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1. Introduction

If the vertices or edges or both of the graph are assigned values subject to certain condition(s) then it is known as graph
labeling. Rosa[l] initiated the study of graph labeling in 1967. Graph Labeling has gained a lot of popularity in the
recent era due to mathematical challenges of graph labeling and also to the extensive range of applications in different
field such as X-ray crystallography, coding theory, cryptography, astronomy, circuit design and communication networks
design. A dynamic survey on graph labeling is regularly updated by Gallian[5] and published by The Electronic Journal of
Combinatorics. In this paper we consider simple, finite, undirected and connected graph. A graph with order p and size ¢
is denoted as (p,q) graph. We refer to Bondy and Murty[4] for the standard terminology and notations related to Graph

theory and David M. Burton[2] for the terms related to Number theory.

1.1. Definitions

Definition 1.1 ([9]). A (p,q) graph G = (V, E) is said to be combination graph if there exists an injection mapping f :
V(G) — {1,2,...,p} such that the induced edge function g¢ : E(G) — N defined by g5 (uv) = m (f(u) > f(v)),

for every wv € E(G) is injective.

Definition 1.2 ([4]). The wheel graph W,, is the graph obtained by joining the graphs Cp and K. i.e. W, = C,, + K.
Here the vertices corresponding to C., is called rim vertices and Cy, is called rim of W, while the vertex corresponding to K1

is called apex vertex. |V(Wy)| =n+1 and |[E(Wy)| = 2n.
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Definition 1.3 ([5]). Duplication of a vertex v of a graph G produces a new graph G’ by adding a vertex v’ with N(v') = N(v).

In other words a vertex v’ is said to be duplication of a vertex v if all the vertices which are adjacent to v are now adjacent

to v'.

Definition 1.4 ([5]). For any integer m > 2 and n > 1, an umbrella graph U(m,n) is the graph obtained by appending a
path P, to the central vertex of a fan Fp, = Py + K1. Here vertex set V(U(m,n)) = {ui,uz ..., um, (4 = v1),v2,...,0n}
and edge set E(U(m,n)) = {(ui, vit1)/1 <i<m—1}U{(us,v1 =u)/1 <i<m}U{(vi,vit1)/1 <i<n—1}

So, [V(U(m,n))|=m+n and |[E(U(m,n))| =2m+n — 1.

Definition 1.5 ([3]). A graph which is obtained by replacing each vertex of star graph Ki ., by a graph G is called star of
G. It is denoted by G*.

Definition 1.6 ([5]). A chord of a cycle Cr is an edge joining two non-adjacent vertices of Ch,.
Definition 1.7 ([5]). Concurrent chords of a cycle Cy, are chords in which one end vertex is common.

Definition 1.8 ([5]). An armed crown is a graph in which path Py, is attached at each vertex of cycle Cy. This graph is
denoted by Cy, & Pp,.

Definition 1.9 ([5]). A triangular snake (T},) is the graph obtained from a path wy,us, ..., un by joining u; and u;11 to a

new verter w; fori=1,2,...,n— 1.

1.2. Some Existing Results on Combination Graphs
The following are known results on combination labeling of graphs.
Theorem 1.10 ([9]). The complete graph K., is combination graph iff n < 2.
Theorem 1.11 ([9]). The cycle graph Cy, is combination graph iff n > 4.

Theorem 1.12 ([9]). The necessary condition for a graph G = (p, q) become a combination graph is

4q < p?; if pis even.
49 < (p* = 1); if pis odd.

Theorem 1.13 ([6]). Two copies of cycle Cy, sharing a common edge; graph consisting of two cycles Cy, joined by a path;

corona (T, ® K1) are combination graphs.

Theorem 1.14 ([8]). Wheel graph W, is a combination graph for n > 7.

Theorem 1.15 ([7]). The graph G = (p,q) is a non-combination graph if it has more than one vertex of degree p — 1.
We use the following simple number theory results in this paper.

Lemma 1.16 ([2]). Ifn >k > 0 then (ZI}) > (1).

Lemma 1.17 ([2]). Ifn > 1 then (%) > ("47?).

Lemma 1.18 ([2]). Ifn>1and 0 <k <n then (}) = (")

n—k

Lemma 1.19 ([2]). Ifn > 1 then (3) < ("}?).

Lemma 1.20 ([2]). Ifn > 12 then (1) < ("4?).
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2. Some New Combination Graphs

The following are the results investigated in this paper.
Theorem 2.1. Prism C), X P» is combination graph for n > 6.

Proof. Let V(Cn x P2) = {v1,v2,...,Un,u1,u2,...,un} and E(Cp X P2) = {v;vit1]|1 < i <n—1}U{vav1} U {uuip1]l <
1 <n—1}U{upui} U{viu;|]1 <7 < n}. Without loss of generality we consider {v;|1 < i < n} as vertices of inner cycle and
{ui]1 <i < n} as vertices of outer cycle.

|[V(Cr x P2)| =2n and |E(Cy X P2)| = 3n. Let us define a bijection f: V(G) — {1,2,...,2n} as

flw) =1 1<i<n-—2
f(on—1) =n.
flon)=n—1.

flui))=n+i; 1<i<n-—2.
fun—1) = 2n.
flun) =2n—1.
For the edge labels produced in C),, x P2, we have the following.

e The labels of edge set {vivit1/1 <i<n—3}U{vpv1}U{vn_1v,} are increasing natural numbers 2,3,...,n — 1,n.

The label of edge {uiv1} is n + 1.

The labels of edge set {u;ui+1/1 < i < n — 3} are increasing natural numbers n + 2,n+3,...,2n — 2.

e The label of edge {un—1un} is 2n.

The labels of edge {vn—2vn—1} is ( ) = (’;) which is greater than 2n (See Lemma 1.18 and Lemma 1.20).

n
n—2

n

e The labels of edge set {u;v;/1 < i < n} are increasing natural numbers greater than (2) (See Lemma 1.19 and Lemma
1.16).

So, the induced function g; : E(G) — N defined by gy (uv) = m (where f(u) > f(v) for every uv € E(G)) is

injective. Hence Prism C,, x P» is a combination graph for n > 5. O

Example 2.2. Combination labeling of Prism Ci2 X P is shown in the following Figure 1.

Figure 1.

Corollary 2.3. Ladder L2 = P, X P> is a combination graph.
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Theorem 2.4. The umbrella graph U(m,n) is a combination graph for m,n > 2.

Proof. Let {vi,va,...,v,} be the vertices of path P, which is attached to the central vertex of the fan F),, with vertex
set {u,u1,u2,...,um} (m,n > 2).

V({U(m,n)) = {ui,uz ..., um,v1(=u),va,...,0n},

E(U(m,n)) = {uiui+1li =1,2,...,m =1} U{uv|i =1,2,... m} U {vvit1]i =1,2,...,n — 1}.

|[V(U(m,n))| =m+n and |[E(U(m,n))| =2m+n — 2.

Let us define a bijection f: V(U(m,n)) — {1,2,...,m + n} as per the following two cases.

Case 1: n is even.

fvi) =14

fluzica) =n+i 1

._.
IN
IN
S

IA
IA

MERSIE!

f(um):n—i-%—ki;lgi

IN

Case 2: n is odd.

f(vi) =4

I/\
I/\

fluzi—1) = n+4;

I/\
IA

n.
_|_

f(ual)—n—FT—l—z 1<i< [

So from Lemma 1.16 to 1.20, in above both the cases the induced function gy : E(G) — N defined by gs(uv) =

m, where f(u) > f(v) for every uwv € E(G) is injective.

Hence U(m,n) is a combination graph for m,n > 2. O

Example 2.5. Combination labeling of umbrella graph U(7,4) is shown in the following Figure 2.

Figure 2.

Theorem 2.6. An armed crown C,, ® Py, is a combination graph for n > 4 and m > 1.

Proof. Let w1, us ..., u, be the vertices of cycle C,,. The armed crown C), @ P,, is obtained by attaching a pendant vertex
of a path P,, to each vertex of cycle Cy,. Let v; 1,v;2,...,vim be the vertices of ith copy of path Pp,.
Then V(Cp @ Pr)= {u1,u2...,Un, 01,2, -, V1, mys---sUn,2,---,Unm}, where u; = v;1 for 1 <i < n,
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E(Cn (&) Pm) = {uiui+1/i =1...n— 1} U {unul} U {’Ui,jUi,j+1/1 <t <n,1<j3<m— 1}.
So, [V(Ch & Po)| = mn and | E(Cr @ Pon)| = mn.

Let us define a bijective function f: V(G) — {1,2,...,mn} as

fui) =i 1<i<n-—2.
f(un—1) =n.
flun) =n—1.

f(vji)=in+j; 1<j<n-—-2
f(n—1:) =in+n.

foni)=in+n—1.

So from Lemma 1.16 to 1.20, the induced function gy : E(G) — N defined by g¢(uv) = % is injective.

Hence C,, ® P,, is a combination graph for n > 4 and m > 1. O

Example 2.7. Combination labeling of armed crown Cs @ Ps is shown in the following Figure 3.

Figure 3.

Theorem 2.8. The graph obtained by joining cycle Crn, (m is even and m > 4) to each pendant vertex of Kin(n > 2) is

combination graph.

Proof. Let u be apex and w1, us ..., u, be n pendant vertices of Ki .

Let ws,1,us,2 ..., us,m be successive vertices of cycles C,g?, 1<i<n.

Let G be a graph obtained by attached cycle Cf,? to pendant vertex u;. Here, u; = u;,1, for 1 <i < mn.
V(@) =mn+1and |E(G)| = mn+n.

Let us define a bijection f: V(G) — {1,2,...,mn+ 1} as

flw)=1

flw) =i+ 1 1<i<n.

fluij) = 2nj — 3n + 2i; lgign,QSjS%_
fluij) =nm+1—n+7 1Si§n’j:mT+2'

2
Fluig) = 2nm+n+2i+1—2nj;1 < i < n, 2
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From Lemma 1.16 to 1.20, the induced function gy : E(G) — N defined by gf(uv) = m is injective. Hence

graph obtained by joining cycle Cy, (m is even and m > 4) to each pendant vertex of K1 ,(n > 2) is combination graph. [

Example 2.9. Combination labeling in graph obtained by joining cycle Cs to each pendant vertex of K14 is shown in the

following Figure 4.

Figure 4.

Theorem 2.10. The graph obtained by duplication of any rim verter of wheel graph W, is a combination graph for n > 7.

Proof. Let vo be apex and wvi,v2,...,v, be rim vertices of W, and let DW,, denote the resultant graph obtained by
duplicating an arbitrary rim vertex of W,,. Without loss of generality let v{ be the duplication of the vertex v;.

|V(DW,)| =n+2, |E(DW,)| =2n+ 3.

Let us define a bijection f : V(G) — {1,2,...,n+ 2} as per the following two cases.

Case 1: n is even.

flozic) =2+4 1<i<

NS |3

f(’l}zi) =2+ g +i41 << except when f(’l)zi_l) + f(’l)2¢+1) = f(?)zi).
When f(v2i—1) + f(v2iy1) = f(v2i), interchange f(v2;) and f(vait2).

Case 2: n is odd.

flvo) =1

flor) =2

fvzio) = 2+; 1<i< "L

flvz) =2+ n;rl +is1 <0< "L except when f(vaii1) + f(vaitn) = f(v).

When f(v2i—1) + f(v2i41) = f(v2:), interchange f(v2;) and f(vait2).
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From Lemma 1.16 to 1.20, in above both the cases the induced function gy : E(G) — N defined by g¢(uv) = %
is injective.

Hence duplication of any rim vertex in wheel graph W, is combination graph for n > 7. ]

Example 2.11. Combination labeling of duplication of rim vertex in Wg is shown in the following Figure 5.

Figure 5.

Remark 2.12. The graph obtained by duplication of apex vertez in Wy (n > 3) is not combination graph because the degree
of apex and its duplicate vertexr become one less the number of vertices which is not possible in combination graph as per

Theorem 1.15.
Theorem 2.13. Cycle C,, with ["?*4] concurrent chords is a combination graph for all n > 6.

PTOOf. Let v1,v2,...v, be the vertices of C,,, where v; is adjacent to v;+1 for 1 <7 <n — 1 and v,, is adjacent to v1. Let
us consider vn—103, Vn—104, ... Un—17[2] to be [%52] concurrent chords of Cy.

Let us define a bijection f: V(G) — {1,2,...,n} as

flv) =14 1<i<n-—2
flon—1) =n.
flop)=n—1.
So, the induced function gy : E(G) — N defined by gy (uv) = m is injective.
Hence C,, with [25*] concurrent chords is a combination graph for all n > 6. O

Example 2.14. Combination labeling of Ci2 with 4 concurrent chords is shown in the following Figure 6.

Figure 6.
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Theorem 2.15. Duplication of vertex in cycle Cy, is a combination graph for n > 5.

Proof. Let v1,v2,...v, be the vertices of Cy,, where v; is adjacent to v;+1 for 1 <i < mn — 1 and v, is adjacent to v;.
Without loss of generality let v/,_; be the duplication of the vertex v,_1.
|V(DCy)| =n+1and |[E(DC,)| =n+2.

Let us define a bijective function f: V(G) — {1,2,...,n+ 1} as

flvi) =145 1<i<n-—2.
flop—1) =n.
flon) =n+1.

flon)=n—-1.

From Lemma 1.16 to 1.20, the induced function gy : E(G) — N defined by gy(uv) = m (where f(u) > f(v)
for every uwv € E(QG)) is injective.

Hence duplication of any vertex in C), is a combination graph for n > 5. ]

Example 2.16. Combination labeling of Ci2 with duplication of vertex w11 is shown in the following Figure 7.

Figure 7.

Remark 2.17. Duplication of vertex in Cs does not satisfy the necessary condition for combination graph (See Theorem
1.12) and by trial and error we can check duplication of vertex in Cya is not combination graph even though it satisfies the

necessary condition for combination graph.

3. Conclusion

It is very interesting to study graphs which admit combination labeling. Here we proved that prism C, X P», umbrella,
armed crown, cycle Cy, is attached to each pendant vertex of K ,, cycle C, with ["7_4] concurrent chords, duplication of
rim vertex in wheel W,, and duplication of any vertex in cycle C,, are combination graph. To investigate equivalent results

for different graph families is an open area of research.
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