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1. Introduction

The study of stability problems for functional equations is related to a question of Ulam [33] concerning the stability of group
hommomorphisms and Affirmatively answered for Banach spaces by Hyers [18] the result of Hyers was Generalized by Aoki
[2] for approximate additive mappings and Rassias [26,27] for approximate linear mapping by allowing the Cauchy difference
operator CDf(z,y) = f(z +vy) — [f(z) + f(y)]to be controlled by € (||z]|” + [|y]|”). In 1994, a further generalization was
obtained by Gavruta [14], who replaced € (||z]|” + ||y||”) by a general control function ¢(z,y).J.M Rassias [29,30] treated
the Ulam-Gavruta- Rassias stability on linear and non-linear mappings and generalized Hyers result. The reader is referred
to the following books and research articles which provide an existence account of progress made on Ulam’s problem during

the last Seventy years (see[18-27]). The functional equation

flx+y)+ flz—y) =2f(z) + 2f(y) (1)

is related to symmetric bi-additive function [15]. It is a natural that such question is called a quadratic functional equation.
In particular, every solution of the quadratic equation (??) is said to be quadratic function. It is well known thata function
f between real vector spaces in quadratic if and only if there exists a unique symmetric biadditive function B such that

f(xz) = B(z,z) for allz [see 15]. The bi-additive function B is given by B(z,z) = 1 [f(z +y) + f(z — y)] in[12], Czerwik,
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proved the Hyers-Ulam Stability of the quadratic functional equation (??). A Hyers-Ulam stability Problem for the quadratic
functional equation (??) was proved by Skof For function f : F1 — F», where F; is a normed space and F» a BanachSpace
[see [6]). S.Czerwik [12] noticed that the theorem Skof is still True if the relevant domain E; is replaced by an abelian group.
M.Egordjn has generalized Apollonius type quadratic functional equation (see[18]). The quadratic functional equation are
useful to characteristic inner product space [8,24,28,29,34]. In this paper we introduce and investigate that the general

solution and generalized Ulam-Hyers stability of a generalized quadratic functional equation of the form
f (na: +n%y+niz 4 n4t) + f (nx —nPy+nz+ n4t) + f (nx +n%y—n®z+ n4t) + f (n;c +nly+niz— n4t)
+ f (fn:c + n2y +nz+ n4t) =f (n:r + n2y) + f (nx + n3z) +f (nx + n4t) + f (fnm + n2y +nz+ n4t)

=f (na: + n2y) +f (nx + n3z) +f (n:c + n4t) + f (n2y + n3z) + f (nzy + n4t)

+ f (2 4+ n't) + 207 f(z) + 20" fy) + 20° f(2) + 2n° (1) (2)

where n is positive integer with n # 0 in Banach algebra using direct and fixed point methods.

2. General Solution of the Functional Equation (4)

In this section, the general solution of the functional eauation(A) for even case is given Throughout this section, Let us

consider X and Y to be real vector spaces.

Theorem 2.1. If an even mapping f : X — Y satisfies the functional equation

fle+y)+ fl@z—y) =2f(z) +2f(y) ®3)
for all x,y € X if and only if f: X — Y satisfies the functional equation

f (nat +n?y +nlz+ n4t) + f (nx —nfy+nz+ n4t) + f (nx +nly —n’z+ n4t) + f (n;c +nly+n’z— n4t)
+ f (—nz + n2y +nz+ n4t) =f (nm + nzy) +f (nz + n?’z) + f (nz + n4t) + f (—nm + n2y +nz+ n4t)
=f (na: + nQy) +f (nx + n3z) +f (nx + n4t) +f (n2y + n3z) +f (n2y + n4t)

+ [ (n’z+n't) + 207 f(x) + 2n* f(y) + 2n°F(2) + 2n° (1) (4)
for all x,y,z,t € X.

Proof. Let f: X — Y satisfies the functional equation (3) setting (z,y) by (0,0) in (3). We get f(0) = 0. Replacing y by

x in (3), we obtain

f(2x) = 4f(x) (5)
for all z € X. Replacing y by 2z in (3), we get

f(3z) = 9f () (6)

for all x € X. In general for any positive integer b Such that

f(bz) = b° f(x) (7)

for all z € X. It is easy to verify from (7) that

f’z) =0’ f(z) and f(b°z) = b°f(2) (8)
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for all z € X, putting = = nz + n*t, y = n’y +n3z in (3), we have

f (nw +ntt+ n’y + ngz) + f (mc +n't— n’y — ngz) =2f (nz + n4t) +2f (nzy + n3z)
for all z,y, z,t € X. Substitute z = na + nz, y = n®y 4+ n't in (3), we arrive

f (n:v +n*z4+ny+ n4t) + f (n:c +n*z—niy— n4t) =2f (nm + nsz) +2f (nQy + n4t)
for all z,y, z,t € X. Setting = nx + n%y, y = n®z + n*t in (3), we obtain

f (n:v +nfy+nlz+ n4t) + f (n:v +n?y—ntz— n4t) =2f (n:c + n2y) +2f (nSz + n4t)
for all z,y, z,t € X. Replacing (z,y) by (nx — n?y, n®2 —n*t) in (3), we lead to

f (nw —nly+n’z— n4t) + f (mc —nfy—niz+ n4t) =2f (nx - n?'y) +2f (n3z - n4t)
for all z,y, z,t € X. Forming (z,y) by (n®z + n't, nx — n’y) in (3), we obtain

f (n3z +n*t+nw— nQy) + f (nsz —n't—nz+ n2y) =2f (n3z + n4t) +2f (n:c - n2y)
for all z,y, z,t € X. Adding (9) and (10) and remodifying, we get

I (na: +n%y+niz 4+ n4t) + f (nx —nPy+nz+ n4t) + f (nx +n%y+niz+ n4t) + f (n;c —n?y+nz— n4t)

=2f (nx+n4t) +2f (n2y+n3,z) +2f (naz+n3z) +2f (n2y+n4t)
for all x,y, z,t € X. From the Equation (14), which implies that

f (nac +nfy+nz+ n4t) + f (nx —nfy—niz+ n4t) + f (nm —nfy+n’z - n4t) =2f (naz + n4t)

+2f (n2y + ngz) +2f (nx + n3z) +2f (n2y + n4t) — (14)
for all x,y, z,t € X. Using the equations (12) in (15), we lead to

= 2f (mc+n2y+n32+n4t) +2f (mcany) +2f (n327n4t)

=2f (mc +n4t) +2f (n2y+n3z) +2f (nx+n3z) +2f (n2y+n4t)
for all z,y, z,t € X. Dividing by 2 in (16), we assumed that
f (na: +nly+ntz+ n4t)+f (nac - nzy)—i—f (ngz - n4t) =f (nx + n4t)+f (nzy + n3z)+f (nx —+ nsz)—i—f (nZy + n4t)
for all z,y, z,t € X. Adding f(nz — n’y) and f(n®z — —n"t) on both sides in (17), we get

f (nx +nly+niz 4+ n4t) + f (nw — nzy) + f (ngz — n4t) + f (nm — n2y) + f (ngz — n4t)

=f (nx +n4t) + f (n2y + n3z) +f (nm + n3z) + f (n2y +n4t) + f (n;c — n2y) + f (n32 — n4t)

(10)

(11)

(13)

(15)

(16)

(17)

(18)
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for all x,y, z,t € X using equation (18) and remodifying, we arrive

I (na: +nly+niz 4+ n4t) +2f (mv - n2y) +2f (n3z - n4t) =f (nx + n4t) +f (n2y + n3z)

+ f (na +n3,z) +f (n2y + n4t) + f (nx — n2y) +f (n3z — n4t) (19)
for all z,y, z,t € X. Adding (11), (19) and resultant of the equation, we get,

f (n:r +nly+niz+ n4t) +2f (naz — n2y) +2f (ngz — n4t) + f (nac +nly+ntz+ n4t) +f (na: +n’y—n’z— n4t)
=2f (nr +n2y) +2f (ngz +n4t) + f (n:c + ngz) + f (nQy + n4t) + f (nw + n4t)

+ f (nzy + TLBZ) + f (mv — nzy) + f (n3z — n4t) (20)
for all z,y, 2,t € X. Using (11) in (20), we obtain that the equation

f (nx +nly+ntz+ n4t) +2f (n:v - n2y) +2f (n3z - n4t) +2f (nx + n2y) +2f (n3z + n4t)
=f (nx + n2y) + f (ngz + n4t) + f (nac + n?’z) + f (nac + n4t) + f (n2y + n4t) + f (n2y + n3z)

+ f (nm - n2y) +f (naz + n2y) + f (nSZ — n4t) + f (ngz + n4t) (21)
for all z,y, z,t € X. Using (13) in (21), we obtain that

f (n;c +nfy +ntz+ n4t) + f (nx —nlfy+nz+ n4t) + f (fn:v +n?y+nlz+ n4t) +2f (nx + n2y) +2f (n32 — n4t)

= f (nz +n'y) + f (*y +n’2) + f (nz +n't) + f (ne —n’y) + f (n°2 +n't) + f (0’2 —n't) (22)
for all @,y,2,t € X. Setting (z,y) by (nz,n’y) in (1), we obtain
f (nz +n’y) + f (nz —n’y) = 2f (nx) + 2f (n’y) (23)
for all z,y,z,t € X. Replacing (z,y) by f (n®z +n't) in (7?), we lead to
f(nPz+n't) + f (0’2 — n't) = 2f (n®z) 2f (n't) (24)
for all z,y,z,t € X. Setting (z,y) by (nz + n’y, n®z —n't) in (1). We have
f(nx+ 0’y +n’z —n't) + f (ne + n’y —n’z + n't) = 2f (nz +n't) +2f (nz — n't) (25)
for all ,y,2,t € X. Substitute (23), (24), (25), in (22) we arrive at

f (nw +nly+niz+ n4t) + f (mr: —nPy4+nz+ n4t) + f (—nm +ny+ntz 4 n4t) +f (na: +nly+niz— n4t)
+ f (TL:C +n?y —nlz+ n4t) =f (nx + n2y) + f (nQy + n3z) +f (nm + n4t) + f (nzy — n3z)

+f (nzy + n4t) +f (ngz + n4t) +2f (nz) +2f (nzy) +2f (ngz) +2f (n4t) (26)
for all z,y, z,t € X. Using (26) and rearranging ,we obtain that

f (nac +nly+ntz+ n4t) + f (nm —nPy+nz+ n4t) +f (—nx +nly+ntz 4+ n4t) +f (na: +nly+niz— n4t)
+ f (na; +niy—nPz 4 n4t) =f (mv + nzy) + f (na: + n3z) + f (nm + n4t) + f (nzy + TLBZ)

+ f (nQy + n4t) + f (nBZ + n4t) + 2n2f (z) + 2n4f (y) + 2n6f (z) + 2n8f (®) (27)
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Conversely, f : X — Y satisfies the functional equation (3) and Setting n®z = 0 and n*t = 0 in (27), we obtain that
= 3f (n:c + n2y) + f (—na: —+ n2y) + f (ms — n2y) —+ (f (mv — nzy)) =4n’f (z) + an'f (v) (28)
for all x,y, z,t € X Using evenness of f in (28), we arrive at
2f (nx + n2y) +2f (nz — n2y) =A4f (nx) +4f (n2y) (29)
for all z,y € X. In (29) Divided by 2, we obtain
[ (nz+ n2y) + f (nx — n2y) =2f (nz) +2f (nQy) (30)
for all z,y € X. Put nz = z, n’y = y in (30), we arrive at (3) O

3. Stability Results for (A): Even Case-Direct Method

In this section ,we investigate the generalized Ulam-Hyers stability Of the functional equation (A) for even case.
Theorem 3.1. Letj € {—1,1} and a: X* — [0,00) be a function such that

>« (n’”w,n'”y,nka,n’”t)
E : 2k

converges to R and

kj kj kj kj

a(nx,nVy,n7zn"t
lim 2 AN ) o (31)
k— o0 n=rJ

for all z,y,z,t € X, then there exists unique quadratic mapping Q : X — Y which satisfies the functional equation (A) and

< a(nfz,0,0,
o) - Q) < L 3 An0.0.0) (2

forall z,y,z,t € X. Let fq : X =Y be an even function satisfying the Inequality.

||qu(l',y,27t)“ Sa(m,y,z,t) (33)

for all x,y,z,t € X. Then there exists unique quadratic mapping Q : X — Y which satisfies the functional equation (4) and

1 M2,0,0,0
1£a0) - Q) < o o A 5000) (34)
S
for all x € X. The mapping Q(x) is defined by
Qz) = lim 127°%) (35)

for allr € X.
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Proof.  Assume that j = 1, replacing(z, y, 2,t) by (x,0,0,0) in (33), we get

for all z € X.

for all z € X.

for all z € X.

for all x € X.

for all x € X.

any k,l > 0 to deduce

|2f4(nz) — 2n° f(2)|| < a(=,0,0,0) (36)
It follows from (36), that
PIGED) @
|00 g < g te0.00) (37)
Replacing = by nz in (37), we lead to
fo(n?x) «@
qT — fe(nz)|| < ﬁ(nx,0,0,0) (38)
Dividing by n? in (38), we get
fq(an) fq(nz) a
JaNt ) JAVTH |«
It follows from (38) and (39), we get
fa(n2x) 1 @
‘ HEE — fna)|| < 5 [a(nm,0,0,0) T ﬁ(nm,0,0,0)} (40)
In general for any positive integer n, such that
n—1 k
fa(nFz) 1 a(n”z,0,0,0)
’ flI(x) - n2k < ﬁ n2k
k=0
1 X a(nfz,0,0,0)
T S ()
k=0
for all z € X. In order to prove the convergence of the sequence {f“r(;:z) } Replacing = by n'z and dividing n' in (41) for
fa(n'z) — fo(na) 1 ! fa(n*n'z)
n2l  p20e = 2l fa(n'z) — n2k
n—1 k+1
1 a(n®z,0,0,0)
< In2l Z n2(k+0)
k=0
1 = a(nfz,0,0,0)
S5ED T (42)

k
for all z € X. Hence the sequence {%} is a Cauchy sequence . Since Y is complete, there exists a mapping @ : X — Y

such that

Letting k& — oo in (41), we see that (34) holds for « € X. To prove that a satisfies (A).

Q(z) = lim

k—o0

(n%a:, n?ry n?z, n%t) dividing by n?* in (33), we obtain

1 2k 2k 2k_ 2k
WHqu(n z,n"y,n""z,n t)

fa(n*x)

. (43)

Replacing (z,y, z,t) by

1 2k 2k 2k 2k
< —a(nz,n"y,n"z,n"t
= 2k
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for all z,y,z,t € X. Letting kK — oo in the above inequality and using the definition of Q(z) we see that, DQ(x,y, z,t) = 0.
Hence @ satisfies (A) for all z,y, z,¢t € X. To show that @ is unique let B(x) be another quadratic mapping Satisfying (32)
and (A), then

lQ() - B@)l = 5 ||@@'s) - B@la)|
< 2 {Jlaotn -]+

fa(n'z) — B(nlx)H} —0asn — oo

for all z € X hence @ is unique. Now, replacing x by £ in (36), we get

s -2 (2)] 2o (G 009) o

for all x belongs to X. It follows from (44) that

For all x € X the rest of the proof is similar to that of j = 1. Hence for j = —1 also the theorem is true. This completes

64 (2)] <o (2000 o

the proof of the theorem. O
The following corollary is an immediate consequence of Theorem 1.1 concerning the stability of (4).
Corollary 3.2. Let A and s be a non-negative real numbers. Let an even function fq: X =Y satisfying the inequality

A;

1D,y 2O < ¢ X(ll2ll” + lyll® + 120 + [1E1°) 5 (46)
AUl + gl + 120+ 1) + LN+ Dyl ™ + =0+ 1) 3 5

for all x,y,z,t € X. Then there exists a unique quadratic mapping Q : X — 'Y such that

A .
4fn2-1]’

Ifo(@) = Q@) < § pbel (47)

4|n27'n5|
Afl||*®
4|n2_n4s|

for allr € X.

4. Fixed Point Stability Results of (4)

The following theorems are useful to prove our fixed point Stability results.

Theorem 4.1 (Banach Contraction Principle). Let (X,d) be a complete metric spaces and consider a mapping T : X —

Xwhich is strictly contractive mapping that is
(A1) d(T%,Ty) < d(z,y), for some (Lipchitz constant) L < 1, then

(1). the mapping T has only one fixed point x* = T (z*)

(2). the fized point for each given element x* is globally contractive, that is
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(A2) lim T"x < z*. For any starting point x € X

n—o0o

(3). one has the following estimation inequalities

(A3) d(T"z,2*) < 2.d (T2, T" 'z), Vn>0Va € X.

(As) d(z,2") = 15 d(z,2%), Vo € X.

Theorem 4.2 (The Alternative Fixed Point). Suppose that for a complete generalized metric space (X,d) and a strictly

contractive mapping T : X — X with lipschitz constant L, then for each given element x € X either

(B1) d (T, T""'z) = 00 ¥ n > 0.
(B2) There exists a natural numbers ng such that

(1). d(T"2z.T"*'z) <ocoVn >0

(2). The sequence {T"x} is convergent to a fized point y* of T

(3). y* 1is the unique fized point of T in the set y ={y € Y; d(T™z,y) < oo}.

(4). d(y*,y) < 2£d(y, T,) forallyeY.

Fixed point stability of (4.1): even case-fixed point method:

In this section, we give the generalized Ulam-hyers stability of the Functional equation (4) for even case

Theorem 4.3. Let fq : W — B be an even mapping for which there exists a Function a: W* — [0, 00) with the condition

L« (nikx7niky,nikz,nikt)
lim -
k—oo nizk

Where

Such that the functional inequality
||qu(ZC, Y, 2, t)“ S OZ(IE, Y, 2, t)

for all z,y,z,t € W. If there exists L = L(i) < 1 such that the function

z = Bz) = %a (%,0,0,0)

Has the property.

n—imn,x) — LA(x)

i

For all x € W. Then there exists a unique quadratic function @ : W — B satisfying the functional equation (4) and

Ll—i
1-L

[fa(z) = Q)| < B(x)

holds for all x € W.

=0

(48)

(49)

(50)

(51)
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Proof.  Consider the set X = {P/P: W — B, P(0) = 0} and introduce the generalized Metric on X.
d(p,q) = inf{k € (0,00) : |[p(z) — q()|| < kB(z),z € W}
It is easy to see that (z,d) is complete. Define T : z — x by Tp(z) = W%P(mx) for all x € W. Now p.q € X.

d(p,q) <k = [lp(z) — q(x)| < kB(z); x € W

=

1
< FkBlniz); v €W

K3

1
—P(nix) — —q(niz
2 P = atna)

K3

= < LkB(z); z € W

1 1
— P(niz) — —q(nix)
; n;

K3

= | Tp(nix) — To(nix)|| < LkB(x); © € W

= d(T,,T,) < Lk

This implies d(Tp,Tq) < Ld(p,q) for all p,q € X. (ie) T is strictly contractive mapping on X with Lipschtiz constant

L.Replacing (z,y, z,t) by (z,0,0,0) in (49) and using evenness of f we get
|2f(nz) — 2n*f(2)|| < a(=,0,0,0) (52)

for all x € X. Using (52) and remodifying, that

fo)|| _ 1
|- 12 < Late0.0.0 (53)
for all z € W. Using (50) for the case i = 0, it reduces to
1 1
|0 - Zets00)| < Zo600 (54)

for all z € W. ie., d(fy,Tfy) < 7z = L = L' < co. Again replacing z = £ in (52), we get

for all € W. Using (50) for the case ¢ = 1, it reduces to

for all 2 € W. ie., d(fy, Tfy) <1 = L° < co. In above cases, we arrive d (fy, Tfy) < L*7*. Therefore (B2()) holds by

f@) =5 (7)< 3o (50.0.0) ()

fa(@) =, (£)]| < B@) (56)

(B2(#)), it follows that there exists a fixed Point @ of T"in X. Such that

k
Q= Jim 5

VeeWw (57)

In order to prove Q : W — B is quadratic replacing (z,y, z,t) by (nf:r, nky, nkz, nft) in (49) and dividing by 57", it follows
from (47) and (55), we see that Q satisfies (A) for all z,y,z,t € W hence @ satisfies the functional equation (A). By

(B2(4i1)). @ is the unique fixed point of T in the set

Y: {fq EX7 d(quvA) < OO}
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Using the fixed point alternative result . @ is the unique function such that ||fq(z) — Q(z)|| < kB(z) for all z € W and
k > 0 finally by (B2(iv)). We obtain d (f;, Q) < —2=d (f4, Tfs)

> 1z
i
<
A0 Q) < 7
Hence, we conclude that
i
A (fal®), Q) < ~— B(x)
for all x € W. This completes the proof of the Theorem. O

Corollary 4.4. Let f, : W — B be an even mapping and there exists a real numbers \ and s such that

A,
1D fq (9, 2,0 < ¢ M|zl + [lwlI® + ll2]I° + 1)]°} 52 (58)
AUl + lyll® + 120+ el + Ll + Dyl + =0+ a3 s # 1
for all x,y,z,t € W. There exists a unique quadratic mapping Q : W — B Such that
A

4n2-1|

I fa(z) = Q)| < § Alel” (59)

4|n27'n5| ’
Afl||*®
4|n2_n4s|

forallz e W.

5. Stability Results for (4): Even Case-Direct Method

In this section we discuss the generalized Ulam-Hyers stability of the functional equation (4), when f is even.

Definition 5.1. Let X be abanach Algebra A mapping Q : X — X is said to be Quadratic derivation if the quadratic
function Q satisfies,

Q(ab) = Q(a)b” + a*Q(b) (60)

for all a,b € X. Also the quadratic derivation for four variables Satisfies that
Q(abed) = Q(a)b>d® + a*>Q(b)d® + a®b*Q(c)d® + a*b>2Q(d) (61)

for all a,b,c,d € X.

Theorem 5.2. Let j = £1. Let f, : X — Y be an even mapping for which there exists function o, 8 : X* — [0, 00) with

. s a(nka nkjy nki, nkjt) .
the conditions T converges inR and
k=0

a(n® z,nFiy, nkiz nkit)

lim - =0 62
k—oo n2kj ( )
& ki g ki y ki o nkiy .
3 B ten S ) converges in R and
k=0
ki ki, ki, o kj
. pBnx,n n*z,n"t
lim ( ’ g]; ’ ) =0 (63)
k—o0 nerJ
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Such that the functional inequalities

1D a3, 2,0)] < ale,y, 20). (64)

And

[ fa(@,y, 2, 8) = 4?28 fo(2) — 2® fo(y)2° " = 2®y* fa(2) — 2°y*2° fo(8)]| < Bl y, 2,0) (65)

for all z,y,z,t € X. There exists a unique quadratic deriwation Q : X — X satisfying the functional equation (4) and

1 = a(n,0,0,0
|nw—QWMg%ﬂ§;WQ;ﬁ) (66)
for all x € X. The mapping Q(x) is defined by
Q(z) = lim M (67)

for allr € X.

Proof. Tt follows from Theorem 3.1 that Q is a unique quadratic Mapping and satisfies (4) for all z,y, z,t € X. It follows
form (65) that

Qzyzt) — Q(z)y* 2" — 2°Q(y)2°t? — 2y Q(2)t* — *y* 2 Q1) ||

- 1 || fa (0" (zyzt)) — fon(@)n*Fyn* 2 n*t
= sk
—n2* g fo(n )z 02t — 2z 0y fL(nF )0t — nz n?ry 0?2 fu()

1 k. ko k. _k
SW (n"z,n"y,n"z,n"t) - 0as k— oo

For all z,y, z,t € X. Hence the mapping @ : X — Y is a unique quadratic derivation satisfying (66). O

Corollary 5.3. Let f;: X — Y be an even mapping and there exists a real no’s A and S such that

A,
IDfq (z,y, 2l < 9 Mlzll* + Iyl + 112l + It} 52 (68)
{2l + Iyll” + =17+ 10 + Ll ™ + gl + =0+ 1 s # 3

qu(xth) - fq(w)y222t2 - fq(y)x2y2z2 - nyzfq(Z)t2 - m2:‘/222fq(t)||

A
<9 M+ llyll” + 1207 + 1181 (69)
Al + gl + 12"+ 11T+ {1+ yl™ + Dzl + e} s

for all x € X. Then there exists a unique quadratic derivation @ : X — Y such that

A
4n2-1|’
Male) ~ Q) < § 2k (70)
Al
4‘n2,n4s|
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6. Stability Results for (4): Even Case - Fixed Point Method

In this section, we discuss the generalized Ulam-Hyers stability of the functional equation (A) when f is even case.

Theorem 6.1. Let j = £1, let f, : X — Y be an even mapping for which there exists functions a, 8 : X* — [0, 00) with

. > ki g mkdy nkis nkiy .
the conditions Y 2z ynTzn Tl conperges in R and
k=0 e

. anMa, My nkiy nkit) _
dm -0 .
> B<"kjz’"ié’g?ka’"kjt) converges in R and
k=0
ki ki, ki ki
lim 27T o sn b_y (72)
k—o00 nerd
Where n; is defined in (48) satisfying the functional inequalities
||qu($,y,2,t)“ Sa(x,y,z,t) (73)
and
[ fa(@,y,2,t) = fo(@)y?2"t" — 2 fo(y)2"t" — a®y? fo(2) — 2°y*2" Fo(b)]| < Blz,y, 2,1) (74)
for all z,y,z,t € X then there exists L = L(i) < 1 such that the function
x%ﬂ(w)—l[f 0,0 0]
- 2 ’I’L’ Y
As the property
1
njﬁ(mm) = LB(z) (75)

for all x € X then there exists a unique quadratic derivation mapping Q : X — Y satisfying the functional equation (4) and

Llf’i

1fale) - Q) < 7

Blx) (76)

for allx € X.

Proof. Tt follows from Theorem 4.1 that is a unique quadratic mapping and Satisfying (A) forall z € X. It follows from
(71), (72) and (74) that

|Qzyat) — Q(z)y?2* — 2Q(y)2*t” — 2*y*Q(2)t* — 2%y*2°Q(1) |

- 1 || fo (" (zy2t)) — fan®(@)n* yn* 2 n* -

8k
n nkafan(y)anZ n2kt _ n2kx any fq(nkz)n%t _ HQkSL‘ any ’I’L2k2 fan(t)
1
< Wﬁ(nkx,nky,nkz,nkt) — 0 as k — oc.
n
Thus the mapping @ : X — Y is a unique quadratic derivation mapping Satisfying (4). O
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Corollary 6.2. Let f; : X = Y be an even mapping and there exists a real number X\ and s such that

A
1D fa (2,5, 201 < AMllzll* + Iy + 120" + [1£]1°} 572 (77)
A+l + 120"+ el + (el + g™ + =0+ el ) s # 5

[ fa(zyzt) = fa(@)y?2"t* — 2® fo(y)y*=" — 2®y” fo(2)8* — 2y fa (1)

A
A+ Myl + 207 + 1817 5 s#1 (78)
Alll® + gl + 12l + 0]+ {2 + ™ + 2™+ e} s # 1

IA

for all x € X. Then there exists a quadratic derivation QQ : X — Y such that

A
4‘n2—1|’

[ fa(z) = Q)] < { A2l (79)

forallzxz e X.
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