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Abstract: In present paper, a nonlinear mathematical model is proposed and analyzed to study the depletion of forestry resources
by the human population and industrial pressure. It shows that density of forestry resource biomass decreases as the
population and industrial pressure increases. We also observed the effect of genetic resources on the depletion of forestry
biomass. The model is analyzed by using stability theory of differential equations. The numerical simulation analysis of
the model confirms the analytical results.
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1. Introduction

Forests play an important role in the human life. It is one of the major natural resources used by human population
for their day to day livelihood with the alarming rate of increase of population abundantly, more space, food, shelter one
required for their survival. This requirement can be made by cutting trees for space, wood and setup industries for live
hood. Conservation and management of forest resources would be essential for sustainable development and adaptation
to the changing environment. Genetic resources are one of the most important components for sustainable forestry and
food and fodder security. In general, genetic resources include plant species that do not only provide food, fodder and
medicine but also as a source of shelter, energy, environmental protection and other supports to the livelihood. The effect
of the forest biomass has been studied by many investigators. Shukla and Dubey [8] had studied the combine effect of
population and pollution on the forestry resources by proposing a nonlinear mathematical model. Dubey et al. [4] proposed
the mathematical model and analyzed to study the depletion of forestry biomass caused by population and population
pressure augmented industrialization. Mishra and Lata [6] developed a mathematical model and studied the depletion
of forestry resources, caused simultaneously by population and population pressure augmented industrialization. In their
model for controlling the population pressure, they also considered economic efforts. Some other authors also investigated
about, effect of population and industrial on forestry biomass, [1, 2, 5]. In the recently Agarwal and Pathak [3] studied the
effect of the alternative resource and time delay on conservation of forestry biomass, interaction between forestry biomass,

industrialization pressure, toxicant pressure and technological effort proposed and analyzed. In this paper, therefore we
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proposed and analyzed a mathematical model to study the effect of genetic resources on the forestry biomass, which is
depleted due to population and industrialization. One of our aims is to show the detrimental effect of genetic of forestry
biomass. In the view of above, a mathematical model for the depletion of forestry biomass is proposed and analyzed using
the stability theory to see the effect of population and industrial pressure on the depletion of forestry biomass and its

conservation by genetic resources.

2. Mathematical Model

An important fact about mathematical model is given as;

H,. Carrying capacity of forestry biomass is K (I, P), which depends on population biomass and industrial effect.

K(I,P) = Ko — K1 + Kie~®2P=1 | K(0,0) = Ko and Ko = Ko — K1, where K1 € (0, Ko).
H>. k1 and k2 are describe the growth rate of genetic resource due to forestry; population and forestry; industrial effect.

Considering all above point the mathematical model of the following variables is given as follow,

dB B\ o p2r o2

o =B (1 7008 P)) SoB’I — S1B°P + kF, (1)
dP . P 2

E_P<1—L)+5103P7 &)
% = 4P + S20 BT — QI (3)
% — k151 B%P + k252 B2I — koF, (4)

Where B(0) > 0, P(0) > 0, I(0) > 0, F(0) > 0. Here B is forestry biomass, P is population biomass, I is the industrial
effect and F' is genetic resource. Ss is the depletion rate of forestry biomass due to industrial effect, S1 is the depletion rate
of forestry biomass due to population biomass, k is the growth rate of forestry biomass due to effort of genetic resource, L
is the carrying capacity of population biomass. Si¢ is the growth rate of population biomass due to forestry biomass, u is
the growth coefficient, 0 is the constant parameter, Sz is the growth rate of industrial effect due to forestry biomass, @ is

the loss rate of industrial effect and ko is the depletion rate of genetic resource.

3. Region of Attraction

Theorem 3.1. The region of attraction of the system of differential equation as,

2
R= (B,P,],F):0<B+Fg%,0<PSL(1+55510),0<ISw ,
0

Where §o = min(1, ko — k) and 81 = Bmaa-
Proof. From the equations (1), (4) of model

d B
S B+F) = {B (1 - m) — S2B*I — $1B°P + kF} + {(k151B*P + k282 B’I) — ko F'}

d
$(3+F)=B<1—

B

m) —-S1(1— k:l)BQP_ Sy(1 — k‘z)BQI— (ko — k) F
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i(B—FF)SB(l—%

%(B-i—F)gB—(KEO)B—(kO—k)F

Bt F) 6B+ F) <282
dt 0 = Ko

o ) — (ko — k)F

where 0o = min (1, ko — k),

(B4 P)+00(B+F) < 6(B) (©)

where ¢(B) = 2B — (£ ) B, then maximum value of ¢(B) = Ky, then
Ko

%(B+F)+5(B+F)§Ko

K
then limsup B + F < 5—0. Now form equation (3)
0

ar

P
< (1 Bl — | P
dt 7( + S10 max ) )

L
We obtained limsup P < (1 + S107)L, where §; is the maximum value of B. From (3),

I
Y < 1 0Pmas — QI
a = @

< ud(1+ S1067)L
— Q -

we get limsup I

4. Equilibrium and Their Existence

Above system of equations has the five possible points Ey(0,0,0,0), E1(Ko,0,0,0), E2(0, L, u0L/Q,0), Es(Bs3,0,Is, F3),
E*(B*,P*,I", F*).

1. Equilibrium points Ey, F1 and F» are obvious.

2. The existence of F3(Bs,0, I3, F3) can be seen by the system of equations as,

B 2
———— | =SB I=0
B(l K(I,O)) 2 ’

S20B%I — QI =0,

k252 B%I — koF = 0,

From second and third equations of the above system of equations

(ii). F = 225291

ko S20

using (i)and (ii) conditions in first equation of the above system, we get,

_| @ 1 kk2S2QI1° Q
W= [570 (K(LO) +S2I> ~ koSao } Sy (7)

then, v(0) < 0, if S20Ko > @, v(n) > 0 where 7 is the maximum value of I, then there exist a positive I3 € (0,7) such
that v(I3) = 0. Now, the sufficient condition for the uniqueness of E3(Bs,0, I3, F3) is v'(I) > 0 the above condition is

hold if kko < ko.

[\
o
@



Degradation and Subsequent Regeneration of Forestry Biomass using Genetic Resource

3. Now the existence of equilibrium point E*(B*, P*,I*, F*) can be obtained by the equations,

B 2 2 o
3(1 K(I’P)> S2B*T — 81 B*P + kF =0, (8)
P 2
P(l*f)‘i’SlOB P =0, 9)
P + Sa0B2I — QI =0, (10)
(k1S1B*P + k282 B*I) — ko F =0 (11)

above equations have the positive equilibrium points, it can be seen by following algebraic simulation. Form equations

(9) - (11), we obtained

P = (1+S10B*)L = w:(B)
o /L@L(l —|— 31032)

! Q—50B w2(B)
2
Fe (’“1511325252])3 = wy(B)B?
using values of P, I and F in equation (8), we obtained
¢(B) =1 — B[h(B) + S1wi(B) + Sawz(B) — kws(B)] (12)

where h(B) = m, #(0) =1 > 0 and ¢(d1) < 0 from equation (12) there will be a positive root B* € (0, d1)
such that ¢(B*) = 0 and this root must be unique for ¢'(B) < 0. After evaluating the value of B*, we can obtained the

positive values of P*, I and F*.

5. Stability Analysis of the System

Stability of the system can be studied by the method of Jacobian matrices, variation matrix of the equilibrium point. Then

the Jacobian matrix at interior equilibrium point E*(B*, P*,I*, F*) is given as

A1 Arz A1z Ang
Ao1 Az 0 0
As1 As2 Ass O
Agr Asz Aaz Aaa

where

_ *_ *
2B* B*2K162€ c1I co P

A= (1- —"2—— ) —285,BI" —25,B*P*; Ay = — -8, B*?
u ( K(IﬂP*)) 5 $IBF"; A TN DS
B*2chle—c1]*—c2P* 5
A3 = — — SoB*": Ay =k; Ay =2S10B*P*
13 K2(1*7P*) 2 5 14 ) 21 10
2P* *2 * Tk *2

Axp=1-— 17 + S10B™%; Az1 =28520B" 175 Asa = pb; Ass = S0B™" — Q

Agr = 2B* (k181 P + koSoI™); Aso = k1S1B*%; Ass = kaS2B*%; Ass = —ko
then the characteristic equation of the above matrix is given as,

M4+ Nai + Mage + Aasz + aaa =0 (14)
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where

a11 = —Aqs — A11A22 — A11Asz — A22Azs = ko — A11 A2z — A11Ass — A2 Ass,
a22 = A11 + Ao + Asz — As1 A1y — A13As1 + Ag1 Ara + Aaa(A11 A2 + A11Ass + Azz Ass),
azs = —A14A21Aso — A14Auz Azt + A14As1(Azz + Azz) — A13A21 Asy + A13As1(Aaz + Aug)
— Ays(A11 + Axx + Ass) + A11 Az Ass + Az1 A14(Ass + Ass), and
asa = A14A21 As3 Azz — A1aA21 A3 Azs + A14A20Asz Azt — A14Aa1 Azz Aoz + Ass A13A21Ass — A13Az1 Aoz Ay

- A11A22A44A33 - A14A21A44A33

then by Routh Hurwitz criterion equilibrium point E* is locally asymptotically stable if, a;1 > 0, ai11a22 — azs > 0 and
(a11a22 — ass)ass — a%1a44 > 0, unstable if either of these conditions is not satisfied. Now characteristic equation for
equilibrium point Ey(0,0,0,0) is given as

A=1)’A—ud)(A+ ko) =0 (15)

then characteristic roots are given as 1, 1, u6 and —ko, it is unstable in B — P — [ plane but stable in direction F' so this

B
221 20,1+ S10B? >0, pf > 0,
Ko

—ko < 0 then this is asymptotically stable in plane B — F' but unstable in plane P — I, so it is saddle point. For equilibrium

point is saddle point. For the point F;(Bi,0,0,0) characteristics values are given as, 1 —

point FE»(0, L, u0L/Q, 0), eigen values are given as 1,—1,u0 and —ko then this point is asymptotically stable in plane P — F

but unstable in plane B — I, so it is saddle point. At equilibrium point Fs3(Bs, 0, I3, F3) jacobian matrix is given as

Bi1 Bi2 Biz Bus

0 B2 0 0
V(E3) = (16)
B31 Bsz Bsz 0

By Biz Bss Bus
where

2B; B2Kicoe 113 2 B2Kjicie~ s 5
Bii=(1— -2 ) —28Bsls; Blo=——2>—-"2" _  _§B3®; Bjg=——"2_"_""__ _ S,B
H < K(13,0)> prste K2(I3,0) 1Es s s K2(I3,0) 2

Bis =k; Bay =1+ S10Bs”; B3y = 2520Bsls; Bss = 1l; Bsz = S20B3® — Q; B = 2Bsk S5

Baz = k151B3”; Bas = k2S2Bs”; Baa = —ko
then the characteristic equation is given as
(A — Ba2)(A* + X%b1 + Aba +b3) =0 (17)
where

b1 = —B11B44 — B11 B33 — B33Bus
b2 = B11 + Bas + Bsz — B41B14 — B33 Bis

bs = B31B13 + Ba3Bi4 + B33 Ba1B14 — B11B33Ba
then eigen values are given as A2 = Ba2s > 0 and other eigen values is given by this equation
(A% +2%b1 4+ Aoy +b3) =0 (18)

above equation have negative roots if it follows Hurwitz condition b; > 0, bs > 0 and b1b2 > bs.
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6. Persistence

Biologically, persistence means the survival of all populations in future time. Mathematically, persistence of a system means

that strictly positive solutions do not have omega limit points on the boundary of a non-negative cone.

Theorem 6.1. If the system of equations (1)-(4) holds the conditions (19)-(?7) then the system persists.

Proof.

dB
dt
dB
dt
dB
E =

let {%D + Solmax + Slpmax} =7

after solving above equation, we get

Now from equation (2) of system,

after solving this equation, we obtain

Now from equation (3),

so we obtain

Now from equation (4)

we get,
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From the system of equations. First equation (1) of the system

B

=B <1 - 7) — $9B*I — $1B*P + kF

>

K(I,P)

B 2 2
B 1— ey s——— - B [max_ B Pmax
(1~ x0) n

> B_ B {i + Sy T + Slex}

Ko

dB
&2 S _
T B(1 - Bn)
. 1
lim inf B > = (19)
t—o0o s
dP P 2
—=P(1-— B°P
o7 < L) + S10
dP P
S _ =
azP(-7)
lim inf P > L (20)
t— o0
% = ulP + S20B*I — QI,
dl
— > uOPmin — I,
i Q
it 1 > BT
tlgr{)l(}lnf]Z 0 (21)
%1; = (k1S1B*P + k282 B%I) — ko F
Cile > (k1S1Pmin + k252Imin) Biin — koF
. . 2 )
hm ll’lfF 2 (klslpmzn + k252Im7,n) Bmzn
t—oo k’o
.. Qk1S1L+ szgueL
tlirgo inf FF > T
O
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7. Numerical Simulation

We solve the system numerically by using these values of parameters Ko = 10, K1 = 0.2, ¢1 = 0.001, c2 = 0.001, S = 0.06,

S1 = 0.008, k= 0.1, L =5, Si0 = 0.02, = 0.5, 6 = 2, Sao = 0.2, Q = 0.75, k1 = 0.002, ks = 0.02 and ko = 0.02.For the

above set of parameters the equilibrium (1.3068,5.1706,4.7389,0.5558) obtain. By using mathematical software we obtain

following figures,
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Figure 1. Figure of B,P,I and F with respect to time.
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Figure 2. Behavior of Industrial Biomass with varying the value

of Genetic Resources on Forestry Biomass.
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Figure 3.

Figure 4.

Figure 5.
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Figure 6. Behavior of Industrial effect at different values of Depletion rate of Forestry Biomass.

In the above figures we see variation of B, P, I and F with respect to time. In figure 1 see that as value of the time increases,
B,P,I and F tends to their equilibrium points. In Figure 2, as genetic effect on forestry biomass increase the equilibrium of
industrial biomass decrease. Figure 3 and 4 represent the phase plot of forestry biomass, population biomass and industrial
biomass. Figure 5 and figure 6 described the behavior of population biomass and industrial biomass as Variation of depletion
rate of forestry biomass. As value of depletion rate of forestry biomass increase the value of population biomass decrease

and value of industrial biomass increase.

8. Conclusion

Forestry resources are very important part of our life, as we know that forestry resources decrease as increase in population.
In this paper, a nonlinear mathematical model is proposed and analyzed to study the depletion of forestry resources by
the human population and industries. In this system we assumed to be four variables namely, biomass of forestry recourse,
density of population, industrial biomass and genetic resources. By the numerical simulation we observed that as effect
of genetic resources on forestry biomass are increased the effect of depletion decrease. So if we use the genetic plants for

plantation of the forests the effect of depletion of forestry resources can be reduce.
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