type of trees,
namely, polytree are computed. We conclude this section with some notation and terminology. For other notations in graph

theory, may be consulted [2].

2. Modified Zagreb Indices of Graphs with more than One Cut-
Vertex

In this section, we compute the second Zagreb indices of a graph with a cut-vertex and with more than one cut-vertex.

Theorem 2.1. Let G be a simple connected graph with a cut-vertex u. Let H;, 1< i < r, be the components of G — u. Let
G; =GV (H)J{u}]. Then

. B s . N s E— kl

W= @y {waewr] W
where dg (u) = k and dg, (u) = k;.
Proof.

m m 1 g !
(@)=Y G -Y Y Fedtw) T 2 Fd(w)

i=1 i=1 weNg, (u) Ng, (u)

*Z’”M? > ¥ {wmwer)

i=1 weNg; (u)

O

Theorem 2.2. Let € = {v1,v2,...,u} be the set of all cut-vertices and B = {B1, B2, ..., Bx} be the set of all blocks of a

simple connected graph G. Then

m m : 1 1
Ma(G) =) " Ma(B) = ) | | awse ~ wwew)

S

i=1 BEB’ x€Npg(v;)
v z€e€
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&
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—~
8
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——

where B; = {B € Blv; € B}, 1<i<l.

k

Proof. Clearly da(vi) = >, dp(vi), for 1 <i <l and E(G) = |J E(B;). Let e = uwv € E(G). Obviously e € B; for
BEB] V=

some i. If u,v ¢ €, then the weight of e in G is the same as the weight of e in B;. Let us consider the case that either u

1 1
or v € ¥. Without loss of generality, assume that u € ¥. The weight of ¢ in B; is less b -
senery ¢ Y {dmu)dm (0)  do(u)da(v) }
1 1
from the weight of e in G. Similarly if u,v € € then the weight of e in B; is less b — from
e Y e Y {dBi (Wdp, (v) ~ de(u)da(v) }

the weight of e in G. Hence

- k . l 1 1
M (G) = Z M2 (B Z Z {dB(vi)dB(x) B dG(’Uz')dG(l’)}

l 1 1
- Z Z Z {dB(’Ul)dB(I) B dG(Ul)dG(x)}

i=1 BeB] z€Np(v;)
TEC
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Using the above theorem we can calculate the modified Zagreb index of a graph with a cut-edge as follows.

Corollary 2.3. Let wv € E(G) be a cut-edge of G and let G1 and G2 be the two components of G —uv. Then

mMQ(G) =" MQ(Gl) +m MQ(G2) - { Z d(u :

weN (u)—{v}

1 1
> d<w><d<w>—1><d<v>>2‘d<u>d<v>}

weN (v)—{u}
3. Modified Zagreb Indices of Generalized Bethe Trees

In a tree, any vertex can be chosen as the root vertex. The level of a vertex on a tree is one more than its distance from
the root vertex. Suppose T is an unweighted rooted tree such that its vertices at the same level have equal degrees. The
root vertex is at level 1 and T has k levels. In [1], Rojo and Robbiano, called such a tree as generalized Bethe tree. They

denoted the class of generalized Bethe tree of k levels by Bjy,.

level 1

[ 4 level 2

level 3

level 4

level 5

Generalized Bethe trees of 5 levels

Figure 1:

Theorem 3.1. Let By be a generalized Bethe tree of k levels. If di denotes the degree of rooted vertex, d; denotes degree of

the vertices on the it" level of By, for 1 < i < k and n; denotes the number of vertices on the i'" level of By for 1 < i < k, then

. k=1mn (d —1
the first and second modified zagreb index of By is computed as follows. ™My (By) = % and ™ M2 (By) = di +> %
i 2 =2 didita

ki
Proof.  The first modified Zagreb index of Bethe tree is obvious. |V(Bx)| = 1+ Y. [] d; and each block of By is Ko,

i=1j=1
nothing but the edges of By. In B, the rooted vertex belongs to di blocks and the vertices in i** level of By belongs to d;
k= ni(di — 1 =ng(di = 1) .
i + ni(d ) L ni(d ) (since n1 =1).

blocks, 2 < i < k.Therefore ™ M2 (By) = 0 ; didis = e ; TH

O

A dendrimer tree T} q is a rooted tree such that degree of whose non-pendant vertices is equal to d and distance between the
rooted vertex and pendant vertices is equal to k. So T}, can be considered as a generalized Bethe tree with k levels such

that non-pendant vertices have equal degree. We can compute the modified Zagreb indices of dendrimer tree as follows.

[\
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Figure 2:

Corollary 3.2. Let Ty q be a dendrimer tree of k levels whose degree of the non-pendant vertices is equal to d, d; denotes

degree of the vertices on the i level of By, for 1 < i < k and n; denotes the number of vertices on the i'" level of By, for
. g d1 k-1 d(dl — 1)
1<i<k. Then "M (Tk,a) = — and " Mz(Tx.q4) =
<1< en 1(Tk,a) df an, 2(Tk,a) dids + Z; didiis

Remark 3.3. Ifd=2,3 in Ty.q, then

mM1(T273) = 58/9,m M1(T373) = 118/9 and

" My(To,3) =" Ma(Ts3) =5

4. First and Second Modified Zagreb Indices of Fasciagraph and Poly-
tree

In this section we give the exact formula of First and second modified Zagreb indices for growing graphs namely fasciagraph

and growing tree namely polytree.

Theorem 4.1. Let G be a simple connected graph and u,v € V(G) such that u and v are non adjacent. Let Gy be a graph
obtained from k copies of G such that the vertex u of one copy of G is adjacent to the vertex v of the next copy of G except

the terminals. Then

k—1

. . 1 1 = 1
Ml(Gk) =k MI(G) - (k’ — 1){ Z d(’l)i)z - (d(’l}z) I 1)2 - ; d(’l}i)2 - (d(’l}z) ¥ 1)2} (3)

i=1

and where d(v;) denotes the degree of the vertex v in the it copy , 1<i<k and d(u;) denotes the degree of the vertex u in

the ith copy , 1 < i<k

N . 1
Ma(Gy) = kK" M2(G) — (k — 1){ wENZ(u) d(uw)(d(u) + 1)(d(w))?
1 G , (4)
+ ME%G:@) d(w)(d(w) + 1)(d(v))2  (d(u) + 1)(d(v) + 1) }
Proof.
k—1 1 1 k-1 1 1

Ml(Gk) =k Ml(G) — (k — 1){ 2 d(Ui)2 - (d(’l)z) ¥ 1)2 } (k - 1){ L d(vi)2 (d(yl) + 1)2 } (5)
Hence e - k=l 1 kol 1 6
1(Gr) = 1(G) — (k— ){ e d(v:)? - (d(v;) 4 1)2 - ; d(v;)? - (d(vs) + 1)2} (6)
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We can prove this by the method of induction on k. Let k£ = 2. Then

™Mo (Ga) = 2" Ma(G) — Y ﬁ_ Z #

w€N<u) (u)d(w) wEN (v) (v)d(w)
1
t 2 G i 2 i T T
m 1
= 2R(G) {EN‘;) Al dw) + 1
1 1
2 @ T Dl @@ T D@+ 1 }

Assume the result for Gy—1 . Let u and v be the vertices corresponding to (k — l)th and k" copies of Gy, respectively. Then

" My (Gr) =" Ma(Gr-1) +™ M2(G) — wgv:(u) m - w;@ m

t 2 T S @+ 0w 2 o i COESVCOESY
=" M2(Gr—1) +™ M2(G) — { ng:(u) [d(u)d(w)][(dl(u) + 1)d(w)]

+ szN:(U) )}[(dl(v) +Ddw)]  (d(u) + 1)1(d(v) +1) }
=(k—1)"M(G) — (k — 2){ wegcj(u) [d(u)d(w)][(dl(u) T Dd(w)]

+ weNZc;(v) [d(v)d(w)][(dl(v) +1d(w)]  (d(u) + 1)1(d(v) +1) }

+™ M (G) — {wgv:m [d(u)d(w)][(dl(u) + 1)d(w)]

+w§w) +d(w)][1( ) +d(w) + 1] d(u) +il(v) +2}
= k" Ma(G) — (k= ”{ w};m) d(w)(d(w) . 1){d(w))?

1 1
p> d(w)(d(w) + 1)(d(v))? ~ (d(u) + 1)(d(v) + 1)}

wENgG (v)

O

Fasciagraph is a class of polygraph. The structure of the simplest fasciagraph F' is uniquely specified by the structure of the
monomer unit G and the number of monomer units. Every unit of F' is adjacent with two units except the terminal units.
A fasciagraph is a polygraph with k copies of a fixed graph G such that the vertex u in the i*" copy is adjacent to the vertex

vin the (i +1)" copy of G, i =1,2,...,k — 1.

F
C o< >—aw > — . —«__®
G G G G
Figure 3: G

Corollary 4.2. Let F be a fasciagraph composed of k copies of a graph G. Then

m _m _ . 1 1 _ 1
Ma(F) = KMo (G) = (K ”{ 2 W DE@P T 2= dw)de) + D) d<u>+1><d<v>+1>}

wENgG (u) weENgG(v)
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Consider a chemical polytree F,j consisting of k copies of the star S, such that v is the centre vertex of S,. Using the

above theorem we have modified Zagreb indices of polytree in terms of order of the star.

L1

Fom Fam

Corollary 4.3. Let F,i be a chemical polytree consisting of k copies of the star Sy such that u is the centre vertex of Sy.

2 k-2 2n—1) (k—2)(n—1) 2 k—3
Then ™ My (Fnr) = k(n — 1 — + — and "My (Fni) =
n 1(F) (n )JrnQJr(n-l—l)2 an 2(Fnk) n n+1 n(n—|—1)+(n—|—1)2
Proof.  Since u is the centre vertex of Sp, d(u) =n — 1 and d(w) = 1, we get the result. O

Remark 4.4. Chemically relevant fasciagraphs Fyr correspond to the cases n =2 and n = 3.

"My (Far) = % and
™My (For) = 4k9+3

"My (Fsi) = % and
™ M (Far) = 35]2:18— 1
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