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1. Introduction

The process of constructing a function say g(x) which fits the given set of data is called interpolation. If g(x) is a polynomial
then it is called polynomial interpolation [4]. In many cases it is seen that polynomial oscillates varyingly but the function
varies smoothly [1]. To overcome this spline function is considered which is a function of polynomial bits joined together

The cubic spline procedure has sufficient flexibility due to the four constants involved in a general cubic polynomial
which ensures the condition that the interpolant is continuously differentiable in the interval and has continuous second
derivative [3]. Thus because of their smoothness conditions the most frequently used spline interpolation is the cubic spline
interpolation. A two variable cubic spline interpolation of a function z = f (z,y) is the fitting of a unique series of cubic
splines for a given set of data points (z;,y;, 2zij). The points (z,y) at which f(z,y) are known lie on a grid in the z — y
plane. In order to derive a two variable natural cubic spline the existence of continuity condition of the spline function and

its partial derivatives at the edge of each grid are assumed.

2. Two Variable Natural Cubic Spline

Consider the division rectangle I = [a,b] X [¢,d]. Let a =21 < x2 < -+ < zp=band c=1y1 < y2 < -+ < ym = d be the set
of data points satisfied by f(zi,y;) = z;5 foralli=1,2,...,nand j =1,2,...,m [2]. A two variable cubic spline S;; (z,y)
is a unique function coinciding with z;; in each rectangular grid I;; = [xs, Zit+1] X [y;,yj+1] for alli =1,2,...,(n — 1) and
j=1,2,...,(m—1). Since S;i; (z,y) is a cubic spline in two variables its all second order partial derivatives should be linear

and continuous. Here we are considering the second order partial derivative with respect to y. Let
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Let
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Integrating (1) with respect to y,
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Integrating (2) with respect to v,
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Since the spline interpolates at the knots:
(1) Sij (®it1,v5) = zit1,5
(ii) Sij (%6, yj+1) = 2i5+1
(iti) Sij (@i,5) = i
(iv) Sij (Tit1,yj11) = Ziv1,541

Applying the conditions (i), (ii), (iii), (iv) to (3)

Zit1,j = —Miglk? + NJGkJQ + Bkj + Ch; + D
Zije1 = M;k? + N”le? + Ahik; + D
zij = N%kﬂz +Bk; + D
Zitl,j41 = NJ+T1]€JQ +Chi+ D

Solving (4), (5), (6), (7) we get the following constants
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D = (zi41,j+1 — Zit1,5) + 2ij — (JTH + %) kj

So from (3) the two variable cubic spline is
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n { (z¢+1,2i— Zij) n Mz;—};k;JQ } (@ —a) + {(Zi+1,j+1 i) 4 2 — (Nj6+1 n M;—H) ka}’

V("I;ay)e [fﬂi,mi+1] X [yj7 yj+1]7 V’L:172,,(7’L*1), V]:1,2,,(m71)

398



Dhanya Ramachandran and V.Madhukar Mallayya

In two variable spline function there exist a unique tangent plane at the two surfaces in every node. So corresponding to

S, 9S;
the node (zi,y;j+1) we have 522 (i, yj+1) = =52 (2, yj41)

08i; (2,y) = M (zip1 — ) (y — ;) 4 Mina (—2) (i1 —y) Ny —y)° 4 Nin (y—v,)°
ay hi hi 2k; 2k;
(zigyr — 2zi5)  (zivrger — ziv1y) | (Miga — Mi) k;y _
+ { hik; hiks + o, (Tiy1 — )
_ [ Migaks | (Niwn = Nodky (21,01 = Zig1)
2 6 k;
(951']' N'+1k' Zij+1 — Zij M»;k' N'+1k' Nk
i ) — Mlk J J sJ J J J J Jvg 9
ay (ZE ay]+1) J + 2 + k'j + 2 6 + 6 ( )
O8ist (o) = _Nipakinr [ igee = zign) _ Gengee = zengn) | (Mien = Mo kjn
(‘3y 2 kj+1 kj+1 2
_ [ Mipakipr | (Njv2 = Njpo)ksen  (zigngee = Ziv1g41) (10)
2 6 Ky
Equating (9) and (10)
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where i =1,2,...,(n—2) and j =1,2,...,(m — 2). Therefore equation (11) will become
6 [Yig+1 — visl = 2Nj41 (kj + kjwa) + 3Ms (kj + kja) + Njkj + Njjokjn (14)
Dividing equation (14) by k; + kj+1 we get
2Nj41 +3M; + BjN;j + a;jNji2 = eij, (15)

where i =1,2,...,(n—2) and j =1,2,...,(m — 2). So the bivariate natural cubic spline is

M; (wis1 =) (y —y;)?  Mip1 (@ —2) (Y1 =) | Ni(wser —9)° | Nima(y—y5)°
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where 2Nj411 4+ 3M; + B;N; + ajNjt2 = ei5, 1 =1,2,...,(n —2) and j = 1,2,...,(m — 2). For natural spline M, = M, =
Ny =N, =0.
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3. Illustration

Consider the two variable function f(z,y) = eV, The following table gives the function values for x taking values 0, 0.1,

0.2 and y taking values 0, 0.1, 0.2

Y

X< 0 0.1 0.2

0 1 1 1

0.1 1 1.001 | 1.002

0.2 1 1.004 | 1.008

hi =hs =0.1, k1 = k2 = 0.1. Using (12) and (13),

Y11 = 0 a1 = 0.5
Y12 =0 £B1=0.5
Y21 = 0.01 €11 = 0
Y22 = 0.01 e =0

Using (15)
2Nz +3M1 + B1N1 + a1N3 = e1 (16)
2N3 + 3Ms + 1 N1 + a1 N3 = e21

For a natural cubic spline M7 = M3 = N1 = N3 = 0. Solving (16), M2 = 0 and N2 = 0. Using (8) the two variable cubic

splines are

—y (0.1 —xz)> —0.2¢ (0.1 —y) + 0.0y + 1, (z,y) € I
S (0.9) (0.2 —y)z? — 0.22 (0.2 —y) — 0.02 (0.1 — z) + 1.002, (z,y) € I12
ij \L,Y) =
—y (0.2 —x)> = 0.2(0.1 —y) (x — 0.1) — 0.02 (0.2 — x) 4 0.02y + 1.002, (z,y) € I1

(0.2 —y) (z—0.1)> =0.25 (0.2 — ) (z — 0.1) — 0.06 (0.2 — x) + 0.01 (y — 0.1) + 1.007, () € Izo
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