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1. Preliminaries, Background, and Notation

Let w denote the space of all real or complex valued sequences. Any vector subspace of w is called as a sequence space. We
write foo, ¢, co and bv for the spaces of all bounded, convergent, null and bounded variation sequences, respectively. Also
by bs, cs and £,, we denote the spaces of all bounded, convergent, and p-absolutely summable series, respectively, where
1< p < o0. A sequence space A\ with a linear topology is called a K-space provided each of the maps p; : A — C defined
by pi () = z; is continuous for all ¢ € N, where C denotes the set of complex numbers and N = {0,1,2,...}. A K-space
A is called an FK-space provided A is a complete linear metric space. An FK-space whose topology is normable is called a
BK-space. Let A, u be two sequence spaces and A = (anx) be an infinite matrix of real or complex numbers a,x, where n,
k € N. Then, we say that A defines a matrix mapping from A into p and we denote it by writing A : A — u, if for every

sequence x = (x3) € A the sequence Az = {(Ax),,}, the A-transform of z, is in i, where
=> amar (n€N). @
k

For simplicity in notation, here and in what follows, the summation without limits runs from 0 to co. By (A : ), we denote
the class of all matrices A such that A: A — p. Thus, A € (A : p) if and only if the series on the right side of (1) converges

for each n € N and every = € A, and we have Az = {(Ax),, € pfor all x € A . A sequence z is said to be A-summable

} neN

to a if Az converges to a, which is called as the A-limit of x.
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Some Euler Spaces of Difference Sequences and Matrix Mappings

The approach constructing a new sequence space by means of the matrix domain of a particular limitation method was
recently employed by Wang [27], Ng and Lee [24], Malkowsky [23], Altay, Bagar and Mursaleen [3], Altay and Basar [2].
= Xpin [24], (€ ) pe = ri, cge =1k and (co) pe =76 in

(&

They introduced the sequence space (Eoo)Nq and ¢y, in [27], (£p) Rt

(23], and (¢,) . =€} in [3], and (co) gr = g, cer = € in [2]; where 1 < p < co and Ny denotes the Nérlund mean. The main

BT
purpose of this article, which is the natural continuation of [2,3,5] following [27], [24], [23] and [4], is to introduce the spaces
ef (A er (A(m)), and e (A™) of sequences whose m‘" order difference are null, convergent, and bounded and also to
derive some related results that fill up the gap in the existing literature. Furthermore, we construct the basis of the spaces
€0, €, 66(A<m)) and e, (A(m)) and determine the a-, 8- and 7y-duals of the spaces. Besides this, we essentially characterize

the matrix classes (el : £,), (el : ¢), (e5(A™) : £,) and (eL(A™) : ¢) and also derive the characterizations of some other

classes by means of a given basic lemma, where 1 < p < oo.

2. Difference Sequences of Order m in Some Euler Spaces

Firstly, we give the definitions of some sequence spaces in the existing literature. The Fuler sequence spaces e} and e were

defined by Altay and Bagar [2] and the spaces e, and e, were defined by Altay et al. [3], as follows :

r . - n n—
eo={z=(z1) Ew :nlin;oZ(k) (1—r) krkxk:0}7

k=0

el ={z=(zx)€w: lim Z (Z) (1—m)""FrFe; exists},

P

ep={z=(xr) Cw : Z|Z(Z)(l—r)"7krkxk < oo}, (1<p<o0),
k=0

n

n

eoo ={ = (a1) Ew : 5T (Z) (1 —r)"Frfey, < oo},
k=0

where E” = (ey,;,) denotes the Euler means of order r defined by

for all k,n € N. Tt is known that the method E" is regular for 0 < r < 1 and E" is invertible such that (E")™' = E/"
with r # 0. We assume unless stated otherwise that 0 < r < 1. Altay and Basar [2] gave the inclusion relations between
the sequence spaces e and e, with the classical sequence spaces, determined the Schauder basis for these spaces. They also
calculated the alpha-, beta-, gamma- and continuous duals of the Euler sequence spaces, and characterized some matrix
mappings on ep and e;.. The difference spaces foo(A), ¢(A), and co(A), consisting of all sequences = = (zx) such that
A'z = (zr —2r41) in the sequence spaces £oo, ¢, and o, were defined by Kizmaz [19]. Let p = (px) be an arbitrary bounded

sequence of positive reals. Then, the linear spaces ¢ (p), ¢(p), and co (p) were defined by Maddox [21] as follows:

loo (p) = {z = (z) € w : sup|zs|"* < 00},
kEN
c(p)={z=(z) €w : klim |z, — {P* =0 for some ¢ € R}, and
— o0
= = -l Pk _
co(p)f{z—(xk)Ew : klingo‘xk| ,0},

Let v denotes one of the sequence spaces {o, ¢, Or ¢o. In [1], Ahmad and Mursaleen defined the paranormed spaces of the

difference sequences
Av(p)={z= (1) €w : Alw=(zx —ars1) €Ev(p)}.
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The idea of difference sequences was generalized by Colak and Et [14]. They defined the sequence spaces
A"y ={z=(zx) Ew : A"z €V},
where A™z = AY(A™ 'g) for m =1, 2, 3, .... In [22], Malkowsky and Parashar defined the sequence spaces
Ay = { z=(zp)ew Az e v},

where m € N and A™gz = AW (A™=Yg). Bagar and Altay [9] recently defined the space of sequences of p-bounded

variation, which is the difference spaces of the sequence spaces ¢, and {o, as follows:

bup ={z = (z1) Ew : Z|xkka_1\p<oo} (1<p<o0),
k

and

bveo ={ z = (zx) Ew : sup|zr — Tp—1| < 00}
keN

Aydin and Basar [6] studied the sequence spaces aj and af, defined by

o _ . . 1 = k _
ah ={z=() €w: lim — ;(Hr ) @ =0},

and

T

. 1 < k .
a, ={x= (k) Ew : nlgr;on+1 ,;)(1+T )xkexlsts}.

More recently, Aydin and Basar [7] introduced the difference sequence spaces aj (A) and ag (A), defined by

n

ag (A)={z=(2p) €Ew : lim

n'—>oo n _::_ 1 Z (1 + rk) (xk - ;pk_l) — 0}7

k=0

and

a, (A)={z=(zx) €Ew : nler;o ] (1 + rk) (xr — xp—1) exists }.

k=0

Our main focus in this study is on the triangle matrix A™) = (57(52)) defined by

5(7:) _ (-pr* ( ek ) (max {0, n—m} <k<n),

0 (0 <k <max{0,n—m}or k>n),

Altay and Polat [4] defined the Euler sequence spaces with difference operator A as follows:
e (A)={e=(z)cw : lim Y (”) (1 — )" %k Az, = 0}
0 n—oo £ \ k ’

n— oo

er (A) ={z = (z) €w: lim Z (Z) (1 —r)""" " Axy, exists},

oo (A)={z=(21) Ew :sup|z (Z) (1 —7)""FrFAzy| < oo}

neN =0
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where Axy = x — z,_1. Following Altay and Polat [4], Polat and Bagar [25] gave the new sequence spaces efj(A(™)),
eZ (A and el (A™) consisting of all sequences @ = () such that their A —transforms are in the Euler spaces e}, %

and e, respectively, that is,

={z=(z1) ew : Az e},

)
en (A(m)) ={z= () ew : A™z cel},
)

Q)
8?
/
>

3

={z=(x1)ew A"z e e;}

The sequence spaces € (A(m)), el (A(m)) and el (A(m)) are reduced in the case m = 1 to the spaces ej(A) ,er(A) and
el (A) of Altay and Polat [4]. Bagarir and Kayikei [10] defined the matrix B(™) = (bg:Z)) by

G pmontkgn—k (max{0,n—m} <k <n), @

0 , (0<k<max{0,n—m} or k >n)

) =

For all k, n € N which is reduced to the mth order difference matrix A in case r = 1, s = —1, where A™ = A (A(m_l)>
and m € N. Kara and Bagarir [17] introduced the B™—Euler difference sequence spaces ef(B™), ef(B(™)) and e’ (B™)

as the set of all sequences whose B™ —transforms are in the Euler spaces eg, el and el, respectively, that is,

€o (B(m)) ={x=(zx) Ew : B"x € ey},
A (B<m)) ={z=(zx) Ew : B"x € e},

el (B(m)) ={z=(zx) €Ew : B"z €eL},
Karakaya and Polat [18] defined the new paranormed Euler sequence spaces with difference operator A as follows:
eo (A, p) ={z = (2x) Ew : nl;n;o \ i (Z) (1= 7)™ F* Ay [P = 01,
k=0
ee (Ayp)={r=(x)€w :HeC> nILn;J | kzn:_o (Z) (1= 7)™ % (Azy — O™ = 0},

et (A,p) ={z = (zx) Cw : sug|z (Z) (1 — )" r* A" < oo}
&N k=0

The new sequence spaces ej (A, p), e (A,p) and e, (A, p) are reduced to some sequence spaces corresponding to special
cases of (py). For instance, in the case pr = 1 for all k € N, the sequence spaces ef (A, p), ei (A, p) and el (A, p) are reduced
to the sequence spaces ej (A), eg (A) and e, (A) defined by Altay and Polat [4]. Demiriz and Cakan [15] introduced the
sequence spaces ¢e; (u,p) and eg (u,p) of non absolute type, as the sets of all sequences such that E™"— transforms are in

the spaces co(p) and ¢ (p), respectively, that is,
" /n
eb (u,p) = {z = (wx) €w : lim |3 (k) (1 — )" Frkuga, P = 0},
k=0

ec (u,p) ={z=(ax) €w : H€C> lim |Z(Z) (1 — )" *rk (ugy, — 0)]P" = 0},
k

=0
where u = (uy) is the sequence of non-zero reals. In the case (ux) = (pr) = e = (1,1,1,...), the sequence spaces e{ (u,p),
ev (u,p) and are, respectively, reduced to the sequence spaces e and e; introduced by Altay and Bagarir [2]. Define the

sequence y = {yx ()}, which will be frequently used, as the E"-transform of a sequence = = (zx), i.e.,

ks (1) —zk;)(];)(l—?")kjrjxj, keN (3)

J
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Define the sequence b*) () = {b;k)(r)}neN of the elements of the space ej by

0, 0<n<k

(M —=1)"F " n>k

b (r) =

for every fixed k € N. Then:
Let us define the sequence y = (yx), which will be frequently used, as the B(m, r)-transform of a sequence z = (xy), that is,

= (E"A™z), = f:f: (’“) ( m ) (1) (1 — )" im s (k, mEN). )

) 1 —7J

Here and after by B(m,r), we denote the matrix B(m,r) = (bnr (m, 7)) defined by

D) TR A - )T, (0<k<n
buk (M, 1) = zgk(l_k)(l)( 1) (L=r) (0<k<n)

for all k, m, n € N. Now, we may begin with the following theorem which is essential in the text.

Theorem 2.1. The sets e, and e are the linear spaces with the co-ordinate wise addition and scalar multiplication which
are the BK-spaces with the norm || @ [leg=| x ller=|| E"2 ||, -

Theorem 2.2. The FEuler sequence spaces e| and el of nonabsolute type are linearly isomorphic to the spaces co and c,

o~

respectively, ie., ey = co and e, = c.

Proof. To prove this, we should show the existence of a linear bijection between the spaces ej and co. Consider the
transformation T defined, with the notation of (3), from e to co by  — y = Tx. The linearity of T is clear. Further, it
is trivial that © = 6 whenever Tz = 0 and hence T is injective, where § = (0,0,0,...). Let y € co and define the sequence

k )
x = {zr(r)} by ax(r) = 3 (’;) (r —1)*7r=*y;, k € N. Then, we have
4=0

n k
. r T n o o\n—k k k k=g, -k, | 1 _
Jim (B ) = Jim, {Z(zf) (e ZO@(’" v yﬂ]—y}zngoyn—o

which says us that x € ej. Additionally, we observe that

n k
n n—k_k k k—j, —k
| @ [leg = sup| D & A=) S T = DF Ry
neN 370 =0 J
= sup |yn| = y [ley< 0.
neN

Consequently, we see from here that T is surjective and is norm preserving. Hence, T is a linear bijection which therefore
says us that the spaces e, and ¢g are linearly isomorphic. It is clear here that if the spaces ej and ¢ are respectively replaced

by the spaces e; and ¢, then we obtain the fact that e, = ¢. This completes the proof. O

Theorem 2.3. Although the inclusions co C el and ¢ C e, strictly hold, neither of the spaces ej and lo includes the other

one.

Proof.  Let us take any s € co. Then, bearing in mind the regularity of the Euler means of order r, we immediately observe
that E"s € ¢p which means that s € ej. Hence, the inclusion ¢y C ej holds. Furthermore, let us consider the sequence
u = {ux(r)} defined by uy(r) = (—r) " for all k € N. Then, since E"u = {(—r)*} € co, u is in €} but not in co. By the
similar discussion, one can see that the inclusion ¢ C e; also holds. To establish the second part of theorem, consider that
sequence u = {uk(r)} defined above, and z = e = (1,1,1,...) Then, w is in ej but not in o and z is in £sc but not in eg.
Hence, the sequence spaces ej and £ overlap but neither contains the other. This completes the proof. O
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Theorem 2.4. If0 <t <r <1, then ef C e}y and el C ef.

Proof. Let us take x = (zx) € ej. Then, for all k € N, we observe that

k k i k
_ t _ t 1/r _ t/r
Zy = § €kili = § €ki E € Y| = § €r; Yi-
i=0 i=0 =0 j=0

Since 0 < f < 1, the method EY7 is regular which implies that Z = Z; € ¢y whenever y = (yx) € co and we thus see that
x = (z%) € ef. This means that the inclusion ef C ef) holds. Now, one can show in the similar way that the inclusion el C e’

also holds and so we leave the detail to the reader. O

Theorem 2.5. The Euler sequence space e, of non-absolute type is linearly isomorphic to the space £y, i.e., e, = £,; where

1<p<oo.
Theorem 2.6. The inclusion £, C e;, strictly holds for 1 < p < oco.
Theorem 2.7. Neither of the spaces e; and U includes the other one, where 1 < p < 0.

Theorem 2.8. Let A € {ep, e, en.}. Then the set )\(A(’")) becomes a linear space with the coordinatewise addition and

scalar multiplication which is the BK-space with the norm ||z||y s m), = HA(m)xHA.

Theorem 2.9. The spaces eS(A(m)), el (A, and el (A™) are linearly isomorphic to the spaces co, ¢ and Lo, Tespec-

tively; that is, ef (A(m)) o, en (A(m)) >~ ¢, and el (A(m)) > /.

Theorem 2.10. Let 0 < t < r < 1. Then the inclusions eh(A™) C ef(A™), el (A(m)) C el (A(m)), and el (A™)
C el (A™) hold.

Proof. Let z € ef(A™)). Consider the equality

W= (1) (") ot -0 e

k=0 i=k
n k n
=2 e Qe y) = > el (neN).
k=0 i=0 k=0

Then, as 0 < t/r < 1 and E,, is a T-matrix one can easily see that u = (un) € co whenever y = (yn) € co which means

that ef(A™) C eb(A™), as desired. O
Theorem 2.11. The inclusions ef(A™)) C ef(A™HD), el (A<’”)> Ceg (A<m+1)), el (A™) C el (A ep(A™) ¢

en (A(m)), and e, (A(m)) - e;(A(m)) strictly hold.

Proof. Let z € ef(A™). Then as the inequality
(B, A™D2) | = [E,A™ (Az), | = |(E.A™ ), — (ETA(m)x)k_l\ < |(BeA™2), | + [(B-A™z), |

trivially holds and tends to zero as k — oo, x € ¢ (A(MH)). This shows that the inclusion e (A(m)) C e (A(m“))
holds. Moreover, let us consider the sequence = = {zn, (m + 1,7)} defined by z, (m + 1,7) = (™) for all n € N. Then, as
y=FEAMmg = (1-7)") €coand z = E"A™z = e ¢ ¢y we immediately observe that  is in ef(A™ V) but not in
eb(A™). Because there is at least one sequence in e (A1) \ ef (A(™), the inclusion ef(A™FD) € ef(A™) is strict.
The validity of the inclusions ef(A™)) C el (A™) c el (A(m)) is easily seen by combining the definition of the sequence

spaces eS(A“")), er (A(m)) and el (A(m)) with the well-known strict inclusions ¢p C ¢ C £oo. O
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3. The Basis for the Spaces ¢, e, €, (A(m)) and e/ (AM)

In the present section, we give the sequences of the points of the spaces eg, e., ef (A(m)) and e, (A(m)) which form the
Schauder basis for those spaces. Firstly, we define the Schauder basis of a normad space. If a normed sequence space A

contains a sequence (b,) with the property that, for every = € A, there is a unique sequence of scalars (a,) such that

lim [z — (obo + a1bi + - + anbn) || =0,

n— o0

then (by) is called a Schauder basis (or briefly basis) for A. The series > aibr which has the sum z is then called the

expansion of x with respect to (b,), and written as x = Y, aibs.

4. The oa—,f—,7v—, and Continuous Duals of the Spaces
ef, el e (AM) et (AM) and el (AM)

&
In this section, we state and prove the theorems determining the a-, 8-, 7- and continuous duals of the sequence spaces eg,
er, 66(A<m>), er (A(m>) and ego(A(T”)). For the sequence spaces A and p, define the set S(A, 1) by

S\ p)={z=(2x) Ew: zz = (zkzk) € p for all = € A}. (6)

is called the multiplier space of the sequence spaces A and u. One can easily observe for a sequence space v with A D v D u
that the inclusion S(A, ) C S(v,pu) and S(A, u) C S(A,v) hold. With the notation of (6), the a-, 5- and 7-duals of a

sequences pace ), which are respectively denoted by A%, A? and X\”, are defined by
A* =S\ 01), AP =S(\ es) and N = S(A, bs).

Now, it is immediate for the sequence spaces A and p that A* C A? C X7 and A7 O " whenever A C p, where n € {a, 8,7}

It is well known that

(6p)" =ty and (leo)’ =11, (7)

where 1 < p < oo and p~' + ¢~* = 1. We shall throughout denote the collection of all finite subsets of N by F. The

continuous dual of a normed space X is defined as the space of all bounded linear functionals on X and is denoted by X™.

Lemma 4.1. A € (co:41) = (¢ :41) if and only if

Is{téI;Z| Za”k |< 0.

n keK
Lemma 4.2. A € (co : ¢) if and only if
lim any = ag,k €N, (8)
n—oo
gL Zank < 0. 9)
k

Lemma 4.3. A € (co : ) if and only if (9) holds.
Lemma 4.4. A€ (c:c) if and only if (8), (9) hold, and lim >, ank exists.
n—oo

Lemma 4.5. A€ (cy :le) = (¢ 1 €oo) = (oo : Loo) if and only if (9) holds.

w
w
w
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Theorem 4.6. The a-dual of the spaces eg, e is

by ={a=(ar) Ew: ?QFZ|Z( ) (r —1)"* " |< oo}

n keK

Proof. Let a = (an) € w and define the matrix B” whose rows are the product of the rows of the matrix E*/" and the

sequence a = (a). Bearing in mind the relation (3), we immediately derive that
AnTn = Z (Z) (r— 1)"7kr7"anyk =(B"y),, neN (10)

k=0

We therefore observe by (10) that az = (anzn) € ¢1 whenever z € e or e if and only if B"y € ¢1 whenever y € ¢y of c.

Then we derive by Lemma 4.1 that

bupZ| Z ( ) )" Er T a, < oo

n keK

which yields the consequence that {eg}® = {ec}* = b,. O

Theorem 4.7. Define the sets ay and ag, as follows:
ag ={a=(ax) € ?2;Z|Z( )T—lnkr_"an|q<oo}
neK
and
ace ={a=(ax) Ew : 3 Z|( )r—l T, |< oo}
Then, (e1)® = en, and (ep)® = ag; where 1 < p < oo.

Proof.  Let us define the matrix B” whose rows are the product of the rows of the matrix E/” with the sequence a = (a,,).
Therefore, we easily obtain by bearing in mind the relation (3) that
"\ /n
AnTn = Z (/c) (r—1)"""r "ayyx = (B"y),, (k € N) (11)

k=0

Thus, we observe by (11) that az = (anzn) € £1 whenever x € e, if and only if B"y € ¢; whenever y € £,. This means that
a = (an) € (ep)” if and only if B" € (¢, : £1). Then B" instead of A that
a
?EFZ|Z( )rfl T, | < oo
nek

This yields the desired consequence that (ej)” = ay,. O

Theorem 4.8. Define the sets di, dj, ds and by by

di ={a=(ar) Ew : Z (i) (r— l)jfkrfjaj exists for each k € N},
=k

s su . .7 j—k, —3J
dy ={a=(ar) Ew 3 %en |Z(k) *r77a; |< oo},

and

by = {a = () € :i“g’NDZ( -1 | <o) (1 <a< o)

k=0 j=k
Then, (e{)ﬂ =diNnds, (e;)ﬂ =diNb; and (ego)ﬁ =di Nds; where (1 <p < o0).
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Theorem 4.9. Define the set b7 by

b = fa=(ax) € :Z“EPNDZ( )1 | < o).

k=0 j=k
Then, (e7)” =dj, (ep)” = by and (e5,)” = b1; where 1 < p < co.

Proof. Let a= (ax) € by and = = (zx) € ej,. Then, we obtain by applying the Holder’s inequality that

n n 1/q n 1/p
|Zakmk| =| Z {Z ( > (r =17 Tkyj] ak |=| ;t;kyk |< <kzo |tk q) <k20| Yk |p>

k=0 Lj=0

which gives us by taking supremum over n € N that

ne k=0

a s n 1/p n 1/q
sup | Zakxk| < sup (Z |tnk|q> (Z |yk|p) <|ylle,- <SupZ |t;kq> < oo.
k=0 nelN o
This means that a = (ax) € (ep)”. Hence,
by C (ep)™. (12)

Conversely, let a = (ax) € (e;)” and = (wx) € e,. Then, one can easily see that (37} _;tnryk),cy € foo When-

ever (axzy) € bs. This shows that the triangle matrix 7" = ({},;), is in the class ({, : fs). Hence, A € ({,:c) iff

igg & lank]? < 0o(1 < p < 00) holds with t;,; instead of anr which yields that a = (ax) € by. That is to say that

(ep)” C bg- (13)

Therefore, by combining the inclusions (12) and (13), we get (ep)" = by. O

Theorem 4.10. Define the sets df, ds, and d3 by

di=<{a=(ar) Ew: supZ|Z (i) (T—l)j_kr_jaj‘ <oo o,

dy = a:(ak)Ew:Z<i> (r—1)7"*r~a; emists for eachk €Ny, and

Then {eh}’ = d Ndjy and {e}’ = df N ds N d5.

Proof. Because of the proof may also be obtained for the space el in the similar way, we omit it and give the proof only

for the space ej. Consider the equation

Zam -y [i (‘;) (r— 1)’“%@]} =3 ‘nk <i) (r— 1Y ;| g = (T"y)n, (14)

k=0 Lj=0

where T" = (t},;,) is defined by

NE

. (i)(r—l) rjaj,nggn,k,neN

tnk =

Il
e

(15)

=

k>n.

w
w
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Thus , we deduce from Lemma 4.2 with (14) that ax = (axzi) € cs whenever z = (%) € eg if and only if 7"y € ¢ wherever

y = (yx) € co. Therefore, we derive from (8) and (9) that

n
lim ¢, exists for each k € N sup E [thi] < oo (16)

which shows that {e5}? = df N d5. O
Theorem 4.11. The y-dual of the spaces ey and eg, is dj .
Theorem 4.12. {el}" and {e}}" are isometrically isomorphic to £.

Theorem 4.13. Consider the set D

D= {a—(ak)Ew: sup Z|Zdnk(m,r)\ <oo},

Ker n keK

where D (m,r) = (dnk (m, 7)) is defined by
dnk (m,r) = =k

for all k,m,n € N. Then, [ej(A™)]" = [eZ(A™)]" = [eh(A™)]" = D.
Proof. Let X\ denotes any one of the spaces eg, e, and el,. Consider the equation

n n

=33

k=0 |j=k n—3j

m+n—j—1 J » . n
r T (r =1 an | gk =) duk (myr) g = {D (m, 1)y} (17)
k=0

Thus, we deduce from Lemma 4.1 and (17) that az = (anzn) € £1 whenever z = (x) € A (A(m>) ifand only if D (m,r)y € £,
whenever y = (yx) € X\. This means that a = (a,) € [A (A(m))]a if and only if D (m,r) € (A : £1). This leads us to the
desired consequence [A (A<m))]a =D. m

Theorem 4.14. Define the sets B1, B2, Bs and Bs by

neN

B = {a = (ax) Ew: supz |enk(m,r)| < oo} ,

By = {a = (ax) € w: lim cni (m,7) exists for all k € N} ,

n—00

Bs = {a = (ar) € w: lim chk (m,r) emists} and
n—oo &
By = {a = (ax) Ew: nlLII;O; |enk (m,7) | = ; \ nlgrgocnk(m,r)|}
where C (m,r) = (car (M, 7)) is defined by

SIS (") (D)= 1) M, (0<k <), (n, kEN)

0, (k>mn).

Then, [e5(A™)]” = By 0 By, [e5(A™)]” = By N By N Bs and [elo(A™))° = By 1 Ba.
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Proof.  Consider the equation obtained by using the relation (5)

Zakxkzzz(m”f I () ey e =30 i(mj_jl)(,i)r—j(r—l)f—’“ a by

k=0 i1=0 j=1 k=0 i=k |j=k

={C(m,r)y}tn; (n€N). (18)

Thus, we deduce from Lemma 4.2 and (18) that az = (arxi) € cs whenever = = (2x) € ef(A"™) if and only if C (m,7)y € ¢
whenever y = (yx) € co. That is to say that a = (ax) € [eS(A(m))]B if and only if C(m,r) € (co : ¢) which yields us
[e5(A™Y7 = B, N B..

As the reader can easily show the facts about the S-duals of the sequence spaces ef(A™)) and el (A) in the similar

manner, we omit their proofs. O
Theorem 4.15. The y-dual of the spaces ef(A™), eZ(A™)) and 5 (A™) is the set B.

Proof. This is obtained in a similar manner used in the proof of Theorem 4.9 with Lemma 4.5 instead of Lemma 4.2 and

so we leave the detail to the reader. O

5. Some Matrix Mappings Related to the Sequence Spaces e, and
ep(AM)

In this section, we characterize the matrix mappings from e, and e (A(m)) into some of the known sequence spaces and
into the Euler, difference, Riesz, Cesaro sequence spaces. We directly prove the theorems characterizing the classes (e{ :
0,), (e : ¢), ef(A™ . £,) and el (A™ : ¢) and derive the other characterizations from them by means of a given basic

lemma, where 1 < p < co. We shall write throughout for brevity that a (n,k) = 3 ajx and @ne = > (1) (r — 1) *rIa,,;.

7=0 =k
We shall write throughout for brevity that T'(m,r) = (tnr (m,7)) by tnr (m,r) = Zk (m+" i= 1) (i) = (r —1)"*a,;, for
§=

all k,m,n € N.
Lemma 5.1. The matriz mappings between the BK-spaces are continuous.

Lemma 5.2. A€ (c:¥p) if and only if

supZ|Zank|p<oo (1 <p<o0). (19)

n  keF
Lemma 5.3. A € (e; : {p) if and only if

1. for 1< p < o0,

sup 31> dnel” < o, (20)

n keF
Gnk exists of all k,n € N, (21)
Z ank converges for allm € N, (22)
k
supz Z( ) Y Fran;| < oo, n€N (23)
neNk 0 j—k

2. for p =00, (21) and (23) hold, and

supz |ank| < 0. (24)

neN

w
w
~
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Proof.  Suppose conditions (20)-(23) hold and take any = € e;. Then, {ank} ey € {er}? for all n € N and this implies
that Az exists. Let us define the matrix B = (bnx) with byx = ank for all k,n € N. Then, since (19) is satisfied for that

matrix B, we have B € (c: £p). Let us now consider the following equality obtained from the m-th partial sum of the series

Zk AnkTk:

Zankmk = ZZ <i> (r— 1)j7kr7janjy/1€7 m,n € N. (25)
k=0

k=0 j=Fk

Therefore, we derive form (25) an m — oo that

Zankxk = Zdnkwk, neN (26)
k k

which yields by taking ¢,-norm that

[Azle, < [[Bylle, < oo.

This means that A € (eg : £p).
Conversely, suppose that A € (eg : £,). Then, since e} and ¢, are the BK-spaces, we have from Lemma 5.1 that there exists
some real constant K > 0 such that

[Azlle, < Kllz]le; (27)

for all x € eC. Since inequality (27) also holds for the sequence z = (z,) = >, .r b (1) belonging to the space el, where

b(k)(r) = {bn(k)(r)} is defined by (4), we thus have for any F' € F that
1/p
~ P
sk, = (SISl ) <l =
n  keF

which shows the necessity of (20). Since A is applicable to the space e, by the hypothesis, the necessity of conditions
(21)-(23) is trivial. This completes the proof of the part (i) of theorem. Since the part (ii) may also be proved in the similar

way that of the part (i), we leave the detailed proof to the reader. O

Theorem 5.4. A € (e; : ¢) if and only if (21), (23) and (24) hold

lim anix = a for each k € N and (28)
n— o0
n11_>r101Q zk:ank =a. (29)

Theorem 5.5.

(i) Let 1 < p < oo. Then, A € (e;, (A(m>) : £p) if and only if

supseNZ [tni (M, )| < o0 for any n € N, (30)
3
512120 Ztik (m,r) exists for any n € N, (31)
&
lim t5,(m,r) = tar (m,7) ezists for any k,n € N, (32)
§—r 00
P
supFeFZ | Z tak (Mm,7)| < 00, (33)
n keF

S . . . .
where t5, (m,r) = > (m+::J.]_l) (1) r=(r — 1) an;.
j=k
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(i) A€ (eg (A(m)) : o) if and only if (30)-(32) hold and

supz [tnk (m, )| < oco. (34)
neN "/

B
Proof. (i) Suppose that the conditions (17)-(33) hold and take any z € el (A™)). Then, {@nk ey € [ec (A(m))] for any
n € N and this implies that Az exists. In this situation, as (19) is satisfied, T'(m,r) = (tnx (m,7)) € (c: £p). Let us consider

the following equality obtained from the s’ partial sum of the series ", ani@x by using the relation (5)

Zankxk = Ztik (m,r)yx, (m, n, s €N) (35)

k=0 k=0

Therefore, passing to limit in (12) as s — oo we derive that
Z AnkTr = Ztnk(my r)yk7 (mvn € N)7 (36)
k k

which yields the fact that A € (ez (A(m)) : Zp), as T (m,r)y € ¢, whenever y € c.
Conversely, suppose that A € (ez (A(m>) : Zp). Then, as el (A(m)) and ¢, are the BK-spaces, we have from Lemma 5.1

that there exists some real constant K > 0 such that
0, = er(a(m))s
lAall,, < K.Jl2ll,, a0m), (37)

for all z € e, (A(m)). As the inequality (37) is also satisfied for the sequence z = (zx) = >, p b (r) belonging to the

space eg (A(m)), where b® (1) = {bﬁk) (r)} is defined by (4), we have for any F' € F that
1/p
P
||Al’||zp = (Z | Z tok(m, 7)) ) < K'||x||e€(A(m))7
n keF

which shows the necessity of (33). Because A is applicable to the space ef (A(m)) by the hypothesis, the necessities of
(30)-(32) are trivial. This completes the proof of the part (i) of Theorem.

As the part (ii) may also be proved in the similar manner that of the part (i), we leave the detailed proof to the reader. [

Theorem 5.6. A € (ez (A(m)) :c) if and only if (30)-(32) and (34) hold, and

lim ¢pk(m,r) = ax for each k € N, (38)
n— oo
nh—{lgo;t"k (m,r) =« (39)

Proof.  Suppose that A satisfies the conditions (30)-(32), (34), (38), and (39). Let us consider any = (x) in e}, (A(m))A
Then, Az exists and it is trivial that the sequence y = (yx) connected with the sequence x = (x1) by the relation (5) is in ¢

such that y, — ¢ as k — oco. At this stage, we observe from (38) and (34) that

k
Z || < supz |tr;(m,r)| < 0o
=0 neN J

holds for every k € N. This leads us to the fact that (o) € ¢1. Considering (36), let us write

D ke =Y tak (1) (Yo — 0 + LY tuk (m, 7). (40)
k k k



Some Euler Spaces of Difference Sequences and Matrix Mappings

In this situation, by letting n — oo in (40), one can see that the first term on the right side tends to >, ax(yx — €) by (34)

and (38) and the second term tends to fa by (39). Thus, we have that
(Ax), — Zak(yk —4) + La,
k

which shows that A € (el (A(m)) i c).
Conversely, suppose that A € (e], (A(m)) : ¢). Then, as the inclusion ¢ C £ holds, the necessities of (30)-(32) and (34) are

immediately obtained from Theorem 5.3. To prove the necessity of (38), consider the sequence x = z®) = {xglk) (m,7)} ,en €

er (AW) defined by

S (M) W) =1 (k)
0, (n < E).

z®) (m,r) =

for each k € N. As Az exists and is in ¢ for every x € e, (A(m)), one can easily see that Az = {t,x (m, ) }hen € c for
each k € N which shows the necessity of (38).

Similarly by putting « = e in (36), we also obtain that Az= {>", tnx(m,7)} belongs to the space ¢ and this shows the

neN

necessity of (39). O
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