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1. Introduction

The knowledge of Fourier transforms becomes an essential part of engineers and scientists. This provides easy and effective
solutions of many problems arising in engineering. Let R = (—o0, 00) and L’(R) be the space of Lebesque integrable function
define on R. Then the Fourier transform of f € L'(R) is defined by F[f(t)] = T f(t)e*'dt. [10] This transform based on
integral. In our research, we introduce discrete Fourier transform by using the_ idoifference operators Ae and kAe , where «
is a parameter, k is a variable and ¢ > 0. By varying value of ¢ and a we get better solutions. Thea(oz,) k—disc(rezte Fourier
transform becomes discrete Fourier transform and Fourier transform when ¢ =1, £ — 0 and « — 1 respectively [1, 2]. The
general theory on Ay, Aq, Ay and Ay one can refer [5]. In 2011, M.Maria Susai Manuel, et.al, [8], have extended the
definition of A, to Ay ey which is defined as A, pyv(k) = v(k + £) — av(k) for the real valued function v(k), £ € (0,00). In

[9], the authors have used the generalized a-difference equation;
v(k +£) — av(k) =u(k), k€ 0,00), £ € (0,00) (1)

From « difference operator [9], if A v(k) = u(k) then we have
a(f)

4]

(k) = A, fyu(k) — a[%m;&)u(zf(k)) => o ulk—rl), i(k) =k — [k/¢ (2)

«a
r=1

By replacing the parameter « by variable k, we define k—Difference operator with variable coefficient as

k%) v(k) = v(k +£) — kv(k) 3)

In this paper, we establish discrete Fourier transform into «, k-discrete Fourier transform for certain functions, based on
that we produce many theorems. Out of which one of the theorem demonstrate the relationship between discrete Laplace

and discrete Fourier transforms.
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2. Preliminaries

In this section, we present basic concepts of the Generalized difference operators Ay, A, A and inverse difference operators

a(f) k(b)
Al _Al , _Al for finding ¢, k-Discrete Fourier Transform. In [6, 7] the authors introduce kém) =k(k—0)(k—2¢)---(k—
a(®) k(b
(m — 1)£), the operator A, as Agu(k) = u(k + ¢) — u(k) and its inverse by
if Apo(k) =u(k), then v(k) = A, 'u(k). (4)

Let s7* and S are Stirling numbers of first and second kinds respectively, £ > 0, m is non-negative integer and kém) =

k(k—£0)(k—20)---(k— (m—1){). From [3] we have the following identities:

(@) k™ =D "SR (i) KT =0 St TR, (idd) Adky™ = (mO)k{™ Y, (5)
r=1 r=1
k(m+l) m Smgmfrk(T) . eisk
iv) ATLE(m — T ATLE™ — r ¢ N ATk
() D¢k om+1) (v) Ac Tk ; (r+1)¢ (1) Ag e (et — 1) 6)
b M-1 — [eS] ad
(vit) Ay u(k)| = ula+re), M = b 7 ¢ and (viig) A[lu(k)’ = Zu(rﬁ). (7)
@ r=0 0 r=0

Lemma 2.1 ([3, 4]). Let £ > 0 and u(k), w(k) are real valued bounded functions. Then

A (u(k)w(k) = u(k) Ay w(k) — A7 (A w(k + ) Acu(k)) (8)
and A (u(k)yo(k) = u(k) A vk)— A (A v(k+0)Acu(k)). )
a(l) a(l) a(l) a(l)

Lemma 2.2 ([4]). For £ >0,

[7]
AL ul(R)) = o u(k — re) (10)

r=0

ENE

k
3

A;(lou(k +0) —af

and hence

Q" AL yulk + € —me) — ol FHLAZL u(i(k))

Il
R
5
£
a
[
<3
=
~
Q
3
3
N
I

(11)

Theorem 2.3. Let k € (—o0,00) and £ > 0. Then we have

“1 e *F (e ** cosa(k — £)) — acosak
k) = 12
Q(Ae) (e cosak) e=2¢ — 2ae~%lcosal + a2 ' (12)
-1 k. e ** (e *sina(k — £) — asin ak)
’ k) = 13
a%) (e7 sinak) e=25t — 2ae—5t cos al + o2 (13)
—1
Proof. The proof follows by the definition of A and solving the following relations:
a(l)
A (e *F cosak) = e *F cosak(e * cosal — a) — e *Fe **sinaksinal,
a(f)
A (e *Fsinak) = e *Fsinak(e ** cosal — a) + e *Fe ** cos ak sin al.
a(l)
O
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Lemma 2.4 ([5] (1(k)-series of u(k))). The first order generalized k—difference equation v(k+£€) —kv(k) = u(k), k € [¢, c0),

£ >0, has a summation solution of the form

[£]

(r) = A g+
E Euk—r)= A uwk+0)—k, A u(l(k)). (14)
—o (k+2)(€) (k) (0)

Lemma 2.5. Let £ > 0 and u(k), v(k) are real valued bounded functions. Then

A (ko) = u(k) A v(k) = A'CA o(k+ OAwuk). (15)
(£) k(2) k()  k(£)
Proof. From (3), we get
A (u(kyw(k) = u(k) A w(k) +w(k+ OAcu(k) (16)
k(£) k(£)
By taking A w(k) = v(k) and w(k) = X v(k) in equation (16), we obtain (15) O
k(£) k(€)

3. Main Results

In this section we derive closed form solution of the generalized difference equation A w(k) = v(k) and A w(k) = v(k),
a(e) k(£)
where w(k) takes polynomials, polynomial factorial with exponential and geometric with trigonometric functions. Also we

find that the «, k-discrete Fourier transform of several functions.

Theorem 3.1. Let k € (—o0,00) and £ > 0. Then we have

P
A (k(p) zsk) (Z(_Z)r(p)gr)képfr)(l _ Oéefzsf)f(vu%l))ezs(kfé)' (17)

a(®) r=0

Proof. Taking u(k) = k:le), w(k) = ¥ in (8) and using (5), we get

A (k(l) uk) (k(l)( aeﬂ'sz)q 1 ae—is£)72)eis(k7£)'
a(l)

Taking u(k) = kf), w(k) = *F in (8), and using (5), we get

A (k<2) 1sk) (k(z)( aefisf)fl . %kgl)(l . a67i58)72 + %2[(1 . aefisl)73)eis(k7l).
a(l)

Continuing the above process, we get the proof of (17). O

Theorem 3.2. Let k € (—oo,00)and £ > 0. Then we have

(Z) kq izsk Z SPee- p(z o (p)g'r)képfr)(l B aefise)f(rqtl))eis(kfe). (18)
@ r=0
Proof.  The proof follows from second term of (5) and (17) O

Theorem 3.3. Let k € (—o0,00) and £ > 0, then we have

1 akezs(krfé)

k _isky __
Q(Al)(a e”r) = (af — ae—5t)
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Proof. Since A aFe®* = aF e +D _ qake’**  the proof follows from (4). O
a(e)

Theorem 3.4. Let k € (—o0,00) and £ > 0, then we have

m m—1r—1 m
1 _
A { o+ Z Z m—p TP km-H} _ Zkr. (20)
k(£) r=0 r=1 p=0 r—p r=0
Proof. TFrom (3), we get A K =1—k, Ak=k+{—k*> AK*>= (k+£7?—k®and proceeding like this we get
k(&) k(£) k(€)
~1
A k™ = (k+£)™ — k™!, Adding all and then taking A on both sides we get the proof of (20). O
k(2) k(£)

Example 3.5. Taking m =5 in (20), we get
A {5£k4+(10£2+4£)k3+(10£3+6€2+3£)k2+(5£4+4£3+3£2+2£)k+(1+£+£2+€3+£4+£5)fks} = 14+k+ >+ kK.
k(0)

Corollary 3.6. Let k € (—00,00) and £ > 0, then we have

m m
-1

k40" =k =)k 21

SEITES o
r=0 r=0

Proof.  The similar proof of the Theorem 3.4 proves (21). O

Theorem 3.7. Let k € (—o0,00) and £ > 0, then we have

—1 . . .
A {(azezse . k)akezsk} — akezsk. (22)
k(€)

. . . —1
Proof. From (3), we get A afe®® = a* et +0 _ pokeisk Now taking A on both sides we get the proof of (22). O
k(€) k()

Example 3.8. Takinga=2,£=3, k=6 and s =2 in (22), we get

A (2°(2°(cos 6 + isin6) — 6))(cos 12 + i sin 12) = 64(cos 12 + isin 12).
k(£)

Theorem 3.9. Let k € (—o0,00) and £ > 0, then we have

1 . . ;
A {(alezsé(k +€) _ k2)akelsk} _ kakezsk. (23)
k(0)
) -1
Proof. Taking v(k) = ka*e*** in (3) and then applying A , we get the proof of (23). O
k(€)

Theorem 3.10. Let k € (—oo,00) and £ > 0, then we have

A ((cosal +sinal — k) cos ak + (cos al — sinal — k) sin ak) = cos ak + sin ak. (24)
k(£)

Proof. From (3), we have A cosak = cosa(k+{) — kcosak and A sinak = sina(k + £) — ksinak. Which completes the
k(£) k(£)

proof of (24). O
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Theorem 3.11. Let k € (—o00,00) and £ > 0, then we have

-1
A {(esz (cos al — sin al) — k) sin ak + (e**(cos al + sin al) — k) cos ak}eSk = (sin ak 4 cos ak)e*", (25)
k()
_Al {(ese (cos al + sin al) — k) sin ak + (e*(sin al — cos al) + k) cos ak}eSk = (sinak — cos ak)e®”, (26)
k(£)
_Al {(esz cosak — kcosa(k — E)}eSk =eF cosa(k — 1), (27)
k(£)
—1
A {(e*sinak — ksina(k — £) }e** = e** sina(k + £). (28)
k(€)

Proof. From (3), we have

A e sinak = (e* cos alsinak + e** sin al cos ak — k sin ak)e®™® (29)
k(£)
and A e cosak = (e** cos al cos ak — e** sin alsin ak — k cos ak)e®® (30)
k(£)
By solving (29) and (30), we get the proof of (25), (26), (27) and (28). O

Definition 3.12. The a, k-Fourier transform of u(k) is defined as

1 . |oo —1 . |0
F wk)=W(s)=0 A wk)e™" and F w(k)= W (s) =0 A w(k)e"* . (31)
NG a(e) a(e) -~ K(e) k(2) 0) —o0

Similarly «, k-Fourier sine and cosine transforms of u(k) are defined as

F owk)= W (s)=£ A w(k)sinsk|= and F w(k)= W (s) = £ A w(k)sinsk| (32)
as(6) s (0) a(b) ks (6) ka(0) k(0)
1 —1

F wk)= W (s)=¢ A w(k)cossk|™ and F wk)= W (s)=¢ A w(k)cossk|™ 33

ac(t) *) ac(e>( ) ) *) o ke(£) ) kcu)( ) k() *) o (33)

Theorem 3.13. Let £ >0, k € [0,00), then

£ (Afu(k)) = (e —a)" £ (Acu(k)). (34)
In particular, when a — 1 we get
F(AJu(k)) = (e " = 1)" ' F(Agu(k)). (35)
_ st
Proof. Taking w(k) = Au(k) in (15), we get F(Acu(k)) = eisfi_lF(Afu(k)). From this we can get F(AZu(k)) =

(e7** — 1)F(Asu(k)). Now taking w(k) = AZu(k), we get F(Aju(k)) = (e7"* — 1)2F(Asu(k)). Repeating this process n

times we get the proof of (34). O

Example 3.14. Taking u(k) = €* in (34) and using (31), we get

F (A7) = (e7™ — )" 1(e — 1)(7e(i8+1)k )‘OO
() ¢ elist1)l _ o )| _oo°

In particular, when n = 108 and —4 < k < 4, we have

Ue—0 — )07 (et — 1 . s
5)(A%Ogek) _ ( e(i8+1ze _(a )(64( +1) —e 4( Jrl))‘
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Theorem 3.15. Let £ >0, k € [0,00), F w(k)= W (s) and F z(k)= Z (s), then
a(e) a(e) a(e) a(l)

=a s S) an wla :l f .
B (@) +b2(k) =a W (s) +b 7 (s) and F (w(@k) = W (7)

Proof.  The proof follow from (31) and the linearity of A .
a(l)

Example 3.16. Taking w(k) =k and —2 < k < 2 in (36), then the a-Fourier transform of ak as

F (ak) = -
a(z)(a) "

ei(s/a)t _ Oé) (ei(s/a)Z _ Oé)2

L { (4 cos2(s/a) 2ie! s/ sin (s /a) }

Theorem 3.17. Let £ >0, k € [0,00), F w(k)= W (s) and F w(k)= W (s), then
as(£) as(e) ac(e) ac(l)

F w(ak):l w (f) and F w(ak):1 w (f)
as(f) A ag(l) \A ac(f) A ac(L) NG

Proof. The proof follow from (32) and (33).

Theorem 3.18. Let £ >0, k € [0,00), F g(k) = G (s), then F (g(k —a)) =e** G (s).
a(l) a(l) a(l) a(l)

Proof.  The proof follow from (31).

Example 3.19. Taking g(k) = kf) in the Theorem 3.18, using (17) and (31), we get the a-Fourier transform of (k —

as

ké2)eisk %kgl)eis(ku) 902 pis(k+20) }
eisé _ a) (eisf _ Oé)2 (eisf _ 05)3

(2)\ _ p isa
B (=) = e {

In particular, when o =2, £ =2 and 0 < k < 3, we have

6€is(3+a) 24eis(5+a) 8eis(7+a) 8eis(4+a)

Ca)®) = _ - :
aj(:;)((k )Z ) (67,'28 — 2) (eiQS — 2)2 (eiQS — 2).3 (eiQS — 2)3

Theorem 3.20 (a-Modulation Theorem). Let £ > 0, k € [0,00), we have the following

@) If F wk)= W(s) then F (w(k)cosak)= 1{ W(s+a)+ W (s—a)}
a(l) a(t) a(l) 2 o) a(l)

1
(@) If F w(k)= W (s) then F (w(k)cosak)=-{W (s+a)+ W (s—a)}
ors (£) ors (£) ors (£) 2 a0 ora (£)

. 1
(@7) If F wk))= W (s) then F (w(k)sinak)=-{ W (s+a)— W (s—a)}
s (f) s () ore (£) 2 as(0) s (0)

1
(w)If F w(k))= W (s) then F (w(k)sinak)=-{ W (s—a)— W (s+a)}
ac(6) o (®) as(6) 2 ac(o) o (0)

Example 3.21. Taking w(k) in (41) and using (13), we get the a-sine Fourier transform of e”™Fsm ek g

as(0) e=2mt — 2qe—mL cos(s — a)l + a2 e=2mt — 2qe=™L cos(s + a)l + a2

In particular, when m =5, £ =3 and 0 < k < 9, then we have

F (e~ sinak) = §{ e (e cos6(s — a) — acos9(s — a)) _ e (e cos6(s 4+ a) — acos9(s + a))
as(3) 2 e 30 —2ae 15 cos3(s — a) + a2 €30 —2ae"15 cos3(s + a) + a2
B e P cos3(s —a) -« e P cos3(s+a) -« }
e=30 —2ae~1cos3(s —a)+ a2 e 30 —2ae ¥ cos3(s+a)+a2)

Cmk . _type (e cos(s —a)(k — £) — acos(s —a)k) e ™ (e ™ cos(s + a)(k — £) — avcos(s + a)k)
F (e"™ sinak) = 5{

(36)

O

2
a)i”)

(38)

(39)

(40)

(41)

i,
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Theorem 3.22. Let £ >0, k € [0,00), F h(k)= H (s) and F g(k)= G (s), then

k(£) k(£) k(2) k(2)
1 s
h(k) +bg(k)) = b d h(ak)) = — — . 42
I (@h(k) +bg(k)) = a H () +b G () and P (h(ak)) = 1 () (42)
Proof.  The proof follow from (31) and the linearity of A . O
k(£)

Example 3.23. Taking h(k) = a*(a*e** — k) in (42), using (31) and (22) we get k-Fourier transform of a*(a*e*** — k) for
—5<k<5is

F (ak(aZeisZ _ k)) — z(a5ei5s _ (1_5€_i55).
k(€)

From this we can get the k-Fourier transform of a®® (aee“[ — ak) is

= (a™*(a'e™" — ak)) = é{cosE)(s/a)(am —1) 4 isin5(s/a)(a'® +1)}.

Theorem 3.24. Let £ >0, k€ [0,00), F h(k)= H (s) and F h(k)= H (s), then
ko (€

s(8) ks (£) ke (€) ke (€)
1 s 1 s
h(ak) = — — d h(ak) = — - 43
ot =ty () et g e =, 1, ) )
Proof.  The proof follow from (32) and (33). O

Theorem 3.25. Let £ >0, k€ [0,00), F g(k) = G (s), then F (g(k —a)) =™ G (s).
k(€) k(€) k(2) k(€)

Proof.  The proof follow from (31). O

Theorem 3.26 (k-Modulation Theorem). Let £ > 0, k € [0,00), we have the following

(@) If F h(k)= H(s) then F (h(k)cosak)= 1{ H(s+a)+ H(s—a)} (44)
K(¢) k() 10) 2 “k(0) k(6)

(@) If F h(k)= H (s) then F (h(k)cosak) = l{ H (s+a)+ H (s—a)} (45)
ks (0) ka(0) ks (0) 2 k(o) ka(0)

Gid) If F h(k)= H (s) then F (h(k)sinak) = ~{ H (s+a)— H (s—a)} (46)
ks (€) ks (£) ke () ks(€) ks(£)

(iw) If F h(k)= H (s) then F (h(k)sinak)= 1 H(s—a)— H (s+a)} (47)
ke (€) ke (€) ks (€) 2 ke (o) ke (€)

Theorem 3.27 (Relationship between Laplace and Fourier Transform). Let £ > 0, w(k) = e P*g(k) for k > 0 and w(k) =0

for k <0, then F w(k)= L g(k). In particular, when o — 1 we get F(w(k)) = L(g(k)).
k(£) a(l)

Proof. From (31), we get

isk |
0

isk 0 -1
+¢ A w(k)e

—o0 a(e)

F wk)=1¢ _Al w(k)e
a(l) a(l)

Which gives
1 . %)
F wk)=10 A e PFei*
a(6) a ()

0

Which completes the proof of the theorem. O

4. Conclusion

By using Fourier transform we get only one output for input. But by using the a and k-discrete Fourier transform we can

get different outputs by varying the value of a for given inputs.
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