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1. Introduction and Preliminaries

Fixed point theory is one of the out standing subfields of non linear functional analysis. It has been used in research
area of mathematics and non linear sciences. In 1922 Banach [3] proved a fixed point theorem for contraction mappings
is one of the pivotal results in analysis. This theorem which has been extended and generalized by several authors. In
1973, Geraghty [7] introduced and studied a generalization of Banach contraction mapping principle in complete metric
spaces by taking the class of functions I' = {f:[0,00) — [0,00)| B (tn) = 1 = t, — 0}. Throughout this paper, I' =
{B:]0,00) = [0,00)[ B (tn) = 1 =>t, = 0}. ¥ = {¢p: RT — R" | ¢ (t) is a decreasing an ¢ (t) =0« t =0}. F(f) the set

of all fixed points of f.

Definition 1.1 ([7]). Let (X, d) be a metric space. A selfmap f: X — X is said to be a Geraghty contraction if there exists
B €T such that

d(fz, fy) < B(d(z,y))d(z,y) forallz,y € X. (1)

Theorem 1.2 ([7]). Let (X,d) be a complete metric space. Let f: X — X be a self map. If there exists § € ' such that

d(fz, fy) < B(d(z,y))d(z,y) forallz,y € X, )

then f has a unique fixed point.
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Definition 1.3. A selfmap f: X — X is said to be a generalized Geraghty contraction if there exists B € I' satisfying, for

all z,y € X

d(fz, fy) < B(M (z,y)) M (2,y) ,

where

M (o) = max {d (2,9).d (@, £2) 0 f). 5 o f) + 0. )]}

The following class of functions namely the class of altering distance functions which we denote by ¥; was introduced by
Khan, Swaleh and Sessa [11] as follows. ¥ = {w :RT — R | ¢ is non decreasing, continuous and 9 (t) =0 < t = 0}. The
altering distance functions were used by many researchers [6, 12] to obtain fixed points. In 1970, Takahashi [13] introduced
the notation of convexity in metric spaces. Guay, Singh and Whitfield [8] and many authors [1, 2] have studied fixed point

theorems in convex metric spaces.

Definition 1.4 ([13]). Let (X,d) be a metric space. A continuous mapping W : X x X x[0.1] is said to be a convex structure

on X for all z,y € Xand X € [0, 1] such that
d(u, W (z,y,\) <A (u,z) + (1 — A) d(u,z) holds for all u € X. 3)

The metric space (X, d) together with a convex structure W is called a convex metric space, which is denoted by (X,d, W).
Note: Normed linear spaces are examples of convex matric spaces.

Definition 1.5 ([13]). A subset K of a convex metric space (X,d, W) is said to be a convez set if W (z,y,\) € K for all z,y €

K and A €]0,1].

Definition 1.6. A set M is called g-star shaped with ¢ € Mif the segment [q,x] = {W (q,z,A) |0 < A < 1} is contained in

M for all z € M.

Definition 1.7 ([8]). A convex metric spac (X,d, W) is said to satisfy property (I) if for all z,y,q € Xand X € [0,1],
d(W(z,q,7), W(y,q,\) < Ad(z,y).

Definition 1.8. For a non-empty subset M of a metric space (X,d) and x € X, an element y € M is said to be a best
approzimant of x in M or a best M-approzimant to z if d(z,y) = dist (x, M) = inf {d (z,y) : y € M}. The set of all best

M-approzimants to x is denoted by Py (x).

Definition 1.9. For a convex subset M of a conver metric space (X,d, W) a mapping f : M — X is said to be affine if for
all z,y € M, f (W (z,y,\)) = W (fz, fy,\) for all X € [0,1].f is said to be affine with respect to ¢ € M if f (W (z,q,\)) =
W (fz, fq,\) for allx € M and X € [0,1].

Suppose M is a nonempty subset of a metric space (X,d) and f, T are self mappings of M. A point x € M is a common
fized(coincidence) point of f and T if x = fo = Tx (fx = Tx).

Definition 1.10. The mappings f,T : M — M are said to satisfy property (P) in M if d(fzn,Txn) — 0 implies

d(f (Tzn), T (fzn)) = 0 for any sequence {zn} in M.

Definition 1.11 ([9]). A pair (f,T) of self mappings of a metric space (X,d) is said to be compatible, if

d(f (Tzn), T (frn)) — 0 whenever x, is a sequence in X such that Txy, fr, — z € X.
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Definition 1.12 ([10]). A pair (f,T) of self mappings of a metric space (X,d) is said to be weakly compatible if they

commute at their coincidence points. i.e., if fTx =T fx whenever fr = Tx.
In 2013, Chandok and Narang [5] proved the following result.

Theorem 1.13 ([5]). Let M be a nonempty closed subset of a metric space (X,d). Let f, T : M — M be self mappings,

q € F(f) and T (M\{q}) C f (M) \{q}-

Suppose that there exist k € (0,1) such that

A(70,Ty) < kmax {d(f,19) d(f. 7). d (7. 7). 10 To) + a7 o)l

for all xz,y € M.

If further, f and T are continuous, cl [T (M\ {q})] is complete and f and T are weakly compatible on M\ {q}, then

F(f)NF (T) is a singleton. The following Lemma, which we use in the next Section, can be easily established.

Lemma 1.14 ([4]). Let (X,d) be a metric space. Let {xn} sequence in X such that d (Tny1,2n) = 0 asn — oco. If {x,}
not a Cauchy sequence then there exists an € > 0 and sequences of positive integers {my} and {ny} with ny > my > k and
d (Tmk, Tnk) > €. For each k > 0, corresponding to mi we can choose ny to be the smallest integer such that d (Tmk, Tnk) > €

and d (Tmk, Tnk—1) < €. It can be shown that the following identities are satisfied:
(1) lim d(Tnk—1,Tmks1) =€,
k—oo
(2) lim d(Znk, Tmk) = €,
k—oo
(8) lim d(Tnk—1,%Tmk) = €,
k—oo

(4) lim d(zar; Tmisr) = €

2. Main Results

Now we prove the existence of common fixed points for generalized Geraghty contractions in complete metric spaces, with

property (P), under the influence of altering distances.
Theorem 2.1. Let M be a nonempty closed subset of a metric space (X,d). Let f, T : M — M be self mappings, q € F (f)
and T (M\ {q}) C f (M)\{q}. Suppose that there exist 8 € T and » € U such that for all z,y € M

P (d(Tz,Ty)) < B (M (z,9))) ¥ (M (2,9)) , (4)

where M (z,y) = max {d(f, fy),d(fz,Tx) ,d (fy,Ty) ,  [d (f2,Ty) + d(fy, To)]}. Let zo € M\{g}. Then {fza} is a
Cauchy sequence in M\ {q} where fr, = Txn_1 form=1,2,3,....
If further, f and T are continuous, cl [T (M\{q})] is complete and f and T satisfy property (P) then F(f) N F(T) is

singleton.
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Proof. Let zo € M\ {q}. Since T (M\{q}) C f(M)\{q}, we can find z1 € M\ {¢} such that y1 = fz1 = Txo with
y1 # ¢ and we can find zo € M\ {¢} such that y» = fx,, = T'z1 with y2 # ¢. Similarly we can find =, € M\ {q} such that

Yn = fxn = Taxp_1 with y, # ¢q for n > 1. Now,

Y (d(frnt1, frn)) = ¥ (d(T2n, Trn-1)) < B (Y (M (n, 2n-1))) P (M (Tn, Tn—1)) (5)

where

N =

M (w’ﬂrl‘nfl) = Inax {d(.fwnzfx’ﬂfl) vd(fxnaT'T’ﬂ) ,d(fl‘nthl'nfl), [d (fxnaT:En*l) + d(fwnflaTwn)}}

(d (fam, fon) o d (font, fwn+1)]}

— max {d(fiﬂn,fxn—l) ,d(fxn,f:cn+1),d(f:vn_1,f:vn) ,%

= max {d (f-rvu fitnfl) ,d(fﬂ?nJrl,f-Tn)}

Suppose d (fxn, frn—1) < d(fTnt1, fxn) for some n, then from (5)

P(d(frntr, fen)) < B (W (d(frnir, f2n) ¢ (d(font1, frn)) < ¢ (d(fEnia, frn)),

a contradiction. Therefore d (fzn+1, fon) < d(fZn, fTn-1), which implies that ¢ (d (fZn+1, ftn-1)) < Y (d(fzn, fTn-1)).
Thus {d (fzn+1, fxn—1)} is a decreasing sequence and converges to r(say) and {¢ (d (fzn+1, fZn))} is a decreasing sequence

and converges to s(say). From (5), we have

Y (d(fentr, fen)) < B (d(frn, fEn-1))) ¢ (d(fTn, fTn-1)).

Suppose B (¢ (d(fzn, frn-1))) — 1 then by hypothesis ¢ (d (fzn, fxn-1)) — 0, which implies that s = 0. Now r <
d(fxn, frnt+1) implies ¢ (r) < ¢ (d (fxn, frnt+1)) — 0. Hence 9 (r) < 0 so that »r = 0. Hence without loss of generality we
may suppose that 8 (¢ (d (fzn, fzn-1))) -1, then there exists 0 < v < 1 such that8 (¢ (d (fzn, frn—1))) < r for infinitely
many n. Therefore 1 (d (fxnt1, f2n)) <Y (d(fZn, fxn—1)) for infinitely many n. On letting n — oo, we get s < s which
implies that s = 0. Therefore r = 0. Now we show that {fxz,} is Cauchy. Suppose that {y.} = {fxn} is not Cauchy.
Then by Lemma 1.14 there exists an ¢ > 0 and sequences of positive integers ni > mg > k and d (ymw,ynk) > € and
d (ymi,ynk—1) < €. Then the following identities can be established.

(1) lim d (ymr, ynr) = €

(2) Jim d (ymrt1,yne—1) = €,

(3) lim d(Ymk,Ynk—1) = €, and
k— o0

(4) lim d(Ymr+t1,Ynk) = €.

k—oo

we have

Y (€) <Y (d Ymk, Ynk)) = ¥ (d (frmi, frnr)) = Y (d (TTmr—1, TTni-1)) < BW (M (Zmr—1, Tnk—1))) ¥ (M (Tmk—1, Tnk—1))

where

M (Zmk—1, Tnk—1) = max{d (fTmr—1, [Tnk—1) , d (fTmr—1, TTmik—1) , d (fTrk—1,TTnk—1),

1
§[d (frmr—1,Txnr—1) +d (frnr—1, Tmmkfl)]}
1
= max {d (Ym—1, Ynk—1) s d (Ymk-1,Ymi) » d Yk -1, Ynk) s 5[d Y1, Ynre) » d (Yrmre—1, ymk)]}
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Now B (¢ (M (Zmk—1,%nk—1))) — 1 implies ¢ (M (Zmr—1,Tnk—1)) — 0. From (??), we have ¢ (¢) = 0, a contradiction.
Hence B (v (M (mk—1,Tnk—1))) - 1. Then there exists 0 < v < 1 such that 8 (¥ (M (Tmk—1,Tnk—1))) < v for infinitely

many k. Then from (?7?) we have,

¥ (€) < b (d(Ymps ynr)) < 7Y (M (Tmk—1, Tnk-1)) - (6)

On letting k — oo in (6), since d (Ymk, Ynk) > € we have,
0< 7/’ (e +0) = kll)n;.lo 1/1 (d (ymlwynk)) S 'W/} (M (xmkfhxnkfl)) S ’Yd) (E +O) 5

a contradiction. Therefore {fz,} is a Cauchy sequence in M\ {q}. Hence {T'z,_1} is a Cauchy sequence in M\ {q}.
Therefore Txn—1 — z(say) € [T (M\{q})] and consequently fr, — z. Now d(fan,Tzn) = d(fn, fEnt1) — 0 as
n — oo. From property(P) we have d (T fxn, fT2nt1) — 0. Since f and T are continuous so that d (Tz, fz) = 0. Hence

Tz = fz. Therefore z is a coincidence points of f and T. Again by property(P), we have fTz =T fz. Now

Y(d(TfzTz) < B (M (f2,2) ¢ (M (fz,2))

where

(d(Ff2T2) +d(f szn}

DO =

M (fz z) :maX{d(ff%fZ)7d(ffz,TfZ),d(fzyTZ),

=d(TfzTz)

Therefore, from (?7?) we have,
P (d(Tf2,Tz) < B (d(Tfz,T2)) ¢ (d(TfzT2),

which implies that ¢ (d(T'fz,Tz)) = 0. Hence Tfz = Tz. Therefore Tfz = ffz = Tz = fz. Let z and w be two fixed
points of f and T with w # z. Counsider ¥ (d (Tz, Tw)) < B (¥ (M (z,w))) ¥ (M (z,w)), which implies that ¥ (d (Tz, Tw)) <
B (d(z,w))) ¢y (d(z,w)) < (d(z,w)), a contradiction. Therefore F' (f) N F (T) is singleton. O

Note: We observe that Theorem 1.13 follows from Theorem 2.1 by taking v (T') = kt for ¢ > 0.

Theorem 2.2. Let M be a nonempty closed subset of a metric space (X,d). Let f,T : M — M be a self mappings, q € F (f)

and T (M\ {q}) C f(M)\{q}. Suppose that there exist § € ' and ¢ € ¥ and a positive integer n such that for all x,y € M

P (d(T 2, T"y)) < B (¢ (M (2,9))) ¢ (M (x,9)), (7)

where My (,y) = max {d (fz, fy)d (fz,T"z),d (fy,T"y), 3 [d (fz, T"y) +d (fy, T"x)]}. Let zo € M\{q}. Then {fzm}
is a Cauchy sequence in M\ {q} where fem =T "xm—1, form=1,2,3,....
If further, f and T™ are continuous, cl [T (M\ {q})] is complete, and f and T™ satisfy property (P) then F (f)NF (T") is

singleton.

Proof. By using the hypotheses T (M\ {q}) C f(M)\{q} we can prove T" (M\{q}) C f(M)\{q} by induction n.

Therefore the proof of Theorem 2.2 follows from Theorem 2.1 by replacing T with 7. O

Now we extend the existence of common fixed points for generalized Geraghty contractions in convex metric spaces with

property (P) under the influence of altering distances.

w
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Theorem 2.3. Let M be a nonempty closed subset of a convex metric space (X,d, W) with property (I). Let f, T : M — M
be a self mappings. Suppose that M is g-star shaped with q € F (f) and f is continuous and affine with respect to q. Define
TN : M — M by Tx(z) = W (Tz,q,\),0 < A < 1. Suppose f and Tx have property (P) and cl [T (M\{q})] is complete.
[T (M) C f(M)\{q},T is continuous. Suppose that there exist 3 € I and ¥ € U such that for all x,y € M

P (d(Tz, Ty)) < B (Y (M2 (x,y))) ¢ (M3 (z,y)) , (8)

where

[d(f. [Ty, q)) + d (fy, [T2] q>1} and

N

M: (2,y) = max {d (fo, fy) od (f, [Tz, q))  d (Fy [Ty, )

(d(f2, Toy) +d(fy, Tm]} .

Ms (o) = max {a (. F) d (f. 1) 0 (7. To)

Let zo € M\ {q}. Then for 0 < A < 1, f and T» have unique fized point xx. i.e., F(f) N F (1)) is singleton.

Proof. Suppose 0 < A < 1, f and define Taw = W (T'z,q,\) for all x € M. Let zo € M\ {q}. Since Tx (M\{q}) C
F(M)\{q}. We can find z1 € M\ {q} such that y; = fz1 = Thzo with y; # ¢ and we can find z2 € M\ {¢q} such that

y2 = fx2 = Thz1 with yo # ¢. Similarly we can find z, € M\ {¢} such that y, = fz, = Thxn_1 with y, # ¢ for n > 1.

Now
¢ (d (f$n+17 fl'n)) = ¢ (d (TA'I’,nv Tkwn—l)) = 1/) (W (Tn7 q, )‘) I W (Tn—h q, )‘))
<YM (Tzn, Trn-1)) <Y (d(Tzn, TTn-1))
< B (M2 (Tn, Tn-1))) ¥ (M3 (Tn, Tn-1)) 9)
where

M (wn,x'ﬂfl) = max {d(fxnvfxn*1)7d(fwn7 [Txnan 7d (fxn*h [T&anl,q]) ) %[d (fxfh [T$n71,q]) + d(fxn*h [T&Zn,q})]}

and

M;3 (xmxn—l) = max {d (fxnafxn—l) :d(fxn:Tkmn) , d(fxankxn)7d(f$n—1:T>\xn—1)»

1

5 [d (fxn7 T)\xnfl) + d (fxnfh T)\xn)}}

= max {d (fzn, fzn-1),d(fTn, fTni+1)}

Suppose d (fxn, frn—1) < d(fTnt1, fxn) for some n, then from (9)

Y (d (fonsr, fen)) < B (¢ (M2 (fon, fen—1)) P (d(fontr, frn)) <O (d(f2nt1, f2n)),

a contradiction.  Therefore d(fxnt1, fzn) < d(fzn, frn—1) for all n, which implies that ¢ (d(fznt1, fzn)) <
Y (d(fxn, frn-1)) for all n. Thus {d (fzn+1, fzn)} is a decreasing sequence and converges to r (say) and {¢ (d (fzn+1, fzn))}
is a decreasing sequence and converges to s(say). We know that r < d(fxn,fens1) which implies that ¢ (r) <
Y (d(fxn, frnt1)) so that ¥ (r) < r. Now d(fxn, frn—1) < M2 (Tn,Tn-1) so that ¥ (d(fzn, frn-1)) < ¢ (M2 (Tn, Tn-1)).
Suppose that 8 (¢ (M2 (n, Tn—1))) — 1 implies ¢ (M2 (2, Tn—1)) — 0 which implies that ¢ (d (fzn, frn—1)) — 0. Therefore
s = nan;ow (d(fzn, frn—1)) = 0. Therefore ¥ (r) < s implies ¢ (r) = 0 so that r = 0.
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Now suppose that 5 () (M2 (zn,zn-1))) - 1, that there exists 0 < a < 1 such that 8 (¢ (M2 (n,zn—1))) < o for infinitely

many n. Therefore

Y (r) <s <Y (d(fan, foni)) < B (Y (M2 (2n, 2n-1))) ¥ (d(f2n, fEn-1))
<at (d(fzn, frn-1))

On letting n — oo, we get s < as which implies that s = 0. Therefore r = 0. Now we show that {fz,} is Cauchy. Suppose
{yn} = {fzn} is not Cauchy. Then by Lemma 1.14 there exists an € > 0 and sequences of positive integers ny > my > k

and d (Ymk, Ynk) >€ and d (Ymk, Ynk—1) < €. We have

Y (€) < (d Ymns Ynr)) = ¥ (d (fZmk, fEnn)) = ¥ (d (Dnwmi—1, Trnk—1))
= (d(W (TZmi-1,¢, ), W (Ti—1,4,N)))
<P A (Txmp—1, TTnr—1))
< (d (TZmi—1, TTnk_1))

< B (W (M2 (Zmr—1, Tnk—1))) ¥ (M3 (Tmrk—1, Tnk—1)) (10)

where

Mo (Tmi—1, Znk—1) = max {d (fmr—1, fnk—-1), d([Tmr-1, [TTmr-1,4]),d ([Tnk-1,[TTnk-1,9]),

1
5 [d(femr—1, [TTnr-1,9]) +d(frnr—1, [TTmr-1,q])]} and
M3 (mik—1, Tnk—1) = max {d (fTmr—1, fnk-1), d(fTmk-1, TnTmk-1),d (fTrk—1, TAZTnk—1),
1
3 [d(fmr—1, ThTnk—1) + d(fTnk—1, TrTmr—1)]}

1
= max {d (ymk—laynk—l) s d(ymk—h ymlc) ,d(ynk—hynk) ) 5 [d (ymk—lv ynk) + d(ynk—hymk)}} .

Now B (¥ (M2 (xmk—1,ZTnk—1))) — 1 implies ¥ (M2 (mk—1,%nk—1)) — 0, which implies that d(ymr—1,Ynk—1) — 0 so
that ¢ = 0, a contradiction. Now suppose that 8 (¢ (M2 (Zmk—1,Tnk—1))) - 1, that there exists 0 < v < 1 such that

B (¢ (M2 (xmik—1,Znk—1))) < 7y for infinitely many k. Therefore
S Y (dYmr, Ynk)) < 7Y (M3 (Zmr—1, Tnk-1)) <Y (d (Ymbk—1, Ynk-1)) - (11)
On letting k — oo in (11), we have
P (€ +0) = lim ¢ (d (ymk, ynr)) < A ¢ (M3 (Tmk—1, Ynk—1)) -

a contradiction. Therefore { fz,} is Cauchy sequence in M\ {q}. Hence {Thz,—1} is Cauchy sequence in M\ {g}. Therefore
Thxn—1 — z(say) € cl [T (M\ {q})] and consequently fz, — z. Now d(fzn,Tazn) = d(fTn, fZny1) = 0 as n — oco. From
property(P) we have d (T\ fxn, fTazsn) — 0. Since f and T\ are continuous so that d(Thz, fz) — 0. Hence Thz = fz.

Therefore z is a coincidence point of f and T. Again by property (P), we have fThz = T»fz. Now

¢(d (szvTZ)) < ,3(¢ (M2 (fzvz)))w(Mii (fz7z)) (12)
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where

DN =

M (f2,2) = max {d(ffzv F2).d(fF2Taf2) d(FoTaf2) s S [d(Ff2 Tofz) + d(fz,TAfZ)]}

=d(IxfzTxfz).
Therefore, from (12) we have,

Y(d(Tafz,Thf2) = (d(W (Thfz,q,A), W (Thz,q, N)))
<P (A (Tf2Tz))
<SP (d(TfzTz))
S B (M2 (f2,2))) ¢ (Ms (f2,2))
=B (M2 (f2,2)) ¢ (d(Txfz,Txz)),

which implies that ¢ (d (Txfz,Tafz)) = 0. Hence Thfz = Taz. Therefore Thfz = ffz = Thz = fz. Suppose z and w are

two fixed points of f and T with w # z. Consider

P (d(z,w) =9 (d(fz, fw)) = ¢ (d(Thz, Thw)) <P (Ad (T2, Tw))
<P (d(Tz,Tw))
< B (M (z,w))) ¥ (M3 (2,w))
<P (Ms (2,w)) = ¢ (d(z,w)),

a contradiction. Therefore F (f) () F (1) is singleton. O

Open Problem 2.4. If f and T have property(P) then is it true that f and Tx have property(P)? (Here we observe that
if {xn} is such that d (fzn, Tzn) — 0 then d (fTazn, Trfzn) — 0).

Open Problem 2.5. If p is a common fized point of f and T then is it true that px = W (p,q, A) a fized point of f and T» ?
(We observe that px is a fized point of f, since f is affine with respect to q. i.e., f(px) = f (W (p,q,\)) = W (fp, fq, \) =

W (p,q, ) = px).
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