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1. Introduction and Preliminaries

A continuous complex-valued function f = u + iv defined in a simply connected domain D is said to be harmonic in D if

both u and v are real-valued harmonic in D. In any simply connected domain D ⊂ C, a harmonic function f can be written

in the form: f = h + g, where h and g are analytic in D. We call h the analytic part and g the co-analytic part of f . A

necessary and sufficient condition for f to be locally univalent and orientation preserving in D is that |h′(z)| > |g′(z)| in D

(see [6]). Let H denotes a class of functions f = h+ g which are harmonic, univalent and orientation preserving in the open

unit disc U = {z : |z| < 1} and are normalized by f(0) = h(0) = fz(0)− 1 = 0. Harmonic functions are useful as they found

their applications in the problems related to minimal surfaces [8].

Note that the family H reduces to the well known class S of normalized univalent functions if the co-analytic part of f is

identically zero, that is if g ≡ 0.

The concept of multivalent harmonic complex valued functions by using argument principle, was given by Duren, Hengartner

and Laugesen [7]. Using this concept, Ahuja and Jahangiri [1], [2] introduced a class H (m) of m-valent harmonic and

orientation preserving functions f = h+ g ∈ H (m), where h and g are m-valent functions of the form

h(z) = zm +

∞∑
n=m+1

hnz
n and g(z) =

∞∑
n=m

gnz
n (|gm| < 1,m ∈ N = {1, 2, 3....}) (1)

which are analytic in U.

Motivated with the class conditions studied earlier in [2–4] and by observing various equivalent class conditions considered

in [18], we define a unified classes PH(m,A,B) as follows:

∗ E-mail: vim987@gmail.com
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Definition 1.1. A function f = h + g ∈ H (m) of the form (1), is said to be in the class PH(m,A,B) if it satisfies the

condition
∞∑

n=m+1

[
(n−m) (1−B)

m (A−B)
+ 1

]
|hn|+

∞∑
n=m

[
(n+m) (1−B)

m (A−B)
− 1

]
|gn| ≤ 1, (2)

where −1 ≤ B < A ≤ 1.

Denote by TH(m) a subclass of functions f = h+ g ∈ H (m) such that

h(z) = zm −
∞∑

n=m+1

|hn| zn and g(z) =

∞∑
n=m

|gn| zn. (3)

Also, we denote TPH(m,A,B) = PH(m,A,B)∩ TH(m). Let p, q,∈ N0 = N∪{0} . For αi ∈ C (i = 1, ..., p) and βi ∈

C ( 6= −n; i = 1, .., q, n ∈ N0), the generalized hypergeometric (gh) function

pFq(α1, ..., αp;β1, ..., βq; z) = pFq ((αi) ; (βi) ; z)

is defined by

pFq ((αi) ; (βi) ; z) =

∞∑
n=0

(α1)n ... (αp)n
(β1)n ... (βq)n

zn

n!
(p ≤ q + 1; z ∈ U) (4)

which is analytic at z = 1 if (in case p = q + 1 ) <
(∑q

i=1 βi −
∑p
i=1 αi

)
> 0, the symbol (λ)n is the Pochhammer symbol

defined in terms of gamma function by

(λ)n =
Γ (λ+ n)

Γ (λ)
=

 1, n = 0, λ 6= 0

λ (λ+ 1) ... (λ+ n− 1) , n ∈ N
.

In terms of generalized hypergeometric functions pFq ((αi) ; (βi) ; z) and rFs ((γi) ; (δi) ; z) , we consider a harmonic function

F (z) = H(z) +G(z) ∈ H (m) , where H(z) and G(z) are defined by

H(z) = zm pFq ((αi) ; (βi) ; z) and G(z) = zm−1 [rFs ((γi) ; (δi) ; z)− 1] (5)

with
r∏
i=1

|γi| <
s∏
i=1

|δi| . The series expression of F (z) is given by

F (z) = zm +

∞∑
n=m+1

p∏
i=1

(αi)n−m

q∏
i=1

(βi)n−m

zn

(n−m)!
+

∞∑
n=m

r∏
i=1

(γi)n−m+1

s∏
i=1

(δi)n−m+1

zn

(n−m+ 1)!
(z ∈ U) . (6)

In 1985, Silvia [20] studied the partial sums of convex functions of order α. Later on, Silverman [19], Abubaker and darus [5],

Dixit and Porwal [9], Frasin [10, 11], Murugusundaramoorthy et al. [12], Orahan et al. [21], Raina and Bansal [13] and Rosy

et al. [15] studied and generalized the results on partial sums for various classes of analytic functions. Also Ravichandran

[14] discussed the geometric properties of partial sums of univalent functions, Recently, Porwal [16], Porwal and Dixit [17]

studied the partial sums of harmonic univalent functions. Further, Yasar and Yalcin [22] studied the partial sums of certain

harmonic multivalent functions.

In this paper, we study partial sums of certain multivalent harmonic functions involving the generalized hypergeometric

functions for the class PH(m,A,B). We establish some new results giving the sharp bounds of the real parts of ratios of

harmonic multivalent functions involving the generalized hypergeometric functions to its sequences of partial sums.

28



Vimlesh Kumar Gupta and Poonam Sharma

We denote the following sequences of certain partial sums of F (z) fo n1 ≥ m+ 1, n2 ≥ m,

Fn1(z) = zm +

n1∑
n=m+1

Anz
n +

∞∑
n=m

Bnzn

Fn2(z) = zm +

∞∑
n=m+1

Anz
n +

n2∑
n=m

Bnzn

Fn1,n2(z) = zm +

n1∑
n=m+1

Anz
n +

n2∑
n=m

Bnzn,

where

lim
n1→∞

Fn1(z) = F (z), lim
n2→∞

Fn2(z) = F (z) and lim
n1,n2→∞

Fn1,n2(z) = F (z)

and

An =

p∏
i=1

(αi)n−m

q∏
i=1

(βi)n−m

1

(n−m)!
, Bn =

r∏
i=1

(γi)n−m+1

s∏
i=1

(δi)n−m+1

1

(n−m+ 1)!
. (7)

In the subsequent results we determine sharp upper and lower bounds for <
{

F (z)
Fn1 (z)

}
, <
{
Fn1

(z)

F (z)

}
, <
{
F ′
n1

(z)

F ′(z)

}
, <
{

F ′(z)
F ′
n1

(z)

}
,

<
{

F (z)
Fn2

(z)

}
, <

{
Fn2 (z)

F (z)

}
, <

{
F ′
n2

(z)

F ′(z)

}
, <

{
F ′(z)
F ′
n2

(z)

}
, <

{
F (z)

Fn1,n2
(z)

}
, <

{
Fn1,n2

(z)

F (z)

}
, <

{
F ′
n1,n2

(z)

F ′(z)

}
, <

{
F ′(z)

F ′
n1,n2

(z)

}
for F ∈

PH(m,A,B), where F ′(z) = ∂
∂θ
F (z)

(
z = reiθ

)
.

2. Main Results

Theorem 2.1. Let F (z) of the form (5) be in the class PH(m,A,B). Then

(n1 + 1) (1−B) +m (A− 1)−m (A−B)

(n1 + 1) (1−B) +m (A− 1)
≤ <

{
F (z)

Fn1 (z)

}
(8)

≤ (n1 + 1) (1−B) +m (A− 1) +m (A−B)

(n1 + 1) (1−B) +m (A− 1)
(z ∈ U) .

The result is sharp for the function

F (z) = zm +
m (A−B)

(n1 + 1) (1−B) +m (A− 1)
zn1+1 (n1 ≥ m+ 1; z ∈ U) . (9)

Proof. Since F ∈ PH(m,A,B), by Definition 1.1 we have

∞∑
n=m+1

n (1−B) +m (A− 1)

m (A−B)
|An|+

∞∑
n=m

n (1−B)−m (A− 1)

m (A−B)
|Bn| ≤ 1, (10)

where An, Bn are given by (7). We observe that n(1−B)+m(A−1)
m(A−B)

and n(1−B)−m(A−1)
m(A−B)

are increasing functions of n, and

n (1−B) +m (A− 1)

m (A−B)
> 1 (n ≥ m+ 1) ,

n (1−B)−m (A− 1)

m (A−B)
≥ 1 (n ≥ m) . (11)

Therefore, from (10), we obtain

n1∑
n=m+1

|An|+
(n1 + 1) (1−B) +m (A− 1)

m (A−B)

∞∑
n=n1+1

|An|+
∞∑
n=m

|Bn| ≤ 1. (12)

Let

p1(z) =
(n1 + 1) (1−B) +m (A− 1)

m (A−B)

{
F (z)

Fn1 (z)
− (n1 + 1) (1−B) +m (A− 1)−m (A−B)

(n1 + 1) (1−B) +m (A− 1)

}
(13)
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which is analytic in U with p1(0) = 1. To obtain the lower bound of (8), we need to show that

p1(z) =
1 + ω1(z)

1− ω1(z)
, (14)

where ω1(z) is a Schwarz function with ω1(0) = 0 and |ω1(z)| < 1 in U. Evidently, from (13) and (14), we get for z ∈ U,

ω1(z) =
p1(z)− 1

p1(z) + 1

=

(n1+1)(1−B)+m(A−1)
m(A−B)

∞∑
n=n1+1

Anz
n−m

2 + 2

(
n1∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
)

+ (n1+1)(1−B)+m(A−1)
m(A−B)

∞∑
n=n1+1

Anzn−m

and observe that

|ω1(z)| <

(n1+1)(1−B)+m(A−1)
m(A−B)

∞∑
n=n1+1

|An|

2− 2

(
n1∑

n=m+1

|An|+
∞∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)

m(A−B)

∞∑
n=n1+1

|An|
≤ 1,

if (12) holds. Similarly, for upper bound of (8), let

p2(z) =
(n1 + 1) (1−B) +m (A− 1)

m (A−B)

[
(n1 + 1) (1−B) +m (A− 1) +m (A−B)

(n1 + 1) (1−B) +m (A− 1)
− F (z)

Fn1 (z)

]
(15)

which is analytic in U with p2(0) = 1. Now we need to show that

p2(z) =
1 + ω2(z)

1− ω2(z)
(16)

with ω2(0) = 0 and |ω2(z)| < 1 in U. From (15) and (16), we get that for z ∈ U,

ω2(z) =
p2(z)− 1

p2(z) + 1

=

− (n1+1)(1−B)+m(A−1)
m(A−B)

∞∑
n=n1+1

Anz
n−m

2 + 2

(
n1∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
)
− (n1+1)(1−B)+m(A−1)

m(A−B)

∞∑
n=n1+1

Anzn−m

and

|ω2(z)| <

(n1+1)(1−B)+m(A−1)
m(A−B)

∞∑
n=n1+1

|An|

2− 2

(
n1∑

n=m+1

|An|+
∞∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)

m(A−B)

∞∑
n=n1+1

|An|
≤ 1,

if (12) holds. For sharpness, we see that for the function F (z) given by (9), if z = reiπ/(n1+1−m) (n1 ≥ m+ 1; r < 1) , we

get equality at the left hand side of (8):

F (z)

Fn1(z)
= 1 +

m (A−B)

(n1 + 1) (1−B) +m (A− 1)
zn1+1−m → 1− m (A−B) rn1+1−m

(n1 + 1) (1−B) +m (A− 1)

=
(n1 + 1) (1−B) +m (A− 1)−m (A−B)

m (A−B)
, as r → 1−

and we get equality at the right hand side of (8), if z = re2πi/(n1+1−m) (n1 ≥ m+ 1; r < 1) as follows:

F (z)

Fn1(z)
= 1 +

m (A−B)

(n1 + 1) (1−B) +m (A− 1)
zn1+1−m → 1 +

m (A−B) rn1+1−m

(n1 + 1) (1−B) +m (A− 1)

=
(n1 + 1) (1−B) +m (A− 1) +m (A−B)

m (A−B)
, as r → 1−.

This completes the proof of Theorem 2.1.
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Theorem 2.2. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1) +m (A−B)
≤ <

{
Fn1 (z)

F (z)

}
≤ (n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1)−m (A−B)
(z ∈ U) (17)

The result is sharp for the function given by (9).

Proof. Similar to the proof of Theorem 2.1. Let

1 + ω3(z)

1− ω3(z)
=

(n1 + 1) (1−B) +m (A− 1) +m (A−B)

m (A−B)

[
Fn1 (z)

F (z)
− (n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1) +m (A−B)

]

=

1 +
n1∑

n=m+1

Anz
n−m +

∞∑
n=m

Bnz
nz−m − (n1+1)(1−B)+m(A−1)

m(A−B)

∞∑
n=n1+1

Anz
n−m

1 +
n1∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
.

We see that

|ω3(z)| <

(n1+1)(1−B)+m(A−1)+m(A−B)
m(A−B)

∞∑
n=n1+1

|An|

2− 2

(
n1∑

n=m+1

|An|+
∞∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)−m(A−B)

m(A−B)

∞∑
n=n1+1

|An|
≤ 1,

if (12) holds. This proves the left-hand side of (17). Further, let

1 + ω4(z)

1− ω4(z)
=

(n1 + 1) (1−B) +m (A− 1)−m (A−B)

m (A−B)

[
(n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1)−m (A−B)
− Fn1 (z)

F (z)

]

=

1 +
n1∑

n=m+1

Anz
n−m +

∞∑
n=m

Bnz
nz−m + (n1+1)(1−B)+m(A−1)

m(A−B)

∞∑
n=n1+1

Anz
n−m

1 +
n1∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
.

Now to prove right-hand side of inequality (17), we see that

|ω4(z)| <

(n1+1)(1−B)+m(A−1)−m(A−B)
m(A−B)

∞∑
n=n1+1

|An|

2− 2

(
n1∑

n=m+1

|An|+
∞∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)+m(A−B)

m(A−B)

∞∑
n=n1+1

|An|
≤ 1,

if (12) holds. This completes the proof of Theorem 2.2. Sharpness can be verified for the function (9) similar to the proof

of Theorem 2.1.

Theorem 2.3. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1) + (n1 + 1)m (A−B)
≤ <

{
F ′n1

(z)

F ′ (z)

}
≤ (n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1)− (n1 + 1)m (A−B)
(z ∈ U) . (18)

The result is sharp for the function given by (9).

Proof. Since F ∈ PH(m,A,B) by Definition 1.1 we have (10). Again since n(1−B)+m(A−1)
m(A−B)

and n(1−B)−m(A−1)
m(A−B)

are

increasing functions of n, so we observe that

n (1−B) +m (A− 1)

m (A−B)
≥ n

m
(n ≥ m+ 1) ,

n (1−B)−m (A− 1)

m (A−B)
≥ n

m
(n ≥ m)
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and

n (1−B) +m (A− 1)

m (A−B)
≥ (n1 + 1) (1−B) +m (A− 1)

(n1 + 1)m (A−B)

n

m
(n ≥ n1 + 1) .

So, from (10) we obtain

n1∑
n=m+1

n

m
|An|+

∞∑
n=m

n

m
|Bn|+

(n1 + 1) (1−B) +m (A− 1)

(n1 + 1)m (A−B)

∞∑
n=n1+1

n

m
|An| ≤ 1, (19)

where An, Bn are given by (7). Let

p5(z) =
(n1 + 1) (1−B) +m (A− 1) + (n1 + 1)m (A−B)

(n1 + 1)m (A−B)[
F ′n1

(z)

F ′ (z)
− (n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1) + (n1 + 1)m (A−B)

]
(20)

which is analytic in U with p5(0) = 1. To obtain the lower bound of (18), we need to show that

p5(z) =
1 + ω5(z)

1− ω5(z)
, (21)

where ω5(z) is a Schwarz function with ω5(0) = 0 and |ω5(z)| < 1. From (20) and (21), we get for z ∈ U that

ω5(z) =
p5(z)− 1

p5(z) + 1

=

− (n1+1)(1−B)+m(A−1)+m(n1+1)(A−B)
(n1+1)m(A−B)

∞∑
n=n1+1

n
m
Anz

n−m

2 + 2

(
n1∑

n=m+1

n
m
Anzn−m −

∞∑
n=m

n
m
Bnznz−m

)
− (n1+1)(1−B)+m(A−1)−(n1+1)m(A−B)

(n1+1)m(A−B)

∞∑
n=n1+1

n
m
Anzn−m

and

|ω5(z)| <

(n1+1)(1−B)+m(A−1)+(n1+1)m(A−B)
(n1+1)m(A−B)

∞∑
n=n1+1

n
m
|An|

2− 2

(
n1∑

n=m+1

n
m
|An|+

∞∑
n=m

n
m
|Bn|

)
− (n1+1)(1−B)+m(A−1)−(n1+1)m(A−B)

(n1+1)m(A−B)

∞∑
n=n1+1

n
m
|An|

≤ 1

if (19) holds. Similarly to prove upper bound of (18), we consider

p6(z) =
(n1 + 1) (1−B) +m (A− 1)− (n1 + 1)m (A−B)

(n1 + 1)m (A−B)[
(n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1)− (n1 + 1)m (A−B)
−
F ′n1

(z)

F ′ (z)

]
(22)

=
1 + ω6(z)

1− ω6(z)
(23)

with |ω6(z)| < 1 in U. From (22) and (23), we have for z ∈ U that

ω6(z) =
p6(z)− 1

p6(z) + 1

=

(n1+1)(1−B)+m(A−1)−(n1+1)m(A−B)
(n1+1)m(A−B)

∞∑
n=n1+1

n
m
zn−m

2 + 2

(
n1∑

n=m+1

n
m
Anzn−m −

∞∑
n=m

n
m
Bnznz−m

)
+ (n1+1)(1−B)+m(A−1)+(n1+1)m(A−B)

(n1+1)m(A−B)

∞∑
n=n1+1

n
m
Anzn−m

,

and

|ω6(z)| <

(n1+1)(1−B)+m(A−1)−(n1+1)m(A−B)
(n1+1)m(A−B)

∞∑
n=n1+1

n
m
|An|

2− 2

(
n1∑

n=m+1

n
m
|An|+

∞∑
n=m

n
m
|Bn|

)
− (n1+1)(1−B)+m(A−1)+(n1+1)(A−B)

(n1+1)m(A−B)

∞∑
n=n1+1

n
m
|An|

≤ 1,

if (19) holds. This completes the proof of Theorem 2.3. Sharpness can be verified for the function (9) similar to Theorem

2.1.
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Theorem 2.4. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n1 + 1) (1−B) +m (A− 1)− (n1 + 1)m (A−B)

(n1 + 1) (1−B) +m (A− 1)
≤ <

{
F ′ (z)

F ′n1
(z)

}
≤ (n1 + 1) (1−B) +m (A− 1) + (n1 + 1)m (A−B)

(n1 + 1) (1−B) +m (A− 1)
(z ∈ U) .

The result is sharp for the function given by (9).

Proof. The proof of the above theorem is based on the proof of Theorem 2.3, so we omit the details involved.

We next determine bounds for F (z)
Fn2

(z)
and

Fn2
(z)

F (z)
.

Theorem 2.5. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n2 + 1) (1−B)−m (A− 1)−m (A−B)

(n2 + 1) (1−B)−m (A− 1)
≤ <

{
F (z)

Fn2 (z)

}
(24)

≤ (n2 + 1) (1−B)−m (A− 1) +m (A−B)

(n2 + 1) (1−B)−m (A− 1)
(z ∈ U) .

The result is sharp for the function

F (z) = zm +
m (A−B)

(n2 + 1) (1−B)−m (A− 1)
zn2+1 (n2 ≥ m) . (25)

Proof. Since F ∈ PH(m,A,B), by Definition 1.1 we have the coefficient inequality (10). Also we have

n (1−B) +m (A− 1)

m (A−B)
> 1 (n ≥ m+ 1) and

n (1−B)−m (A− 1)

m (A−B)
≥ 1 (n ≥ m) .

Therefore, from coefficient inequality (10), we obtain

∞∑
n=m+1

|An|+
n2∑
n=m

|Bn|+
(n2 + 1) (1−B)−m (A− 1)

m (A−B)

∞∑
n=n2+1

|Bn| ≤ 1, (26)

where An, Bn are given by (7). Let

p7(z) =
(n2 + 1) (1−B)−m (A− 1)

m (A−B)

[
F (z)

Fn2 (z)
− (n2 + 1) (1−B)−m (A− 1)−m (A−B)

(n2 + 1) (1−B)−m (A− 1)

]
(27)

which is analytic in U with p7(0) = 1. To obtain the lower bound of (24), we need to show that

p7(z) =
1 + ω7(z)

1− ω7(z)
, (28)

where ω7(z) is a Schwarz function with ω7(0) = 0 and |ω7(z)| < 1 in U. Evidently, from (27) and (28), we get

ω7(z) =
p7(z)− 1

p7(z) + 1
(z ∈ U)

=

(n2+1)(1−B)−m(A−1)
m(A−B)

∞∑
n=n2+1

Bnz
nz−m

2 + 2

(
∞∑

n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m
)

+ (n2+1)(1−B)−m(A−1)
m(A−B)

∞∑
n=n2+1

Bnznz−m
(n2 ≥ m; z ∈ U) .
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We observe that

|ω7(z)| <

(n2+1)(1−B)−m(A−1)
m(A−B)

∞∑
n=n2+1

Bn

2− 2

(
∞∑

n=m+1

An +
n2∑
n=m

Bn

)
− (n2+1)(1−B)−m(A−1)

m(A−B)

∞∑
n=n2+1

Bn

≤ 1

if (26) holds. Similarly for upper bound of (24), let

p8(z) =
(n2 + 1) (1−B)−m (A− 1)

m (A−B)

[
(n2 + 1) (1−B)−m (A− 1) +m (A−B)

(n2 + 1) (1−B)−m (A− 1)
− F (z)

Fn2 (z)

]
(29)

which is analytic in U with p8(0) = 1. Now we need to show that

p8(z) =
1 + ω8(z)

1− ω8(z)
(30)

with ω8(0) = 0 and |ω2(z)| < 1 in U. From (29) and (30), we get for z ∈ U,

ω8(z) =
p8(z)− 1

p8(z) + 1
(z ∈ U)

=

− (n2+1)(1−B)−m(A−1)
m(A−B)

∞∑
n=n2+1

Bnz
nz−m

2 + 2

(
∞∑

n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m
)
− (n2+1)(1−B)−m(A−1)

m(A−B)

∞∑
n=n2+1

Bnznz−m

(n2 ≥ m) .

Now

|ω8(z)| <

(n2+1)(1−B)−m(A−1)
m(A−B)

∞∑
n=n2+1

|Bn|

2− 2

(
∞∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n2+1)(1−B)−m(A−1)

m(A−B)

∞∑
n=n2+1

|Bn|
≤ 1

if (26) holds. For sharpness, we see that for the function given by (25), if z = reπi/(n2+1−m) (r < 1) we get equality at the

left hand side of (24) as follows:

F (z)

Fn2(z)
= 1 +

m (A−B)

(n2 + 1) (1−B)−m (A− 1)
rn2+1−me−iπ (n2 ≥ m)

→ 1− m (A−B)

(n2 + 1) (1−B)−m (A− 1)
rn2+1−m

=
(n2 + 1) (1−B)−m (A− 1)−m (A−B)

(n2 + 1) (1−B)−m (A− 1)
as r → 1−

and we get equality at the right hand side of (24), if z = re2πi/(n2+1−m) (r < 1) as follows:

F (z)

Fn2(z)
= 1 +

m (A−B)

(n2 + 1) (1−B)−m (A− 1)
rn2+1−me2πi (n2 ≥ m)

→ 1 +
m (A−B)

(n2 + 1) (1−B)−m (A− 1)
rn2+1−m

=
(n2 + 1) (1−B)−m (A− 1) +m (A−B)

(n2 + 1) (1−B)−m (A− 1)
as r → 1−.

This completes the proof of Theorem 2.5.

Theorem 2.6. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1) +m (A−B)
≤ <

{
Fn2 (z)

F (z)

}
(31)

≤ (n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1)−m (A−B)
(z ∈ U) .

The result is sharp for the function given by (25).
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Proof. Similar to the proof of Theorem 2.5, let

1 + ω9(z)

1− ω9(z)
=

(n2 + 1) (1−B)−m (A− 1) +m (A−B)

m (A−B)

[
Fn2 (z)

F (z)
− (n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1) +m (A−B)

]

=

1 +
∞∑

n=m+1

Anz
n−m +

n2∑
n=m

Bnz
nz−m − (n2+1)(1−B)−m(A−1)

m(A−B)

∞∑
n=n2+1

Bnz
nz−m

1 +
∞∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
(n2 ≥ m; z ∈ U) .

We see that

|ω9(z)| <

(n2+1)(1−B)−m(A−1)−m(A−B)
m(A−B)

∞∑
n=n2+1

|Bn|

2− 2

(
∞∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n2+1)(1−B)−m(A−1)+m(A−B)

m(A−B)

∞∑
n=n2+1

|Bn|
≤ 1,

if (26) holds. This proves the left-hand side of (31). Further, let

1 + ω10(z)

1− ω10(z)
=

(n2 + 1) (1−B)−m (A− 1)−m (A−B)

m (A−B)

[
(n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1)−m (A−B)
− Fn2 (z)

F (z)

]

=

1 +
∞∑

n=m+1

Anz
n−m +

n2∑
n=m

Bnz
nz−m + (n2+1)(1−B)−m(A−1)

m(A−B)

∞∑
n=n2+1

Bnz
nz−m

1 +
∞∑

n=m+1

Anzn−m +
∞∑
n=m

BnznBnznz−m
(n2 ≥ m; z ∈ U) .

Now to prove right-hand side of inequality (31), we see that

|ω10(z)| <

(n2+1)(1−B)−m(A−1)+m(A−B)
m(A−B)

∞∑
n=n2+1

|Bn|

2− 2

(
∞∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n2+1)(1−B)−m(A−1)−m(A−B)

m(A−B)

∞∑
n=n2+1

|Bn|
≤ 1,

if (26) holds. This complete the proof of Theorem 2.5. Sharpness can be verified for the function (25) similar to Theorem

2.5.

We next give bounds for
F ′
n2

(z)

F ′(z) and F ′(z)
F ′
n2

(z)
, in the form of Theorems 2.7 and 2.8 without proof as the proofs are similar to

that of Theorem 2.5.

Theorem 2.7. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1) + (n2 + 1)m (A−B)
≤ <

{
F ′n2

(z)

F ′ (z)

}
≤ (n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1)− (n2 + 1)m (A−B)
(z ∈ U) .

The result is sharp for the function given by (25).

Theorem 2.8. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n2 + 1) (1−B)−m (A− 1)− (n2 + 1)m (A−B)

(n2 + 1)m (1−B)−m (A− 1)
≤ <

{
F ′ (z)

F ′n2
(z)

}
≤ (n2 + 1) (1−B)−m (A− 1) + (n2 + 1)m (A−B)

(n2 + 1)m (1−B)−m (A− 1)
(z ∈ U) .

The result is sharp for the function given by (25).

We next determine bounds for F (z)
Fn1,n2 (z)

and
Fn1,n2

(z)

F (z)
.
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Theorem 2.9. Let F (z) of the form (5) be in the class PH(m,A,B), then

(i)

(n1 + 1) (1−B) +m (A− 1)−m (A−B)

(n1 + 1) (1−B) +m (A− 1)
≤ <

{
F (z)

Fn1,n2(z)

}
(32)

≤ (n1 + 1) (1−B) +m (A− 1) +m (A−B)

(n1 + 1) (1−B) +m (A− 1)
(n2 ≥ n1 ≥ m+ 1; z ∈ U) .

(ii)

(n2 + 1) (1−B)−m (A− 1)−m (A−B)

(n2 + 1) (1−B)−m (A− 1)
≤ <

{
F (z)

Fn1,n2(z)

}
(33)

≤ (n2 + 1) (1−B)−m (A− 1) +m (A−B)

(n2 + 1) (1−B)−m (A− 1)
(n1 ≥ max (n2,m+ 1) ; z ∈ U) .

The above results (i) and (ii) are sharp for the functions given, respectively, by (9) and (25).

Proof. (i) Since F ∈ PH(m,A,B), by Definition 1.1 we have inequality (10), and the observation 11. Further, observe

that

n (1−B) +m (A− 1)

m (A−B)
≥ (n1 + 1) (1−B) +m (A− 1)

m (A−B)
(n ≥ n1 + 1, n ≥ n2 + 1) .

Therefore, from coefficient inequality (10), and since n1 ≤ n2 we obtain

n1∑
n=m+1

|An|+
n2∑
n=m

|Bn|+
(n1 + 1) (1−B) +m (A− 1)

m (A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]
≤ 1, (34)

where An, Bn are given by (7). Let

p11(z) =
(n1 + 1) (1−B) +m (A− 1)

m (A−B)

[
F (z)

Fn1,n2(z)
− (n1 + 1) (1−B) +m (A− 1)−m (A−B)

(n1 + 1) (1−B) +m (A− 1)

]
(35)

which is analytic in U with p11(0) = 1. To obtain lower bound of (32), we need to show that

p11(z) =
1 + ω11(z)

1− ω11(z)
, (36)

where ω11(z) is a Schwarz function with ω11(0) = 0 and |ω11(z)| < 1 in U. Evidently, from (35) and (28), we get

ω11(z) =
p11(z)− 1

p11(z) + 1

=

(n1+1)(1−B)+m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=n2+1

Bnz
nz−m

]

2 + 2

(
n1∑

n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m
)

+ (n1+1)(1−B)+m(A−1)
mA−B

[
∞∑

n=n1+1

Anzn−m +
∞∑

n=n2+1

Bnznz−m

]

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U) and hence,

|ω11(z)| <

(n1+1)(1−B)+m(A−1)
m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)

m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

] ≤ 1

if (34) holds. Similarly for upper bound of (32), let

p12(z) =
(n1 + 1) (1−B) +m (A− 1)

m (A−B)

[
(n1 + 1) (1−B) +m (A− 1) +m (A−B)

(n1 + 1) (1−B) +m (A− 1)
− F (z)

Fn1,n2(z)

]
(37)
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which is analytic in U with p12(0) = 1. Now we need to show that

p12(z) =
1 + ω12(z)

1− ω12(z)
(38)

with ω12(0) = 0 and |ω12(z)| < 1 in U. From (37) and (38), we get

ω12(z) =
p12(z)− 1

p12(z) + 1

=

− (n1+1)(1−B)+m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=n2+1

Bnz
nz−m

]

2 + 2

(
n1∑

n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m
)
− (n1+1)(1−B)+m(A−1)

m(A−B)

[
∞∑

n=n1+1

Anzn−m +
∞∑

n=n2+1

Bnznz−m

]

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U). Hence

|ω12(z)| <

(n1+1)(1−B)+m(A−1)
m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)

m(A−B)

[
∞∑

n=n1+1

An +
∞∑

n=n2+1

Bn

] ≤ 1,

if (34) holds.

(ii) Since F ∈ PH(m,A,B), by Definition 1.1 we have the coefficient inequality (10) and the observation (11). Further we

observe that

n (1−B) +m (A− 1)

m (A−B)
≥ (n1 + 1) (1−B) +m (A− 1)

m (A−B)
(n ≥ n1 + 1)

and

n (1−B)−m (A− 1)

m (A−B)
≥ (n2 + 1) (1−B)−m (A− 1)

m (A−B)
(n ≥ n2 + 1) .

Therefore, from (10) by using the fact that n1 ≥ n2, we obtain

n1∑
n=m+1

|An|+
n2∑
n=m

|Bn|+
(n2 + 1) (1−B)−m (A− 1)

m (A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]
≤ 1, (39)

where An, Bn are given by (7). Let

p13(z) =
(n2 + 1) (1−B)−m (A− 1)

m (A−B)

[
F (z)

Fn1,n2(z)
− (n2 + 1) (1−B)−m (A− 1)−m (A−B)

(n2 + 1) (1−B)−m (A− 1)

]
(40)

which is analytic in U with p13(0) = 1. To obtain lower bound of (33), we need to show that

p13(z) =
1 + ω13(z)

1− ω13(z)
, (41)

where ω13(z) is a Schwarz function with ω13(0) = 0 and |ω13(z)| < 1 in U. Evidently, from (40) and (41), we get

ω13(z) =
p13(z)− 1

p13(z) + 1

=

(n2+1)(1−B)−m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=n2+1

Bnz
nz−m

]

2 + 2

(
n1∑

n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m
)

+ (n2+1)(1−B)−m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anzn−m +
∞∑

n=n2+1

Bnznz−m

]
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(n2 ≥ m,n1 ≥ m+ 1; z ∈ U) . We observe that

|ω13(z)| <

(n2+1)(1−B)−m(A−1)
m(A−B)

[
∞∑

n=n2+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

Bn

)
− (n2+1)(1−B)−m(A−1)

m(A−B)

[
∞∑

n=n2+1

|An|+
∞∑

n=n2+1

|Bn|

] ≤ 1,

if (39) holds. Similarly for upper bound of (33), let

p14(z) =
(n2 + 1) (1−B)−m (A− 1)

m (A−B)

[
(n2 + 1) (1−B)−m (A− 1) +m (A−B)

(n2 + 1) (1−B)−m (A− 1)
− F (z)

Fn1,n2(z)

]
(42)

which is analytic in U with p14(0) = 1. Now we need to show that

p14(z) =
1 + ω14(z)

1− ω14(z)
(43)

with ω14(0) = 0 and |ω14(z)| < 1 in U. From (42) and (43), we get

ω14(z) =
p14(z)− 1

p14(z) + 1

=

− (n2+1)(1−B)−m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=n2+1

Bnz
nz−m

]

2 + 2

(
n1∑

n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m
)
− (n2+1)(1−B)−m(A−1)

m(A−B)

[
∞∑

n=n1+1

Anzn−m +
∞∑

n=n2+1

Bnznz−m

]

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U) . Now

|ω14(z)| <

(n2+1)(1−B)−m(A−1)
m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n2+1)(1−B)−m(A−1)

m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

] ≤ 1

if (39) holds.

Theorem 2.10. Let F (z) of the form (5) be in the class PH(m,A,B), then

(i)

(n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1) +m (A−B)
≤ <

{
Fn1,n2(z)

F (z)

}
(44)

≤ (n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1)−m (A−B)
(z ∈ U) .

(ii)

(n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1) +m (A−B)
≤ <

{
Fn1,n2(z)

F (z)

}
(45)

≤ (n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1)−m (A−B)
(z ∈ U) .

The above results (i) and (ii) are sharp for the functions given, respectively, by (9) and (25).
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Proof. (i) Similar to proof of Theorem 2.9. Let

1 + ω15(z)

1− ω15(z)
=

(n1 + 1) (1−B) +m (A− 1) +m (A−B)

m (A−B)

[
Fn1,n2(z)

F (z)
− (n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1) +m (A−B)

]

=

1 +
n1∑

n=m+1

Anz
n−m +

n2∑
n=m

Bnz
nz−m

1 +
∞∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m

− (n1+1)(1−B)+m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=n2+1

Bnz
nz−m

]
1 +

∞∑
n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U). Now, we see that

|ω15(z)| <

(n1+1)(1−B)+m(A−1)+m(A−B)
m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)−m(A−B)

m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

] ≤ 1,

if (34) holds. This proves the left-hand side of (44). Further, to prove right hand side of inequality (44), let

1 + ω16(z)

1− ω16(z)
=

(n1 + 1) (1−B) +m (A− 1)−mδ (A−B)

m (A−B)

[
(n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1)−m (A−B)
− Fn1,n2(z)

F (z)

]

=

1 +
n1∑

n=m+1

Anz
n−m +

n2∑
n=m

Bnz
nz−m

1 +
n1∑

n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m
+

(n1+1)(1−B)+m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=n2+1

Bnz
nz−m

]
1 +

n1∑
n=m+1

Anzn−m +
n2∑
n=m

Bnznz−m

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U), from which we see that

|ω16(z)| <

(n1+1)(1−B)+m(A−1)−m(A−B)
m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n1+1)(1−B)+m(A−1)+m(A−B)

m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

] ≤ 1,

if (34) holds.

(ii) Similar to proof of Theorem 2.9. Let

1 + ω17(z)

1− ω17(z)
=

(n2 + 1) (1−B)−m (A− 1) +m (A−B)

m (A−B)

[
Fn1,n2(z)

F (z)
− (n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1) +m (A−B)

]

=

1 +
n1∑

n=m+1

Anz
n−m +

n2∑
n=m

Bnz
nz−m

1 +
∞∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
−

(n2+1)(1−B)−m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=n2+1

Bnz
nz−m

]
1 +

∞∑
n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U) . We see that

|ω17(z)| <

(n2+1)(1−B)−m(A−1)+m(A−B)
m(A−B)

[
∞∑

n=n2+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n2+1)(1−B)−m(A−1)−m(A−B)

m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

] ≤ 1

if (39) holds. This proves the left-hand side of (45). Further, to prove right hand side of inequality (45), let

1 + ω18(z)

1− ω18(z)
=

(n2 + 1) (1−B)−m (A− 1)−m (A−B)

m (A−B)

[
(n2 + 1) (1−B)−m (A− 1)

(n2 + 1) (1−B)−m (A− 1)−m (A−B)
− Fn1,n2(z)

F (z)

]

=

1 +
n1∑

n=m+1

Anz
n−m +

n2∑
n=m

Bnz
nz−m

1 +
∞∑

n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
+

(n2+1)(1−B)−m(A−1)
m(A−B)

[
∞∑

n=n1+1

Anz
n−m +

∞∑
n=m

Bnz
nz−m

]
1 +

∞∑
n=m+1

Anzn−m +
∞∑
n=m

Bnznz−m
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(n2 ≥ m,n1 ≥ m+ 1; z ∈ U) and we see that

|ω18(z)| <

(n2+1)(1−B)−m(A−1)−m(A−B)
m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

]

2− 2

(
n1∑

n=m+1

|An|+
n2∑
n=m

|Bn|
)
− (n2+1)(1−B)−m(A−1)+m(A−B)

m(A−B)

[
∞∑

n=n1+1

|An|+
∞∑

n=n2+1

|Bn|

] ≤ 1,

if (39) holds.

Theorem 2.11. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1) + (n1 + 1) (A−B)
≤ <

{
F ′n1,n2

(z)

F ′ (z)

}
≤ (n1 + 1) (1−B) +m (A− 1)

(n1 + 1) (1−B) +m (A− 1)− (n1 + 1) (A−B)

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U). The result is sharp for the function given by (9).

Proof. The proof of the above theorem is based on the similar lines of the proof of Theorem 2.10 so we omit the details

involved.

Theorem 2.12. Let F (z) of the form (5) be in the class PH(m,A,B), then

(n1 + 1) (1−B) +m (A− 1)− (n1 + 1) (A−B)

(n1 + 1) (1−B) +m (A− 1)
≤ <

{
F ′ (z)

F ′n1,n2
(z)

}
≤ (n1 + 1) (1−B) +m (A− 1) + (n1 + 1) (A−B)

(n1 + 1) (1−B) +m (A− 1)

(n2 ≥ m,n1 ≥ m+ 1; z ∈ U). The result is sharp for the function given by (9).

Proof. The proof of the above theorem is based on the similar lines of the proof of Theorem 2.10 so we omit the details

involved.
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