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1. Introduction and Preliminaries

The study of stability problems for functional equations is related to a question of Ulam [28] concerning the stability of
group homomorphism’s was affirmatively answered for Banach spaces by Hyers [14] for linear mappings and by Russians for
linear mappings by considering an bounded Cauchy difference. The articles of Russians have provided a lot of influence in
the development of what we now call generalized Ulam-Hyers stability of functional equations. The terminology generalized
Ulam[28]and Hyers [14] stability originates from historical backgrounds. The terminologies are also applied to the case of
other functional equations. Over the last seven decades, the above problem was talked by numerous authors and its solutions
via various forms of functional equations like, additive, quadratic, cubic, quartic and mixed type functional equations were
discussed. We refer the interested readers for more information on such problems to the monographs of [4,6,9,11,13]. One

of the most famous functional equation is the additive functional equation

fle+y) = f@)+ fy) (1)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real - valued functions. It is often called Cauchy

additive functional equation in honor of A.L. Cauchy. The theory of additive functional equations is frequently applied to
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the development of theories of other functional equations. Moreover, the properties of additive functional equations are
powerful tools in almost every field of natural and social sciences. Every solution of the additive functional equation (1) is

called an additive function. The quadratic function f(z) = ca? satisfies the functional equation

fle+y)+f(@—y) =2f(x) +2f(y) )

and therefore the equation (2) is called quadratic functional equation. The solution and stability of the following mixed

type additive-quadratic functional equations

(@ +2y) + f(z—2y) +8f(y) = 2f (=) +4f(2y) (3)
flx+ay) +af(x—y) = flx—ay) +af(z+y) (4)
fRetytz)=2f(—eTFyTz)—2f(FyF2)+f(xyLtz)+3f(x)— f(-x) (5)

fl@+2y+32) + f(z — 2y +32) + f(@ + 2y — 32) + f(z — 2y — 32) = 4f(2) + 8[f(y) + f(—)] + 18[f(2) + f(=2)] (6)

were discussed by G.Zamani Eskandani [29], M.Arunkumar, J.M.Rassias [5], S. Murthy et.al., [19] and M.Arunkumar,
P.Agilan [10]. Now in this paper, we introduce that the general solution and generalized Ulam-Hyers stability of a generalized

a,b,c,d-type Additive Quadratic functional equation of the form

@ Yy ) g (Yo Py ) g (G by ) g (%t Dy C2) = Yg) — g(—2)] + L) — 9(—w)]
g(grt oyt gz)ta(ge—cytgz) gl gety—g2)+o(—pr+ vty plo(x) —g 2l9w) —9(~y

C a

+ S92) — 9(=2)+2 (5) To(2) + 9(=2) +2 (3)  [o(@) + g(~2)] +2 (b> l9(y) + 9(~)] (7)

Ulo

where a,b,c,d are positive integers with a # b # ¢ # d # 0, in Banach spaces and Banach Algebras using two different

methods.

2. General Solution of The Functional Equation (7): When g is Odd

In this section, the general solution of the functional equation (7), for odd case is discussed. Throughout this section, let us

consider X and Y to be real vector spaces.

Theorem 2.1. If an odd mapping g : X — Y satisfies the functional equation

g(x+y) = g(x) + g(y) (8)

for all z,y € X, if and only if g : X — Y satisfies the functional equation

G by C) g (Y=l ) 4 (et By — o) g (=Lt By o) = Lgla) — g(—a)) + Llg(y) — 9(=1)]
I\ T T TIT T T TIT T Tt TI\ Ty T I\ I W T 9y
2
a C

+ Sl9(z) — 9(=2)] +2 (%) [ot@) + g(~2)] +2 (") l9() + 9] +2(5) [o(2) + 9(~2)] (9)

Ul o

forall z,y,z € X.
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Proof. Let g: X — Y satisfies the functional equation (8). Setting (x,y) by (0,0) in (8), we get g(0) = 0. Replacing

(z,y) by (x,z) and (z,2x) respectively in (8), we obtain

9(2z) = 2g(z) and g(3z) = 3g(x) (10)

for all z € X. In general for any positive integer a, we have

g(ax) = ag(z) (11)

for all x € X. It is easy to verify from (11) that

9(a*x) = a*g(x) and g(a’z) = a®g(a) (12)

for all z € X. Replacing (z,y) by (%z + 2y, £2) in (8) and using (8), (11) and (12), we get

a b c a b c
g (Fo+ 2 5) = (5) @)+ (2) ot + (5) 00 (13)
for all z,y,z € X. Again replacing z by —z in equation (13) and using oddness of g, we obtain
g(%a+ly-<2) = (g) g@)+ (2) gty) - (E) 9(2) (14)
b c d b c d
for all z,y,z € X. Also replacing y by —y in (13) and using oddness of g, we get
o( %= 2y+ S2) = (D)o@~ (2) o)+ (£) ot2) (15)
b c d b c d
for all z,y,z € X. Finally replacing by —z in (13) and using oddness of g, we obtain
o(~SetlytSe) = (D)o + (1) o)+ (5) a2 (16)
b c d b c d

for all z,y,z € X. Adding the equations (13), (14), (15) and (16), we have

G b Y (P b S (Pt by ) o (— ey by Gl
I\ T YT ) TIT T T ) TINGT T T ) I U T T g

—2(5) a0 +2 (%) st +2(5) ) a7)

for all z,y,z € X. Using oddness of g in (17) and remodifying, we arrive

9 P Y (Yl o (Y by g~ by C
INGPT YT ) TIBT T T TINGT T TR IR T Y T

l9() — 9(~2)] + 2lg(y) — 9(~9)] + lo(2) — 9(~2)] (18)

SylS]

for all z,y,z € X. Adding 2 (%)29(:5) + 2 (%)Qg(y) + 2 (5)29(z) on both sides, remodifying and using oddness of g, we

reach (9) as desired.
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Conversely, g : X — Y satisfies the functional equation (9) using oddness of in (9), we arrive
G b Y (P by Y (Pt by ) (— ey by Gl
AR A B W o B W e L R P
a b c
—2 ()o@ +2(2) st +2(5) 90 (19)

for all z,y, 2z € X. Replacing (z,y, z) by (x,0,0), (0,z,0) and (0,0, x), respectively in (19), we obtain

13~ (o0 (22) - (2t i o(22) - (ot

for all z € X. One can easy to verify from (20) that

g((sf)i) )

for all z € X. Replacing (z,y, z) by (ﬁ, ﬁ, 0) in equation (19) and using oddness of g and (21), we arrive our result. [
) (e

L g(@)i=1,2,3 (21)

(5)’

3. General Solution of the Functional Equation (7): When g is Even

In this section, the general solution of the functional equation (7) for even case is given. Throughout this section, let us

consider X and Y to be real vector spaces.

Theorem 3.1. If an even mapping g : X — Y satisfies the functional equation

g(x +y)+ g(z —y) = 29(x) + 29(y) (22)

for all z,y € X if and only if g : X — Y satisfies the functional equation

O U N (P Y o (Ca Yy S o (% Py Cs
I\GPT YT ) I T T )T T ) IRt Ty

= %[9(1:) —g(—z)] + g[g(y) —g(=y)l+ 2[9(2) —g(=2)]
+2(5) ) + o +2 (1) o) + gt +2 (§) lo6e) + gl (23)

forall x,y,z € X.

Proof. Let g: X — Y satisfies the functional equation (22). Setting (z,y) by (0,0) in (22), we get g(0) = 0. Replacing y
by = and y by 2z in (22), we obtain

9(2z) = 4g(z) and g(3z) = 9g(x) (24)

for all z € X. In general for any positive integer b, such that

g(bz) = b°g(x) (25)

for all x € X. It is easy to verify from (25) that

g(b°z) = b'g(z) and g(b’z) = b°g(x) (26)
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for all x € X. Replacing (z,y) by (%:E, %y) in (22) and using (22), we get
2

g (%w + gy) +9 (%w - %y) =2 (%)29(32) +2 (g) 9(y)

for all z,y € X. Setting (z,y) by (%, $2) in (22) and using (22), we obtain

C

(o 5 ra (e ) =2 () o 2(5)

for all z,z € X. Replacing (x,y) by (%y, gz) in (22) and using (22), we have

()5 =2 () =25

for all y, z € X. Adding equations (27), (28) and (29), we arrive

N R A (9x+sz)+ (zx,zz)+ b ) ol Cs
INGPTEY)TINGT T Y TIGT TG IR T R) TINY TR I\ T g

2

a\? b c\2
—1(5) s+ () s+ () a2
for all x,y,z € X. Replacing (z,y) by (%x + %y, %z)in (22), we get
@ Py ) rg (et by o) — g (Yt ) 42 (fz)
T\ T TaT) TG T T dT) T\t TG

for all z,y,z € X. Setting (z,y) by (Sz, $o — 2y) in (22), we obtain

C

W OISO Y (- JUODN U0 RN ( Z)H a b
I\GT YT aT) I Ty Y T d) T\ I\ Y
Replacing (z,y) by (%y, T+ %z) in (22), we get

@t Py S ) g [~ Yy — ) =2 () 42 (9m+5z)
I\ T T TINTRT T T dT) TN TG T

for all z,y,z € X.

for all z,y,z € X. Setting (z,y) by (2y, 4z — £2) in (22), we obtain

IR R P [ (R Y +2g (S0 - 52)
INpPT YT q7) TINTRE T YT R ) T INp* " 4

Replacing (z,y) by (%, %y + £2) in (22), we get

G b g (Ce by ) 2o (Em)+2 b, g,
I\ TV TR) I T T ) TG I\ T

for all z,y,z € X.

for all z,y,z € X. Setting (z,y) by (%z, 2y — £2) in (22), we have

O Y (o _2(9)+2 b,_¢
I\ T) I T T ) TG IV T4

for all z,y,z € X. Now multiply by 2 on both sides of (30), we obtain

a b a b
2g(fx+gy>+29<gw—zy>+29(b p] b

b
=85 s+ (2) 0045500

(27)

(28)

(29)

(30)

(31)

(32)

(33)

a c a c b c b c
—T + fz) + 29 (fx — EZ) +2g <Ey+ EZ> + 29 (Ey - EZ)

37)
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for all z,y,z € X. Adding g (%z) on both sides of (37), we get
2 gx—l—é +2( )+2 a:—é +2 (gx—‘,—fz)—&—Q ( x—fz)+2 é—l—Ez
I\ T V)T I\ V)T T I\ d I\ T

129 (gy - Sz) -8 (%)2 g(z) +8 (i’)Q 9(y) +8 (5)2 g9(2) +2g (22) (38)

for all z,y,z € X. Using (31), (36) in (38), we arrive
a b c a b c a c c
g(Em—i-Ey—i-az) —&-g(Ex—l-Ey— 3,2) +Zg(bx—az) + 29 (Zx—i— az) +2g(bm—a )

w2g (B Se) va0 (Bu-52) =5(5) o) 48 (‘;)29@ +8(9) 0 +2(5) 0 (39)

for all ,y,2 € X. Adding 2g ($z) on both sides of (39), we get
9x+9 +Ez + erb - +2( )+2 xfé +2 (gx+gz)+2 ( atfgz)
I\ T TaT) TR T I\d I\ Y) Ty I\b" " d

b c b c a\?2 b\ > c\? c
+2g (Ey—l-az) +2g (Ey— Ez) —8(5> g(x)+8 (E) g(y) +10 (3) 9(z) +2g (EZ) (40)
for all z,y,z € X. Using (32) in (40), we arrive

IR 0 9+é_£+(9+e_£)+ C,_% .0t
ING"TYTE)TIT T T )TIGT TR T ) TG T T Y
+29(9a:+gz)+2g( :r—fz)+2g éy—!—Ez + 29 éy—gz
b d b d c? ' d ¢’ d
a\? b\ 2 2
=5(5) @45 (%) o +12(5) 002 (a1)
for all z,y,2 € X. Adding 2g (%y) on both sides of (41), we get
G b Y (Pt by S (P by ) (e by Gl
INGPT YT ) IR T T ) TINGT T YT IR T T g
+2g(2y) +2 <9x+fz)+2 ( m—fz)-&-? Oy ) rog by
I\Y) T T g I\p" T 4 I\ T4 IV T4
a\?2 b\? b c\?2
=5 (5) @+ (2) o +20 (%) +12(5) 002 (42)

for all z,y,z € X. Using (33) in (42), we arrive
LN FUUIR 0 PR - SRR SV NSRS DU YU I S RIS
I\ T YT ) TIT T T dE) I\ T ) Iy T T
Eeré +£z + ffx+b - +2 ( :rffz)+2 b +Ez +2 by ¢
I\ T ) TITY T T I\ I\ T I\ T

—38 (%)2 g(z) + 10 (i)2 g(y) + 12 (2)2 9(2) (43)

for all z,y,z € X. Adding 2¢ (gy) on both sides of (43), we obtain

@ b Y (Pt by S (P by S~ ey by Gl
I\ T YT ) TIT T T )TINGT T YT ET) IR T g
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(e by S g~ %y by ) o (9 _£)+2 b
I\ T T ) TINTRT T T aT) TG T at) TG
b c b c a\? b\ 2 b c\?2
+2g <5y+32)+2g (g;—y) 78(*) g(z) +10 (E) 9(y) +29 (Ey>+12 (8) 9(z)

for all z,y,z € X. Using (34) in (44), we arrive

L N o DO Y (WO R (M S
I\ TV TGE)TINGT T TG TIGTT T ) TIUTRT T TR

v (e by S o (=% by ) g (Ca byl
I\ T T )T TR T ) TG T Y T d
v (e by o) vy (Pys Ca) v ( 2y S
I\ T T I\ T a I\ d

a\? b\ 2 c\?2
=5 (5) @ +12(2) ) +12(5) a0
for all z,y,z € X. Adding 2¢ (% )on both sides of (45), we get
O I (WL PR W (N SPTCO RPN B S S
INGPT YT ) TIGT T T )TINGT T YT IR T T
b Cea by S (- % by ) g (G by
I T TGE) IR T T ) TINGT T T
+ —gw—i—é +5z2) 42 (93[:)4-2 b +oz)+ b —72
g(—pz+ v+ 9 (3 g vty 29 v

:8(%)29(:E)+12 (i)Q ()+12( ) +29<aa:>

for all z,y,z € X. Using (35) in (46), we arrive

for all z,y,z € X. Adding 2g (%z) on both sides of (47), we have

LN FUUPIR o PR - DRI SV ASFRY DU YRR I SO SRR SOOI
I\ T YT 7)) TINGT T T ) TIGT T YT IR T Y T g

d

TP (L Y (LS (gaz)—i—Q b, <,
I\ T YT 7)) I T Y T I\p I\ T4

- 10 (%)29(23) +12 <Z)2

to (%ot 2yt Se) bg (2ot 2y—So) hg (Lot 2y— ) v (Lot Byt S
A I T a®) I\t ) I T T Y T

o) +12 (5) g() + 20 (%)

)

(45)

(46)

(48)
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for all z,y,z € X. Using (36) in (48), we arrive
O N (WL PR W (PSP ISP B I S
I\ T YT TINGT T T ) I T T ) I Ty T YTy
(e by S (% N o (Per by ) (e s
I\ T YT g%) T P A I\ T T %) TI Ty T T
(% 2yt S o (=% P ) g (Yt by ) g (% by s
I\ T YT gE) T T YT INB* T T E) I T Ty
a\?2 b\? c\?2
=12(3) gl +12 (E) g +12(5) 9(2) (49)
for all z,y,2 € X. Using evenness of g in (49), we have
G b Y (P b Y o (Pt by ) g (— ey by Gl
INGPT YT ) TIRT T T ) TINGT T T ) I U T Y T g
4 (%) (1) 4()
—1(5) w44 (L) s +a(5) a2 (50)
for all z,y,z € X. Using evenness of g in (50) one can get,
G Y (Pt S (P by ) (e by Gl
I\ T T TINGT T T ) TRt T a) T Ty T Y T
2(2) 2 () 2 (<)’ 51
—2(3) "t + a0+ 2 (%) )+l +2(5) lo6e) + 9(-2) G1)

for all z,y,2 € X. Adding £g(z) + %g(y) + £ 9(2) on both sides of (51) and using evenness of g, we desired our result.

Conversely, g : X — Y satisfies the functional equation (23). Using evenness of g in (23), we have
G b Y (P b S (Pt by ) g (— e by Gl
AR A B W R o B W A L R L

=1 (8 0w +4(2) 0w +4(5) 5 (52)

Setting (z,y, z) by (z,0,0), (0,z,0) and (0,0, z)in (52), we obtain

g (%x) = (%)29(96); g (gy> = <i)29(x) and g (22) = (5)29(%’) (53)

for all x € X. It is easy to verify from (53), that

g <f1) = j Zg(x)31:172a3 (54)
)/ (%)
for all € X. Replacing (z,y, z) by (ﬁ, ﬁ, 0) in (52) and using evenness of g and (54), we desired our result. O
) (e

For sections 4, 5 and 6, let us consider X and Y to a normed space and a Banach space. Define a mapping Dg : X — Y by

a b c a b c a b c
Dg(z,y,z) =g Pt Yt gF) Ta gyt ) Tal gt v R

for all z,y,z € X.
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4. Stability Results for (7): Odd Case-Direct Method

In this section, we present the generalized Ulam-Hyers stability of the functional equation (7) for odd case.

Theorem 4.1. Let j € {—1,1} and a: X* — [0,00) be a function such that

kj a\kJ a\kJ kj a\kJ
Y, (+ z [ 3 €, Y 3 z
) @) ) converges in R and lim ( ) ( )k (%) ) =0 (55)
k— o0 ( ) J

e | ol

< a((2)" x,(
PR

k=

ol | e

)

for all x,y,z € X. Let go : X = Y be an odd function satisfying the inequality

| Dga(z,y,2) || < al(z,y,2) (56)
for all z,y,z € X. There exists a unique additive mapping A : X — Y which satisfies the functional equation (7) and
a\ki
1 o (0% (5) Z, 07 0
I ga(2) = Al@) | < 573 > ( —7% ) (57)
(3) k=151 (3)
for all x € X. The mapping A(zx) is defined by
a\kJj
Ga |\ 3 T
A(z) = lim ((b - ) (58)
k— oo (2) J
b
forallz € X.
Proof.  Assume that j = 1. Replacing (z,y,2) and (z,0,0) in (56) and using oddness of g,, we get
a a
o (22) -2(2) o] <t o
for all x € X. It follows from (59) that
9o (32) a
= —ga(z) | £ —(2,0,0) (60)
(%) 2(%)
for all z € X. Replacing = by (%) z in (60) and dividing by (%), we obtain
ga (c7) _ 9a(52) a_((a
- < —),0,0 (61)
Cummon EHENORY
for all z € X. It follows from (60) and (61) that
‘ 9a (c2) —ga(z) || < ! |:oz(x 0,0) + a ((7)1: 0 O):| (62)
(2) ~2(35) (§) \o
for all x € X. Generalizing, we have
a k a a
g () 2) | 1 ra((®fe00) = a(($)00)
ga(x) — — < 57a — §2az — (63)
(%) (%) k=0 (%) ($) k=0 (%)




Solution and Stability of a,b,c,d Mixed Type Functional Equation in BS (Banach Space) and BA (Banach Algebra) Using Two Different
Methods

for all z € X. In order to prove convergence of the sequence

i)

Replace z by (%) z and dividing (%)l (63), for any k,1 > 0, to deduce

SiS)

Ja ((
(

)z a K+l BY

Sl
U"

- e () - =
)

o k-l
1 nfla((g w,0,0)
< — (64)
WE (5
o k4l
1 >« ((3) .’E,0,0
< — —0as |l — o (65)
IOP T

a k(L‘
for all x € X. Hence the sequence {M} is a Cauchy sequence. Since Y is complete, there exists a mapping

A: X — Y such that

ark
((z) W)
)k

Letting & — oo in (63), we see that (57) holds for all x € X. To prove that A satisfies (7), replacing (z,y,z) by

A(z) = lim VzelX.

k— o0 ( ’

oo

((Q)km, (ﬁ)ky, (%)IC z) and dividing (%)k in (56), we obtain
1

A RAOROROB] BEN(OROMOS

for all z,y,z € X. Letting k — oo in the above inequality and using the definition of A(x), we see that

DA(z,y,z) =0.

Hence A satisfies (7) for all z,y,z € X. To show that A is unique, let B(z) be another additive mapping satisfying (7) and

(57), then

| A(z) — B(z) ||

IN

ay kL
1 & 0‘((3) ,0,0
< - —0 as | - o0
TOP T

for all z € X. Hence A is unique. Now, replacing = by ﬁ in (59), we get
b

29 () —2( < o )H < g 0) (66)
b b

ga(z) — (%) Ja (é) H < %a <("§) 0, 0) (67)

for all x € X. The rest of the proof is similar to that of 5 = 1. Hence for j = —1 also the theorem is true. This completes
O

for all z € X. It follows from (66) that

the proof of the theorem.
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The following corollary is an immediate consequence of Theorem 4.1 concerning the stability of (7).

Corollary 4.2. Let A and s be a nonnegative real numbers. Let an odd function g, : X — Y satisfying the inequality

A
I Dga(z,y,2) 1 < § X(lzlI* + ylI° + ] 21I°), s 1: (68)
Azl Iyl =0+ (P + Iy P+ 121, s#3

for all x,y,z € X. Then there exists a unique additive function A : X —'Y such that

|
W ool »w —

|
—~l=
e
—
W
o

N
—~

8

| ga(z) — A2) || <

~—1|
4
—~
D
o
~

8
@

— = =
|
— —~= =

s
—~
Ry SRy e

LN
—

forallz e X.

Proof. If we replace
A
a(z,y,2) = Al + Iy I+ 1=1%; (70)
Ay 1z 07+ {1+ Ty 1P+ 1= 17 5

in Theorem 4.1, we arrive (69). O

5. Stability Result for (7): Even Case-Direct Method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (7) for even case.

Theorem 5.1. Let j € {—1,1} and a: X* — [0,00) be a function such that,

a\ki a\kJj a\kJj a\ki a\kJj a\kj
o ((8)7 2, (8) v (5)" 2) (@Y e ) (9)2)
Z —7 converges to R and kll}m — =0 (71)
k=0 (3) = (3)
for allz,y,z € X. Let g4 : X =Y be an even function satisfying the inequality,
| Dgq(z,y,2) || < a(z,y, 2) (72)

for all z,y,z € X. Then there exists unique quadratic mapping Q : X — Y which satisfies the functional equation (7) and

L= a((®e00)
H%@—Q@WS4GM2; B (73)
for all x € X. The mapping Q(x) is defined by
9a (E)kj z
Q(z) = Jim (ab - ) (74)
7 (%)

forallx e X.
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Proof.  Assume that j = 1, replacing (z,y, 2) by (z,0,0) in (72) and using of evenness of g, we get

i (3)) - +(2) mio

for all z € X. The rest of the proof is similar to that Theorem 4.1. O

‘ < a(z,0,0) (75)

The following corollary is an immediate consequence of Theorem 5.1 concerning the stability of (7).

Corollary 5.2. Let A and s be a nonnegative real numbers. Let an even function gq : X =Y satisfying the inequality

A
| Dgq(z,y,2) | < ¢ Xz P+ 1yl°+21°); s # 2 (76)
AUl Ty I 21"+ {11+ Ny 1P+ 1 211%°}) 5 s # 2

for all x,y,z € X. Then there exists a unique quadratic function Q : X — Y such that,

A
af(g)" 1]’
S CIER fre e

Al |®

k]

forallzx e X.

6. Stability Results for (7): Mixed Case-Direct Method

In this section, we intoduce the generalized Ulam-Hyers stability of the functional equation (7) for mixed case.

Theorem 6.1. Let j € {—1,1} and o : X® — [0,00) be a function satisfying (55) and (71) for all z,y,z € X. Let

g: X =Y be a function satisfying the inequality
| Dg(z,y, 2) || < e, y,2) (78)

for all x,y,z € X. Then there exists a unique additive mapping and a unique quadratic mapping Q : X — Y which satisfies

the functional equation (7) and

1
l9(z) = Alz) = Q@) || < 5 2

ETER T S i
for all x € X. The mapping A(x) and Q(x) is defined in (58) and (74) respectively for all x € X.
Proof. Let go(x) = W for all x € X. Then g,(0) = 0 and go(—x) = —go(x) for all z € X. Hence,
| Dgola.5.2) | < & (1 Dgoe,.2) I + || Do, —y, —2) [}y < 22 A0, 72) (50)
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for all z,y,z € X. By Theorem 4.1, we have

a\kJj a\ki
1 e a((g) x,0,0) a(— (g) :E,0,0)
lgo(z) = A@) || < v 5 + W (81)
4(3) k=151 ()" ()"
for all z € X. Also let, ge(z) = W for all z € X. Then g.(0) = 0 and ge(—z) = ge(z) for all z € X. Hence,
1 0(937%2) a(_m7_y7_z)
1 Dge(z,y,2) || < 5 {ll Dga(z,y,2) | + | Dga(—2, —y, =2) I} < =+ 5 (82)
for all z,y,z € X. By Theorem 5.1, we have
a\kJj a\ki
1 o a ((E) x,0,0) e’ (— (g) ;r,0,0)
ng(x) - Q('T) H S a2 Z an 2kj + an 2kj (83)
8(%) he i (%) (%)
for all x € X. Define
9(x) = ge(x) + go(—2) (84)
for all x € X. It follows from (81), (83) and (84), we arrive
[ g(z) — A(z) = Q@) [| = | ge(x) + go(—2) — A(z) — Q() ||
< llgo(—=2) = A@)|| + [ ge(x) — Q(=) ||
1 i a((%)kj:c,QO) a(— (%)kj :c,070)
- a a\kj a\ki
4 (b) k:% (Z) (3)
a\kJj a\ki
1 e O[((z) 1',0,0) Of(— (E) x,0,0)
+ a2 Z a\2kj + a\2kj (85)
8(%) ho 1o (%) (%)
for all x € X. Hence the theorem is proved. O
Using Corollaries 4.2 and 5.2, we have the following corollary concerning the stability of (7).
Corollary 6.2. Let A and s be a nonnegative real numbers. Let a function g : X — Y satisfying the inequality
A
| Dg(z,y,2) 1< Xz +1yl*+ 1 z]); s#1,2; (86)
AUz Hy 120+ e 1P+ Ty 1P+ 1= 17 5 §# 553

for all x,y,z € X. Then there exists a unique additive mapping A : X — Y and a unique quadratic mapping @ : X — Y

such that
i 21(%)2—1\] ’
loe) = 4(6) = QI < | 255 | eyt + | o
Al |®® 1 1
e * )
forallzx e X.
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For Sections 7, 8 and 9, let us consider W and B to a normed space and a Banach space, respectively. Define a mapping

Dg: W — B by

for all z,y,z € W.

7. Fixed Point Stability Results of (7)

The following theorems are useful to prove our fixed point stability results.

Theorem 7.1 (Banach contraction principle [37]). Let (X, d) be a complete metric spaces and consider a mappingT : X — X

which is strictly contractive mapping, that is,
(A1) d(Tz,Ty) < d(z,y), for some (Lipschtiz constant) L < 1, then,

(i) The mapping T has one and only fized point ©* = T(z*).

(i) The fized point for each given element x* is globally contractive that is

(A2) lim 7(#) g = ¥, for any starting point x € X.

(§)~=

(iii) One has the following estimation inequalities,

(A3) d (T(%)m@*) < 1d (T(%)LT(%)“:K) .V (

1

)>0, VzelX.

SE]

(As) d(z,z") = 27d (2, 2%), Ve € X.

Theorem 7.2 (The Alternative Fixed Point [37]). Suppose that for a complete generalized metric space (X,d) and a strictly

contractive mapping T : X — X with Lipschtiz constant L, then for each given element v € X either,

(Br) d (T2, 7(8)710) =0, v (3) > 0.

(B2) There exists a natural number ( )0 such that,

a
(i) d(T($) 2, T(8)112) < 0o for all V (%) > 0.

(ii) The sequence {T(%)x} is convergent to a fized point y* of T,

(#i) y* is the unique fized point of T in the set Y = {y eY;d (T(%)om,y) < oo}

(iv) d(y*,y) < 725 d (y,Ty) for ally €Y.

8. Fixed Point Stability of (7): Odd Case-Fixed Point Method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (7) for odd case using fixed

point method.
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Theorem 8.1. Let g, : W — B be an odd mapping for which there exists a function o : W — [0,00) with the condition

EIGEIONTOR
lim T
horee (%)
where
@i
T 1
:1.
) T

such that the functional inequality

| Dga(z,y,2) || < alz,y, 2)

for all x,y,z € W. If there exist L = L(i) such that the function

x — B(x) = %a <(f),07 0)

has the property,
1
;ﬂ (mz) = LB (z)

=0

(88)

(90)

for all x € W. Then there exists a unique additive function A : W — B satisfying the functional equation (7) and

[ ga(z) = A(z) || <

L)

holds for all x € W.

Proof. Consider the set

X ={P/P:W — B, P(0) =0}

and introduce the generalized metric on X.

d(p,q) = inf{K € (0,00) : || p(z) — q(z) | < KB(z),z € W}.

It is easy to see that (X, d) is complete. Define T': X — X by

Tp(z) = %p(mw)

k3

for all z € W. Now p,q € X,

d(p,q) < K = ||p(x) —q(2) || < Kp(),

= H plona) — alon) ' < LKme),
= || Tp() - Ty(a) || < LEB(z),

= d(Tp,Tq) < LK.

(91)

xz e W,
x e W,

z e W,

This implies d(Tp, Tq) < Ld(p,q) for all p,q € X. (i,e.,) T is strictly contractive mapping on X with Lipschtiz constant L.

It is follows from (59) that

o (32) -2 (§) )] <t

(92)
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for all z € W. It is follows from (92) that
9a (3T 1
Ga (ib) - ((ab) ) < (g) a(xv 07 0) (93)
b b
for all x € W. Using (90), for the case ¢ = 0, it reduces to
a 1
9a(®) = 75590 (77) || < o5 B(@) (94)
($) (52) (%)

for all z € W. (i.e.,) d(ga,Tg9a) < ﬁ =d(ga,Tga) < (i) =L = L' < co. Again replacing = - in (92), we get
5 B

(%)

<la (I,0,0> 95
=2\ )

Sl

for all z € W. (i.e.,) d(ga,Tga) < 1 =d(ga, Tgs) < 1= L° < co. In above case, we arrive
d(ga, Tga) < L'
Therefore (B2(i)) holds. By (Ba2(i7)), it follows that there exists a fixed point A of T in X, such that

k
A(z) = lim w

. VYzeWw (97)

In order to prove A : W — B is additive. Replacing (z,,2) by (nfz,n¥y,nFz) in (93) and dividing by 7¥, it follows from
(88) and (97), we see that A satisfies (7) for all z,y,z € W. Hence A satisfies the functional equation (7). By (B2 (ii)), A

is the unique fixed point of T" in the set,

Y ={ga € X :d(Tga,A) < c0}.

Using the fixed point alternative result, A is the unique function such that, || go(z) — A(z) || < KB(z) for all x € W, and
k > 0. Finally by (Bz(iv)), we obtain

1
as Si ay a
d(ga, A) < 77 d(9a:T9a)

(i-e.,) d(ga, A) < ?1:; Hence, we conclude that

[ ga(z) = A(z)[| < Blx)

1-L
for all z € W. This completes the proof of the theorem. O

Corollary 8.2. Let g, : W — B be an odd mapping and there exists a real numbers X and s such that,

A,
| Dga(x,y,2) | < § Mlz | +1yl*+lz]°}; (98)
Mz P Ty llP 121+ e 1P+ 1y 1P+ 1217}
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foral z,y,z € W.

There exists a unique additive mapping A : W — B such that

A
2 (§)-1]
| 9a(@) =A@ < § st S 7! (99)
Al 1
T6)-r ] 7
forallz e W.
Proof.  Setting
A
a(z,y,2) = 9 Mz "+ 1y "+ 121}
MUzl Ty 1T =1+ {2 1P+ 1y 1P+ 1217}
for all z,y,z € W. Now
A
a (nfz,niy,ni'z) ! . . .
— ) ar Ul Tty [Tl = (7
s s s 3s 3s 3s
2l " kg 1" flnk =117 + { [ mb= 1™+ ok y "+ k= 77} }
—0as k — oo,
=1{ —0as k— oo, (100)
— 0 as k — oo,
i.e., (88) is holds. But we have
1 T
B(z) = -« ( = ,0,0) .
2\ (%)
Hence,
A
2
— 1 € A s
ﬂ(x)_2a<(¢;)7070) - 2(%)5 ||‘TH3
2(%)5 2]
Also,
n; ' B(x)
A
1 2n;
EB(WC) =9 oy lmzl® = 778 (101)
o lmiz |*°
;" Bla)

Hence the inequality (90) holds

either L = (%)_1 for s=0if i=0and L =

either L = (%

)
cither L = (2)* " for s <1if i=0and L =
)

“lor s<1lifi=0and L =

—L__for s=0if i =1.
(%)

(a)%for s>1if i=1.
b

— L1 for s>1if i=1.

(%)

Now from (95), we prove the following cases:
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Case:

Case:

Case:

Case:

Case:

Case:

| ga() = A(2) | < T B(@) =

le®) = A £ {800 = S0 5 = )
2L:<(% >1, i=1
lgu(a) ~ A | < £ 5t = (1‘5_))(;)1 5= )
3L=(2)"", s<1, i=0
da(e) ~ A@) | < 2 8(a) = (1)()) s 1o = 5)
4L = <(; )Sl, s>1, i=1
(@) — A@) || < 2 () = (1(_)()) OO
5L=(2)""", s<i i=0
(@) — Al@) || € 2 (a) (1(_)()) oL
6 L= (G )33_1, s>1, i=1
L () AP

Hence the proof of the corollary.

9.

In this section, we give the generalized Ulam-Hyers stability of the functional equation (7), for even case.

Fixed Point Stability of (7): Even Case-Fixed Point Method

(102)

(103)

(104)

(105)

(106)

(107)

Theorem 9.1. Let g, : W — B be an even mapping for which there exists a function o : W3 — [0, 00) with the condition

where

such that the functional inequality with

102

o (nfz,nfy,nfz)

Iclggo n?k =0
L@ i=e
Z L, i=1
(%)

| Dgq(z,y,2) || < a(,y, 2)

(108)

(109)
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for all z,y,z € W. If there exist L = L(i) < 1 such that the function

z — B(z) = %a (;)70’ O)
b

has the property,
1
?/3 (miz) = LB (z) (110)

for all x € W. Then there exists a unique quadratic function Q : W — B satisfying the functional equation (7) and

B(x) (111)

I 9ae) — Q@) | < T—

holds for all x € W.

Proof.  Consider the set X = {P/P: W — B, P(0) =0} and introduce the generalized metric on X.
d(p,q) = inf {K € (0,00) : || p(z) — q(z) || < KB(x),z € W}

It is easy to see that (X, d) is complete. Define T': X — X by T'p(z) = ni_zp(mx) for all z € W. Now p,q € X,

d(p,q) < K = | p(z) —q(z) || < KB(z); reW
1 1 1

= H pPa) = S5ami) ’ < g KBOmiz); zeWw

= H ni_gp(m'f) - n%q(ma:) ’ < LKpB(x); zeW

= | Tp(z) — Tq(z) || < LKB(z); zeW

= d(Tp,Tq) < LK.

This implies d(Tp, Tq) < Ld(p,q) for all p,q € X. (i,e.,) T is strictly contractive mapping on X with Lipschtiz constant L.

Replacing (z,y, z) by (z,0,0) in (109) and using evenness of g, we get

2
H 4g (%m) —4 (%) g(z) ‘ < a(z,0,0) (112)
9(52) ‘ 1
g(x) — < a(z,0,0) (113)
(&) 17 46)°
for all x € W, using (114) for the case i = 0, it reduces to
9q(w) — %gq (%9:) H <! 58(x) (114)
(%) 2(3)

for all x € W, (i.e.,) d(gq, Tgq) < (1) =d(gq, Tgq) < ﬁ =L = L' < co. Again replacing = = (L
3

< ) in (112), we get
9q () — (%)qu <(i§)>

a <f707 0) (115)
(%)
for all x € W, using (110) for the case i = 1, it reduces to

w0 ()

for all z € W, (i.e.,) d(gq, Tgq) < 3 <1 =d(gq,Tgq) <1 =L" < co. In above cases, we arrive

<1
— 4

< 5B(z); (116)

1
2

d(9q,Tgq) < L.

The rest of the proof is similar to that of Theorem 7.1 This completes the proof of the theorem. O
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Corollary 9.2. Let g, : W — B be an even mapping and there exists a real numbers A\ and s such that,
A,
| Dgq(@,y.2) | <9 Mz |®+ lyll®+ | 2]}, s # 2 (117)
AUzl Iyl Tz 1+ {1+ ly 1> + 12073, s# 5
for all x,y,z € W. There exists a unique quadratic mapping Q : W — B such that
+
af(g)" 1]’
DY
) — Q@) || << 257 118
Il 9:@) = Q@I < T (118)
Al e |

I

1| (8)°-(9)™

for allz e W.

10. Fixed Point Stability of (7): Mixed Case-Fixed Point Method

In this section, we discuss the generalized Ulam-Hyers stability of the functional equation (7) for the mixed case.

Theorem 10.1. Let g : W — B be a mapping for which there exists a function o : W3 — [0,00) with the condition (88)
and (108) where

L@ i=e
l =1
(%)
such that the functional inequality with
| Dg(z,y,2) |l < alz,y,2) (119)

for all z,y,z € W. If there exist L = L(i) such that the function for all x € W, such that the function

L=

x%ﬁ(m)—2o¢<(a),0,0>,
b

has the properties (90) and (110) for all x € W. Then there exists a unique additive function A : W — B and a unique

quadratic function Q : W — B satisfying the functional equation (7) and

l9(a) - Alz) - Q&) || < 2 [8(a) + A~z (120)
holds for all z € W.
Proof. Tt follows from (80) and Theorem 7.1, that
l90@) — A@) | < 222 (8@) + () (121)
Similarly, it is follows from (82) and Theorem 8.1, that
l9e(@) — Q@) | < 32 [8(0) + (=) (122)
for all z € W. Define
9(2) = go() + 9e(2) (123)
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for all x € W. From (121), (122) and (123), we have

[9(z) — A(z) — Q@) [| < | ge(®) + go(x) — A(z) — Q() |

< go(@) = A(@) || + [ ge(z) — Q) ||
i
< _
< = [B(@) + B(-2)
for all x € W. Hence the theorem is proved. O

Using Corollaries 7.2 and 8.2 we have the following corollary concerning the stability of (7).

Corollary 10.2. Let g : W — B be a mapping and there exists a real numbers X\ and s such that,

A
IDg(z,y, )1 < § Al +yl*+ 111}, s#1,2 (124)
MUl Ty 17 1211+ e P+ Ty 1P + 1= 1} ) s# 3.5

for all z,y,z € W. There exists a unique additive mapping A : W — B and a unique quadratic mapping Q : W — B such

that,
Bl Ty
o) = A@) = Q@) I < 3 YT+ Ty (125)
-] * T
for allz € W.

Banach Algebra Stability Results for (7)
For sections 10, 11 and 12, let us consider X and Y to a normed Algebra and a Banach Algebra, respectively. Define a

mapping Dg : X — Y by,
Dg(z,y,2) =g (%er gy+ sz) +g (%xf Zer 52) +g (%er gyf gz)
o (ot by 5 = (D) ) - a0 - () o) — o] - (5) o) - 2]
~2(2) o + o -2 (%) o)+ o) -2 (5)" o)+ 9(-2)

for all z,y,z € X.

11. Stability Results for (7): Odd Case-Direct method

In this section, we present the generalized Ulam-Hyers stability of the functional equation (7), when g is odd.

Definition 11.1. Let X be Banach Algebra. A mapping A : X — X is said to be Additive derivation if the Additive function
A satisfies,v

A(ab) = A(a)b + aA(b) (126)

for all a,b € X. Also the additive derivation for three variables satisfies
A(abc) = A(a)be + aA(b)c + abA(c) (127)

for all a,b,c e X.
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Theorem 11.2. Let j = +1. Let g, : X — Y be a odd mapping for which there exists function «, 8 : X° — [0, 00) with the

condition

a\ki a\ki a\ ki a\ ki a\kJj a\ki
Salgye’ b Z, 3 Y, (3 « b Z, (3 Y (3
Z ((b) (:)k] ) ) converges in R and lim <(b) (j)kj ©) ) =0 (128)
k=0 (%) hoee (%)
o B((2) z, () y, (2)" 2 a)kd g ()M oy (2)9
Z ((b) (Z)’w ) ) converges in R and lim <(b) (j)k]. @) ) =0 (129)
k=0 (%) koo (%)
such that the functional inequalities
[ Dga(z,y,2) || < elz,y,2) (130)
and
I 9a(zy2) = ga(2) yz — 29a(y)z — 2yga(2) [| < B2y, 2) (131)

for all x,y,z € X. Then there exists a unique Additive Derivation mapping A : X — Y satisfying the functional equation

(7) and
L= a(®)00)
a(z) — A < . 132
l90() = A@) | < 57y Z BE (132)
for all x € X. The mapping A(zx) is defined by
a\kJ
A(z) = nan;O ga(((ab))kj) (133)
b

forallx € X.

Proof. Tt follows from Theorem 4.1 that A is a unique additive mapping and satisfies (7) for all z,y,2z € X. It follows

from (131) that

| A(zyz) — A(z) yz — zA(y)z — zyA(2) || <

I
VS

for all x,y,z € X. Hence, the mapping A : X — Y is a unique Additive Derivation satisfying (132). O
This following corollary is a immediate consequence of Theorem 10.2 concerning the stability of (7).

Corollary 11.3. Let go : X — Y be a odd mapping and there exists a real numbers A and s such that

A;
I Dga(z,y2) | < 9 Al |®+ 1yl + 1 =17 s#1 (134)
A1 Uy 1 =17+ Ll 1P+ 1y 1%+ 12017) 5 s# 3
A;
| ga(zyz) = ga(®)yz — 290 (¥)z — 2yga(2) | < ¢ A (|2 | + |y ]* + 112 ]); (135)

AUyl =17+ {1+ 1y 1%+ 112177 5
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for all x,y,z € X. Then there ezists a unique additive derivation A : X —Y such that

>

)

—~

~—|
|

8

[ ga(z) = A(2) || <

w o o —
@

7)”, (136)

8

A
—
SR> olo|y ok

oo

—
|
o

LN
—
— = =
|
= ~= =

forallzx e X.

12. Stability Results for (7): Even Case-Direct Method

In this section, we discuss the generalized Ulam-Hyers stability of the functional equation (7), when g is even.

Definition 12.1. Let X be Banach Algebra. A mapping Q : X — X is said to be quadratic derivation if the quadratic
function Q satisfies

Q(ab) = Q(a)b” +a*Q(b) (137)

for all a,b € X. Also the quadratic derivation for three variables satisfies
Q(abe) = Q(a)b*c® + a*Q(b)c® + ab*Q(c) (138)

for all a,b,c e X.

Theorem 12.2. Let j = +1. Let g, : X — Y be an even mapping for which there exists functions o, 8 : X — [0, 00) with

the conditions

a\k a\ ki a\k a\k a\ki a\k
o ((8)7 2, () v (5)" 2) | () ()Y () 2)
Z —77 converges in R and lem —77 =0 (139)
k=0 (%) ~ (%)
a\k a\k a\ ki a\k a\k a\k
= B ((8)"7 2 (3)" v (8)" 2) | (@) e () () 2)
Z — 57 converges in R and khﬁm — 57 =0 (140)
k=0 (%) - (%)
such that the functional inequalities
|| DQQ('T»?% Z) ” S a(x7y7 Z) (141)
and
| 9a(zy2) = 42 gq () —2%94(y)2" — &*y"94(2) || < B(x,y, 2) (142)

for all z,y,z € X. There exists a unique quadratic derivation Q : X — 'Y satisfying the functional equation (7) and

1= a((9)"e0,0)
|l 94(x) = Q(z) || < 5 . (143)
s 6"
for all x € X. The mapping Q(x) is defined by
a\ki
Q(z) = lim M (144)

for allx € X.
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Proof. Tt follows from Theorem 5.1 that @ is a unique quadratic mapping and satisfies (7) for all z,y,z € X. It follows

from (142) that

| Qzyz) — Qz) ¥*2* — 2°Q(y)2* — 2*¥*Q(2) || <

/\
/
Sl
~—

ol
)
<

N
N
N~
|
Q
Q

/N
S
SaliS]

) DIORIOR
)kxgq (G ) ()= ()= (5) v ((5)°2)]
< (Zl) 5((% kx, (%)ky, (%)kz> —0 as k— o0

for all z,y,z € X. Hence, the mapping @ : X — Y is a unique Quadratic Derivation satisfying (143). O

Corollary 12.3. Let g;: X — Y be a even mapping and there exists a real numbers A and s such that,

A
I Dga(@,y,2) <4 Xl |® + 1y I+ 1217 s#2; (145)
Ay 1 207+ {112+ Ty 1P+ 1= 1773 5 s# 3
A
| 9a(zyz) — ¥*2°g4(2) — 2°ga(y)2” — 2y 90(2) || < S A (2| + I yl° + | 2 |I°); (146)

AUl Iy Iz 1+ {1 + 1y 17+ 12177 5

for all x € X. Then there exists a unique quadratic derivation @ : X — Y such that

Al (8)*-1]

| 9a(2) = Q) I < § TR (147)

Al e

13-~

forallz € X.

13. Stability Results for (7): Mixed Case-Direct Method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (7), when g is Mixed case.

Theorem 13.1. Let j = 1. Let g : X — Y be a mapping for which there exists functions a, 8 : X* — [0, 00) with the

conditions (127), (129) and (138), (140) such that the functional inequalities,

| Dg(z,y,2) || < alz,y,2) (148)

(131) and (142) for all z,y,z € X. There exists a unique additive derivation mapping A : X — Y and a unique quadratic

derivation mapping Q : X — Y satisfying the functional equation (7) and

1 1
z)—Alz) - Q@) || < = | ——
lg(x) = Alx) - Q@) || < 5 2(%)kZH GEE
) = [(a((3)"200) a(=(2)"00)
2 2kj + a\2kj (149)
4(3) _Z (%) (3)

for all x € X. The mapping A(x) and Q(x) are defined in (132) and (143) respectively for all x € X.
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Proof. The proof follows by Theorems 6.1, using Theorems 10.2 and 11.2. O
Using Corollaries 10.3 and 11.3 we have the following corollary concerning the stability of (7).
Corollary 13.2. Let g: X — Y be a mapping and there exists a real numbers A and s such that

A

| Dg(z,y, 2) 1 < ¢ Xz ||+ |yl°+ ] z]I°}; s#1,2; (150)

MUzl Iyl =1+ 1P+ 1y 1P+ 1= 1173} s# 5,5

and (135), (146) for all x,y,z € X. There ezists a unique additive derivation A : X — Y and a unique quadratic derivation

Q: X =Y such that

T ]
Mlz]® Mz |[® .
[ 9(z) — A(z) — Q(z) || < [ (2)-(2)°] + 4) (2>~ (2) |’ (151)
Az ||3® Az .
-7 @) -G

forallzx e X.

14. Stability Results for (7): Odd Case-Fixed Point Method

In this section, we give the generalized Ulam-Hyers stability of the functional equation (7), when g is odd case.

Theorem 14.1. Let j = 1. Let g, : X — Y be a odd mapping for which there exists functions o, B : X3 — [0, 00) with

the conditions

a\k a\ ki a\ ki a\ki a\ki a\ ki
o ((8)7 2, () v (5)" 2) | () () () 2)
Z —%; converges in R and lem —5; =0 (152)
k=0 (%) = (%)
a\ ki a\ ki a\ ki a\ki a\ki a\ki
= B ((5)7 2 (3)" v, (8)" 2) | (@) e () () 2)
Z — 5 converges in R and kl;m — =0 (153)
k=0 (%) = (%)
where n is defined in (88) satisfying the functional inequalities
| Dga(z,y,2) || < a(z,y, 2) (154)
and
| 9a(zy2) = ga(®) yz — 29a(y)z — 2yga(2) [| < B2y, 2) (155)
for all z,y,z € X. Then there exists L = L(i) < 1 such that the function
x—)ﬂ(x)—la (:p 0 0)
22\(3)"
as the property
1
p (miz) = LB(x) (156)

for all x € X. Then there exists a unique Additive Derivation mapping A : X — Y satisfying the functional equation (7)

and
Ll*i
1-L

lgfa(z) — Alz) || < Bx) (157)

forallx e X.
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Proof. Tt follows from Theorem 7.1 that A is a unique additive mapping and satisfies (7) for all z € X. It follows from
(152), (153) and (155) that

| A(zyz) — A(z) yz — zA(y)z — 2y A(2) |

) eva) - (6°2) (12 ")
) G) = 6)' = () o ()]
< () 5 () n () ) o koo

Thus the mapping A : X — Y is unique additive derivation mapping satisfying (7). O

@\@

—_—
c~\ Q w\m
=

e
S

Corollary 14.2. Let g, : X — Y be a odd mapping and there exists a real numbers A and s such that,

A;
I Dga(z,y:2) | < 4 Al ®+ 1yl + 1 =1 s# 1 (158)
Az hy I Hz 1+ {2 1P+ My 1P+ 1217} 5 s 7 53
A;
| 9a(zy2) = ga(2)yz — 290 ()2 — 2yga(2) | < § Xz |I° + ¥ I° + 1 2]); s#£1; (159)

AUy 151217+ {2 1P+ 1y 1%+ 1217} 5 s # 53

for all x,y,z € X. Then there exists a unique additive derivation A : X — 'Y such that

>

N
—~

N
—
Sl |y olo|y o

— = =
|
= = =

e

w o o —
N
o

@

8

Il ga(z) — A=) || < (160)

8

L N
—

7)357

forallx e X.

15. Stability Results for (7): Even Case-Fixed Point Method

In this section, we discuss the generalized Ulam-Hyers stability of the functional equation (7), when g is even case.

Theorem 15.1. Let j = +1. Let g, : X — Y be a even mapping for which there exists functions o, 8 : X® — [0, 00) with

the conditions

o ()Y (5) v (5)" %) o ()Y (5)" v (5)" %)

— 57 converges in R and klim — 7 =0 (161)
0 (%) o (%)
a\k a\k a\k a\k a\k a\k
> ﬁ((z) T (3)7y (§)7 2 , . 5((3) a, (3)Y v (3) JZ)
Z — 57 converges in R and klim — 7 =0 (162)
k=0 (3) = (3)
where n; is defined in (88) satisfying the functional inequalities
|| ng(CC,:lh Z) || S a(xﬂyv Z) (163)
and
| 9a(2y2) = gq(2) y*2" — 2°gq(y)2" — 2%y g4 (2) || < Bl,y, 2) (164)
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for all x,y,z € X. Then there exists L = L(i) < 1 such that the function

1 T
— ﬁ =35 Ta\’ Oa 0
T (z) 2a <(b) )
as the property
A (n7) = LB() (165)

for all x € X. Then there exists a unique Quadratic Derivation mapping @ : X — Y satisfying the functional equation (7)

and

| 94(2) — Q(z) || < B(x) (166)

1-L

forallzx e X.

Proof. Tt follows from Theorem 8.1 that @ is a unique quadratic mapping and satisfies (7) for all z € X. It follows from
(161), (162) and (164) that

| Qzyz) - Q(z) y*2* — 2*Q(y)=" — 2"y*Q(2) || <

Thus the mapping @ : X — Y is unique quadratic derivation mapping satisfying (7). O

Proof. Let g4 : X — Y be a even mapping and there exists a real numbers A and s such that,

A
| Dgq(@,yy,2) 1< X(lz|I°+lyll®+ 1 z1°); s#1; (167)
AUz Ty 11200+ {217+ 1y 1> + 11217} ; s # 3
A
| 9a(y2) = g4 (2)y*2* — 2294 (9)2° = 2y, (2) | <4 Xz |°+ 1yl + 1 2]°); s# L
Az 1P Ny 1P 1217+ L 1+ 1y 1P+ 1217} 5 5# 33
(168)
for all z,y, z € X. Then there exists a unique quadratic derivation @ : X — Y such that
A
A (8)" ]’
Al ]| .
_ < Azl . 169
9@~ Q@) < ¢ (169)
ma (T
af(¢)-(8)™
for all x € X. O
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16. Stability Results for (7): Mixed Case-Fixed Point Method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (7), when g is mixed case.
Theorem 16.1. Let g: X — Y be a mapping for which there exist a function o, B : X* — [0, 00) with the condition, (152),
(153) and (161), (162) where n is defined in (88) such that the functional inequality

| Dy(z,y,2) || < az,y,2) (170)

and (155), (164) for all z,y,z € X. If there exists L = L(i) <1 such that the function

1

z — B(x) = 50 <(f),0,0> ,

has the properties (156) and (165) for all x € X. Then there exists a unique additive derivation mapping A: X —Y and a

unique quadratic derivation mapping Q : X —'Y satisfying the functional equation (7) and

Ll*i
1-L

lg(z) — A(z) = Q=) || < [6(z) + B(==)] (171)

holds for all x € X.

Corollary 16.2. Let g: X — Y be a mapping and there exists a real numbers A and s such that

A
| Dg(z,y,2) | <9 Az I+ yl*+ 121} s# 1,2 (172)
MUzl lylE 21+ {1 + Iy lI> + 121 s#3, %

and (155), (164) for all z,y,z € X. There ezxists a unique additive derivation mapping A : X — Y and a unique quadratic

deriwation mapping Q : X — 'Y such that

1]+ 0]
Al =]® Al |® .
() = Al) = Q) 1<\ 3=y T * ) -] 1
Al Al % .
IGECHRRIO=CH)

forallz € X.
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