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1. Introduction
Let V,, be a C* differentiable manifold and F' be a C*°(1,1) tensor on V, such that
FP* L p=0 (1)

we define the the projection operators [ and m on V,, by

l=—F%, m =1+ F* (2)
from (1) and (2), we get
l+m=1I 1?=1, m*=m, Im=ml=0, IF=Fl=F, Fm=mF =0, (3)
where I denotes the identify operator.
Theorem 1.1. If rank((F)) = n then
l=1,m=0. (4)
Proof.  from the fact
rank((F)) + nulity((F)) =dimV,, = n (5)
Thus
nulity((F)) = 0= ker((F)) ={0} (6)

Thus FX =0= X =0. Then FX; = FX; = F(X; — X2) =0= X; = Xy or Fis1— 1. Moreover V, being finite

dimensional F is onto also F is invertible operating F~* on FI = F and mF = 0, we get (4). O
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Theorem 1.2. If rank((F)) =n —1 then
= 1—A®T, m=A&T, AoF =0, FT = 0.
Proof.  From (1)

F(F*+1) =0

Let

F* L 1=AQT

From (8) and (9)

FI'=0

Also from (2) and (9)

l=—F*—T1_A®T

m=—-F'4+I1=A@T

From (5) and (6)

F*X 4+ X =AxT
F*H X 4 FX = A(FX)T
0=A(FX)T
Thus AoF = 0.

Theorem 1.3. Let the operator m and F satisfying

m?> =m, Fm=mF =0, (m+ F*)(m—-F" =1

Then we get (1).
Proof.  From (m 4 F*)(m — F¥) =1
m® —mF* + Ffm — F?* =1

m—-0+0—F*=7

F¥* L F=0

(10)

(11)
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2. Metric F-Structure

If we define
'F(X,)Y)=g (FX,Y)
is skew-symmetric. Then
g(FX,)Y)=—g(X,FY).

Theorem 2.1. The definitions in (12) and (13), we have
g (F*X,F'Y) = (-1)" [g(X,Y) = ‘m (X, Y)]

where

'm(X,Y) =g (mX,Y) =g (X,mY).
Proof.  From (2), (3) and (13), (15), we have
g (F’“X, F’“Y) = (—1)kg (X, F%Y)
= (=1)"g (X, 1Y)
= ()" (X,(I-m)Y)
= (=)' g(X,Y) — g (X,mY)]
= ()" [g(X,Y) — g (mX,Y)]

= ()" [g(X,Y) = m(X,Y)]

Theorem 2.2. {F, g} is not unique.
Proof. Let
pF' = Fp, g(X,Y) = g(uX,pY)
Then from (1) and (2), (3), (18)
PF2REL Rl p
or
FPM 4 F =0

Also

"G(F* X, F*Y) = g(uF'™" X, uF™*Y)
= g(F"uX, F*puy)
= (—1)"g(uX, F**uy)
= (=1)"g(uX, ~luY)
= (=) g(uX, luY)

= (-1 g(uX, (I — m)py)

= (=1 [g(uX, uY) — g(uX, muY)]

= (=1 [g(x,7) = 'm(X, )]

(12)

(13)

(14)

(15)

(16)
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O
3. Induced Structure f
Define
fX'=FX' for X' €l* (22)
Theorem 3.1. If f satisfying (22) and (1) then {fk} 18 an almost complex structure.
Proof. From (2), (3) and (22)
X = FPrx (23)
=-1’X'
=X’
Thus { fk} as an almost complex structure on [* Also
,ul/ — *[LFIQk (24)
— ¥y
pm' = p(I+ F™") (25)
=pu + ,U'F/2k
=p+F*p
= (I +F*")u
O
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