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1. Introduction

Zadeh [13] introduced the notion of fuzzy sets and fuzzy set operations. Since then the fuzzy set theory developed by Zadeh
and others has evoked great interest among researchers working in different branches of mathemaics. Zadeh [14] introduced
the notion interval-valued fuzzy set, where the values of the membership function are closed subintervals of [0,1] instead of a
single value from it. Kuroki [5, 6] have studied several properties of fuzzy left (right) ideals, fuzzy bi-ideals and fuzzy interior
ideals in semigroups. Yuan et al.[12] introduced a new fuzzy subgroup, called a S-fuzzy subgroup, of a group over a set S
and they showed that a fuzzy subgroup of a group can be seen as a S-fuzzy subgroup. The idea of intuitionistic Q-fuzzy
set was first discussed by Atanassov [1, 2], as a generalization of the notion of fuzzy set. Kyung Ho Kim [10] introduced
on intuitionistic Q-fuzzy ideals of semigroups. Thillaigovindan et al.[11] discussed on interval valued fuzzy quasi-ideals of
semigroups. Jun et al.[9] introduced a remarkable structure namely cubic sets that combines fuzzy set and interval-valued
fuzzy set. Chinnadurai et al.[4] introduced cubic ideals of I'-semigroups. In this paper we introduced Q-cubic ideals of

semigroups and some properties of such ideals are investigated.

1.1. Preliminaries

Definition 1.1 ([3]). Let X be a semigroup. A non-empty subset A of X is called a subsemigroup of X if A*> C A.
Definition 1.2 ([3]). A non-empty subset A of X is called a left (resp. right) ideal of X if XA C A(resp.AX C A).
Definition 1.3 ([3]). A subsemigroup A of X is called a bi-ideal of X if AXA C A.

Definition 1.4 ([3]). A non-empty subset A of X is called an interior ideal of X if XAX C A.
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Definition 1.5 ([3]). A mapping p: X — [0,1] is called a fuzzy subset of X.
Definition 1.6 ([3]). A fuzzy subset p of X is called fuzzy subsemigroup of X if u(xy) >min{u(x), u(y)} for all x,y € X.

Definition 1.7 ([3]). A fuzzy subset p of X is called fuzzy left (resp. right) ideal of X if p(zy) > p(y) (u(zy) > p(zx)) for

all z,y € X.
Definition 1.8 ([10]). Let X and Q be non-empty sets. A mapping f: X x Q — [0,1] is called a Q-fuzzy set in X over @ .

Definition 1.9 ([10]). A Q-fuzzy set f in X is called Q-fuzzy subsemigroup of X if f(xy,q) > min{f(z,q), f(y,q)} for all

z,y € X and q € Q.

Definition 1.10 ([3]). Let X be a non-empty set. A mapping w : X — DI[0,1] is called interval-valued fuzzy set(in short
i-v), where D[0, 1] denote the family of all closed sub interval of [0,1] and fi(z) = [p™ (x), u* (2)], where u~ and u* are fuzzy
subsets of X such that = (z) < ut(z) for allz € X.

Definition 1.11 ([9]). Let X be a non-empty set. A cubic set A of X is a structure of the form A(z) = {(z,F(x), Aa(x)) :
x € X} and denoted by A = (Tiy, \a) where iy = [y, wh] is an i-v fuzzy subset(briefly IVF) in X and \a is a fuzzy set
m X.

Definition 1.12 ([8]). The complement of A = (Jis, Aa) is defined to be the cubic set A°(z) = {(x, (4)(x),1 — Aa(z)) :
e X}.

Definition 1.13 ([7]). Let A = (u, \) be a cubic set in X. Define U(A;t,n) = {z € X|u(z) > t, A\(z) < n} wheren € [0,1]
and t € D[0,1] is called the cubic level set of A.

Definition 1.14 ([7]). For any non-empty subset G of a set X, the characteristic cubic set of G is defined to be a structure
xe = {(z, T, (), A\xg () : @ € X} which is briefly denoted by xa(x) = (Fy, (), Axg () where
[1,1] if z € G, 0ifzx €@,

Pxe (z) = xa (@) =

[0,0] otherwise, 1 otherwise.

2. Q-cubic Ideals of Semigroups

Definition 2.1. Let S and Q be any non-empty sets. A Q-cubic set A is an object having the form A =
{(z,q),01(z,q),w(z,q) : x € S,q € Q} which is briefly denoted by A = (,w) with respect to Q, where i : S x Q — DJ0,1] is

an interval-valued Q-fuzzy set over @ and w : S X Q — [0,1] is a Q-fuzzy set over Q.

Definition 2.2. For two Q-cubic sets A1 = (fy,w1), A2 = (Tig,w2) in a semigroup S, we define A1 C As if and only if
Ty < fig,w1 > we and the Q-cubic product of A1 = (fi;,w1) and Az = (i, w2) is defined to be a Q-cubic set A1(©A2 =
{((z,q), (Bohs)(x,q), (wrow2)(x,q)) : x € S and g € Q} which is briefly denoted by A1© A2 = (Fiy 0fiy; wi0w2) with respect

to Q, where

sup min{7, (y, q), iz (2,q) for all x,y,z € S and q € Q
(ofiy)(z, q) = ¢ °=V7
[0,0] otherwise

inf max{w1(y,q),w2(z,q) forallz,y,z €S and q € Q
r=yz

(wrowz)(z,q) =

1 otherwise
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Let A1 and A2 be two Q-cubic sets in S. The intersection of A1 and Az denoted by A1 M Asz is the Q-cubic set.
A1 M Az = (11, Ny, w1 Uws) with respect to Q, where
(ﬁl n ﬁQ)(x7 q) = min{ﬁl (.Z', q)vﬁZ(xa q)} and (wl U wz)(x, q) = ma’X{wl(x7 q)7 w2($7 q)}
The union of A1 and Az denoted by A1 U A2 is the Q-cubic set.
A1 U Az = (113 Uiy, w1 Nwa) with respect to Q, where
(R UR,) (2, q) = max{f, (z,q), As(x, q)} and (w1 Nwz)(z,q) = min{wi(z, ¢),w2(z, q)}-

Definition 2.3. For any non-empty subset H of a semigroup S is defined to be a structure

xu = {((%,9), 0, (%,q), wxgy (x,q)) : x € S,q € Q} which is briefly denoted by xu = (i, ,,,wxy) with respect to Q, where

[l

B ife e H 0 ifeeH
ILXH(fﬂ,q) = wxp (T,q) =
0 otherwise 1 otherwise

Definition 2.4. Let A = (@,w) be a Q-cubic set of S. Define U(A;t,n) = {z € X and q € Q | u(z,q) > t,w(z,q) < n}

where n € [0,1] and t € D[0,1] is called the Q-cubic level set of A.

Definition 2.5. A Q-cubic set A = (f,w) of S is called a Q-cubic subsemigroup of S if i(zxy, q) > min{f(z, q), 7y, q)} and

w(zy, q) < max{w(z,q),w(y,q)} for all z,y € S and q € Q.

Example 2.6. Consider a semigroup S = {k,l,m,n,o,p} and Q = {q} with the following Cayley table:

kil|m|n|o|p

Define a Q-cubic set A= (,w) in S as follows:

S k l m n 0 P
w(z,q) : [0.5,0.7] [0.3,0.5] [0.2,0.4] [0.6,0.8] [0.4,0.6] [0,0]
w(z,q): 0.6 0.7 0.7 0.3 0.4 0.8

Thus A = (i,w) is a Q-cubic subsemigroup of S.

Definition 2.7. A Q-cubic set A= (Tr,w) of S is called Q-cubic left (resp.right) ideal of S if u(xy,q) > f(y, q)

(B(zy, q) = 1i(x,q)) and w(zy, q) < w(y, q) (W(zy,q) < w(w,q)), for all z,y € S and q € Q.
A Q-cubic set A= (n,w) of S is called a Q-cubic ideal of S if it is both Q-cubic left ideal and Q-cubic right ideal of S.

Example 2.8. Let S ={0,1,2,3,4} be a semigroup and Q = {q} with the following Cayley table:

-1011|12|3\4
0|0|0|0)0|0
110(0|0|0|0
21010(2|2|4
310102|3|4
41010|2|2|4
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Define a Q-cubic set A= (m,w) in S as follows

S|z, q) |w(z,q)
[0.6,0.8]| 0.1

S

1| [o,0.2] | 0.7
[0.2,0.4]| 0.2

2
3|/0.1,0.3)| 0.6
41/0.4,0.6]| 0.4

It is easy to verify that A = (@, w) is a Q-cubic ideal of S.

Note that every Q-cubic left (resp.right) ideal of S is a Q-cubic subsemigroup of S but the converse is not true as seen in

the following example.

Example 2.9. Let S = {k,l,m,n} be a semigroup and Q = {q} with the following Cayley table:

k|l Im|n
k|k|lk|k|Ek
U\k|k|k|k
m|k|k| k|1
n|k|kll|m
Define a Q-cubic set A = (,w) in S as follows:
S k l m n

Tz, q) : [0.5,0.8] [0.3,0.6] [0.5,0.8] [0.2,0.4]
w(z,q): 0.2 0.6 0.4 0.6

It is easy to verify that A = (T,w) is a cubic subsemigroup of S, but it is not a Q-cubic left ideal of S. Since w(nm,q) =

7(l,q) =[0.3,0.6] < [0.5,0.8] = 7a(m, q) or w(nm,q) = w(l,q) = 0.6 > 0.4 =w(m,q).
Definition 2.10. Let A Q-cubic set A = (f,w) of S is called Q-cubic bi-ideal of S if

(i) i(zy, q) > min{a(z, ), iy, ¢)} and w(zy,q) < max{w(z,q),w(y,q)}

(i) p(zyz, q) > min{p(z, q), 1z, @)} and w(zyz, q) < max{w(z,q),w(z,q)} for all z,y,z € S and q € Q.

Definition 2.11. Let A Q-cubic set A = (fi,w) of S is called Q-cubic interior ideal of S if

(i) f(xy, q) > min{z(z, q), Ay, q)} and w(zy, q) < max{w(z,q),w(y,q)}

(i) i(zay,q) > [i(a, q) and w(zay,q) < w(a,q) for all v,y,a € S and q € Q.

Proposition 2.12. For any Q-cubic sets A1 = (i, w1), A2 = (Tiy, w2) and As = (fiz,ws) in a semigroup S, we have

(i) AU (As M Ag) = (A1 U A3) M (A; U Ag)
(ZZ) AN (AQ LJ A3) = (A1 M Az) L (Al M A3)
(ZZZ) A1©(A2 L A3) = (A1©A2) LJ (A1©A3)

(iv) A1©(A2 M Az) = (A1©A2) N (A1©As)
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Proof. (i) and (ii) are straight forward. Let z € S and q € Q.
(iii) If = is expressed as x = yz. For all y,z € S. Then
(B0 (I UTts)) (2, q) = sup min{7i, (y,q), (A U Bs) (2, q)}
T=yz

= sup min{7, (y, q), max{7i,(2,q), A3(2, ¢) } }

T=yz

= sup max{min{7, (y,q), fiz (2, ¢) }, min{z, (y, ¢), iz (2, ¢) } }

T=yz

= max{ sup min{#, (y,q), iz (2, )}, sup min{f, (v, q), i3(2, ¢)}}

= ((B01) U (073)) (2, 9)

(wio (w2 Nws))(z,q) = inf max{wi(y,q), (w2 Nws)(z,9)}

T=yz

= inf max{wi(y,q), min{w2(z,q),ws(z,¢)}}

T=yz

= nf min{max{wi(y,q),w2(z, q)}, max{wi(y, q), ws(2, 9)}}
= min{ziil;z max{wi (y, q),w2(z,9)}, zifgz max{w1 (y, q),ws(z,q)}}

= ((wiow2) N (wiows)) (2, q).

If 2 is not expressed as @ = yz, then (%0 (Hy UTis))(z, q) = [0,0] = ((r10F,) U (073)) (2, q) and
(w10 (w2 Nws))(z,9) = 1 = ((wrow2) N (wiows))(z, ).
Thus A1©(A2 LJ A3) = (A1©A2) L (A1©A3)
(iv) If z is expressed as z = yz. Then
(Byo (B NE3)) (2, q) = Silp min{7z, (y, 9), (B2 N 73) (2, 9)}

= sup min{ﬁl (y7 q)? min{ﬁ2 (Z, Q)7ﬁ3(zv q)}}

T=yz

= Sup min{min{ﬁl (y7 Q)7 HQ (Z7 Q)}v min{ﬁl (y, Q)v ﬁ3 (Za q)}}

T=yz

= min{ sup min{7, (y, q), iy (2, q) }, sup min{7, (y, q), (2, q) }}

= (B 00iz) N (1,073)) (, 9)-

(w10 (w2 Uws))(z,q) = inf max{wi(y,q), (w2 Uws)(z,q)}

T=yz

= inf max{wi(y,q), max{w2(z,q),ws(z,q)}}

= Jnf max{max{wi(y,q)w2(2,¢)}, max{wi(y, 9), ws(z, 9) }}
= max{ inf max{wi(y,q),w2(z,)}, inf max{wi(y,q),ws(z,9)}}

T=yz

= ((wow2) U (wiows))(x, q)-

If 2 is not expressed as = yz, then (70 (fiy N7iy))(z,q) = [0,0] = ((Fy0F) N (Fr07a)) (@, 0) and
(w10 (w2 Uws))(z,q) =1 = ((wiow2) U (wiows))(z, q).
Thus A1©(A2 M A3) = (A1©A2) M (A1©A3)

Theorem 2.13. Let S be a semigroup. Then the following are equivalent:

(i) The intersection of two Q-cubic subsemigroup of S is a Q-cubic subsemigroup of S.
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(i) The intersection of two Q-cubic left (resp.right) ideal of S is a Q-cubic left (resp.right) ideal of S.

Proof. Let A1 = (f1;,w1) and As = (Tiy,w2) be Q-cubic subsemigroup of S. Let z,y € S and g € Q. Then
@)

(1 M) (wy, q) = min{fz, (zy, @), 1o (zy, ) }
> min{min{7, (z, q), 4 (y, ¢) }, min{7z,(x, q), £y (y, ¢) } }
= min{min{7, (z,q), 1ty (2, ¢) }, min{7, (y, 9), 115 (y, 4) } }
= min{(7, N7i) (2, q), (11, N o)y, 0)}

(w1 Uwz)(zy, ) = max{wi(zy, q),w2(zy, )}
< max{max{w: (z, q),w:1(y, q)}, max{wa(z, q), w2(y, ¢) } }
= max{max{wi1(z, ¢),w2(z, ¢) }, max{wi (y, q), w2(y, ¢) } }

= max{ (w1 Uws2)(z,q), (w1 Uw2)(y,q)}

S AT Ay = (g Ny, w1 Uws) is a @Q-cubic subsemigroup of S.

(ii)

(71, N L) (zy, @) = min{f, (zy, q), 2 (zy, @)}
> min{z, (y,q), s (v, ¢)}
= (ﬁl ﬂﬁ2)(l/a‘1)

(w1 Uwe)(zy, ¢) = max{wi (zy, q), w2(zy,q)}

IA

max{w1(y,q),w2(y,q)}

= (w1 Uw2)(y,9)

SAI M Ay = (g N, w1 Uws) is a @Q-cubic left (resp.right) ideal of S. O

Lemma 2.14. If A = (@, w) is a Q-cubic subemigroup of a semigroup S, then the set Sa = {A(z,q) = A(0,q) |z € S, ¢ € Q}

is a subsemigroup of S over Q.
Proof. Let xz,y € Sa and ¢ € Q. Then ji(z,q) = i(y,q) = 1(0,q) and w(z,q) = w(y,q) = w(0,q). Since A = (ji,w) is a

@-cubic subsemigroup of S. It follows that

fi(zy, q) > min{fi(z, q), Ay, q)} = (0, q) and
w(zy, q) < max{w(z,q),w(y,q)} = w(0,q9)
Thus zy € Sa and consequently S4 is a subsemigroup of S over Q. O

Lemma 2.15. Let A = ([, w) be a Q-cubic subgroup of a semigroup S such that fi(x,q) > f(y,q) (or i(y,q) > i(z,q)) and

w(z,q) <w(y,q) (or w(y,q) <w(z,q)) for allz,y € S and g € Q. Then A = (T, w) is a Q-cubic left (or right) ideal of S.

Proof. Let ji(z,q) > pi(y,q) and w(z,q) < w(y,q) for all z,y € S and ¢ € Q. Then we have

Ay, q) > min{fi(z, q), i(y,q)} = i(y, q) and

w(zy, q) < max{w(z,q),w(y,q)} = w(y,q)
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Hence A = (f,w) is a Q-cubic left ideal of S. Similarly, if we let i(y, q) > f(x, q) and w(y, ¢) < w(z,q)) for all z,y € S and

q € Q, then it is easy to prove that A = (T, w) is a Q-cubic right ideal of S. O
Theorem 2.16. A Q-cubic set A = (@,w) of a semigroup S is a Q-cubic bi-ideal of S if and only if u~, " and w are
Q-fuzzy ideals of S.

Proof. Let A= (@,w) be a Q-cubic bi-ideal of S. For any z,y € S and ¢ € Q then we have

(1™ (zy, ), 1" (xy, q)] = iy, q)
> min{z(z, q), iy, ) }
= min{[u" (z,9), 1" (,9)], (0" (v,9), " (. 9)]}
= [min{u" (z,9), 1 (v,9)), " (z,9), 1™ (y,9)}]
(

It follows that u (ay,q) > min{u™ (2,q),u ()} and p*(ey.q) > min{u*(z,q), 4" (y.0)}. Clearly, w(zy,q) <

max{w(z, q),w(y,q)}. Therefore 1, u" and w are Q-fuzzy ideals of S.

Conversely, suppose that 1, u+ and w are Q-fuzzy ideals of S. Let x,y € S,q € Q.

fi(zy,q) = [n~ (zy, @), 1" (xy, q)]
> [min{u” (2,q), 1~ (y,9)}, min{u" (2, ), 1" (y,9)}]
=min{[p" (z,9), 1" (2,9, [0~ (v, 9), " (v, )]}
= min{z(z, q), fi(y, a)}

Clearly, w(zy, q) < max{w(z,q),w(y,q)}. Therefore A = (T,w) is a Q-cubic subsemigroup of S.

(zyz,q) = [~ (zyz,q), 1" (22, q)]

\Y

(min{u” (2,q), p~ (2,¢)} min{pu" (2, q), 1" (2, 9)}]

= min{[p”" (z,q), u* (2, 9)], [t (2,0), u™ (2, 0)]}

= min{z(z, q), 7z, )}
Clearly, w(zyz, ¢) < max{w(z,q),w(z,q)}. Therefore A = ([, w) is a Q-cubic bi-ideal of S. O
Theorem 2.17. If {A;}ica is a family of Q-cubic bi-ideals of a semigroup S then MA; is a Q-cubic bi-ideal of S, where

NA; = (NgE;, Uw;), NIt; = inf{g,(x,q)|i € A,z € S and g € Q},Uw; = sup{wi(z,q)li € A,z € S and ¢ € Q} and i € A is

any index set.

Proof.  Since A; = (z;,w;li € L) is a family of Q-cubic bi-ideals of S. Let z,y,z € S and q € Q.

N, (zy, q) = inf{G,(zy, )i € A, z,y € S and q € Q}
> inf min{z, (=, ¢), 7Z; (v, q) }
= min{inf i,(z, ¢), inf 1z, (y, ¢) }
= min{Ng;(z, q), "G;(y,q)}

Uwi(zy, q) = sup{wi(zy, q)li € A,z,y € S and q € Q}

IN

sup max{w;(z, q), w;i(y,q) }
= max{supw;(z, q),supw;(y,q)}
= max{Uw;(z, ¢), Uw;i(y, ¢)}
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Hence MA; = (N;, Uw;) is a Q-cubic subsemigroup of S.

M2y, 0) = nf {5, (zy2, )i € A,2,5,% € S and € Q}
2 inf mln{ﬁz('xa q)7 ﬁl (Z7 q)}
= min{inf i,(z, q),inf 11,(2, ¢) }

= min{Ng,(z, q), g, (z,q9)}

Uwi(zyz, q) = sup{wi(zyz, q)|i € A,z,y,2 € S and q € Q}
< sup max{wi(z, q),wi(2, ¢)}
= max{sup wi(z, q), supwi(z, q)}

= max{Uw;(z, ), Uwi(z,q) }

Therefore MA; = (Nf;, Uw;) is a Q-cubic bi-ideal of S. O

Theorem 2.18. If A = (fi,w) is a Q-cubic bi-ideal of a semigroup S, then the set Sa = {u(z,q) = i(0,q),w(z,q) =
w(0,9) [z €5,
q € Q} is a bi-ideal of S over Q.

Proof. By the lemma 2.14 A = (z,w) is a subsemigroup of S over Q. Let z,y,2z € S4 and ¢ € Q. Then

Az, q) = fi(2,q) = p(0,q) and w(z, q) = w(z, q) = w(0,q). It follows that

ﬂ(ﬂcyz, q) > min{ﬁ(m, q)7 /](Z, q)} = /](07 q) and

w(ryz,q) < max{w(z, q),w(z,9)} = w(0,q)

Thus xyz € Sa and consequently S4 is a bi-ideal of S over Q. O

Theorem 2.19. Let H be any nonempty subset of a semigroup S. Then H is a bi-ideal of S over @Q if and only if the

characteristic Q-cubic set xu = ([, Wxy) 15 @ Q-cubic bi-ideal of S.

Proof.  Assume that H is a bi-ideal of S. Let z,y,2 € S and ¢ € Q. Suppose that 7, , (zy,q) < min{z, , (z,q), 7, (y,9)}-
It follows that 7, (zy,q) = 0,min{7,, (z,9),7,, (y,9)} = 1 and wy, (zy,q) > max{wy, (z,q), wxy, (y,9)}. Tt follows
that wy, (zy,q) = 1,max{wy, (2, q),wyxy(y,q)} = 0. This implies that =,y € H but zy ¢ H, a contradicts to H. So,
A(zy, q) > min{z(z, q), A(y, ¢)} and w(zy, q) < max{w(z,q), w(y,q)}-

Suppose that 71, , (zyz,q) < min{z,, (z,q), 7, (2,q))}. It follows that 7z,  (vyzq) = 0, min{z, , (2,q), %, (2,¢)} = 1 and
Wy (Y2, q) > max{wy, (z, q),wyy (2,¢)}. It follows that wy, (zyz, ¢) = 1, max{wy, (z,q), wxy (2,¢)} = 0. This implies that
x,z € H but zyz ¢ H, a contradicts to H. So, f(ryz,q) > min{i(z, q), #(z,q)} and w(zyz, q) < max{w(z,q),w(z,q)}. This

shows that xm is a Q-cubic bi-ideal of S.

Conversely, xu = ([, wxy) is a Q-cubic bi-ideal of S for any subset H of S. Let z,y € H and ¢ € Q then T, ()
Ty (y) = 1 and wyy, (z) = wyy(y) = 0 since xu is a Q-cubic bi-ideal of S. 7, (zy,q) > min{z,, (z,q), %, (y,9)} >
min{1,1} = 1 and wy, (7, ¢) < max{wy, (7,q),wyy (¥,q)} < max{0,0} = 0. This implies that zy € H.

Let ,y,2 € H and ¢ € Q then 71, (x) = i, () = [y, (2) = T and wyp, (2) = wyy (y) = wyy(2) = 0. 7, (zyz,q) >
min{7, , (,q), 7, (2,¢)} > min{1,1} = T and w,, (zyz, q) < max{wy, (¢,q),wxy, (2,9)} < max{0,0} = 0. Which implies
that zyz € H. Hence H is a bi-ideal of S over Q. O
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Theorem 2.20. If A = (,w) be any Q-cubic set of a semigroup S then A = (fi,w) is a Q-cubic bi-ideal of S if and only

if the level set U(A;t,m) is a bi-ideal of S over Q when it is nonempty.

Proof.  Assume that A = (f,w) is a Q-cubic bi-ideal of S. Let z,y,2z € U(4;t,n),q € Q for all t € D[0,1] and n € [0, 1].
Then u(z,q) > t, u(y,q) > 1, u(z,q) >t and w(zx,q) < n,w(y,q) < n,w(z,q) <n.
Now, suppose z,y € U(A;t,n) then u(zy,q) > min{ u(z, q), &(y,¢)} > min{t,t} =t and

w(zy, q) < max{w(z,q),w(y,q)} < max{n,n} =n. Thus zy € U(4;t,n).
Suppose z,y,z € U(A;t,n) then u(zyz,q) > min{ u(zx,q), #(z,q)} > min{t,t} = ¢ and

w(zyz,q) < max{w(z,q),w(z,q)} < max{n,n} = n. Hence zyz € U(A;t,n). Therefore
U(A;t,n) is a bi-ideal of S over Q.
Conversely, let ¢ € D0, 1] and n € [0, 1] be such that U(A;t,n) # 0 and U(A;t,n) is a bi-ideal of S over Q.
Let us assume that f(zy, q) # min{7i(z, q),i(y, q)} or w(zy,q) £ max{w(z,q),w(y,q)}. If f(zy, q) # min{7(z,q), 7y, q)}
then there exists &1 € D[0, 1] such that u(zy,q) < t1 < min{a(z,q),u(y,q)}. Hence z,y € U(A;t, max{w(z,q),w(y,q)})
but zy ¢ U(A;t:, max{w(z,q),w(y,q)}) which is a contradiction. If w(zy,q) £ max{w(z,q),w(y,q)} then there ex-
ists n1 € [0,1] such that w(zy,q) > ni > max{w(z,q),w(y,q)}. Hence z,y € U(A;min{n(z,q),n(y,q)},n1) but
zy ¢ U(A;min{u(x,q),7(y,q)},n1). This gives a contradiction. Hence fi(zy,q) > min{ (=, q),(y,q)} and w(zy,q) <
max{w(z, q),w(y,q)}-
Suppose fi(zyz,q) # min{fi(z,q),[i(z, )} or w(zyz,q) £ max{w(z,q),w(z,q)}. I fi(zyz, q) # min{7(z,q),A(z,q)} then
there exists t1 € DJ[0,1] such that n(zyz,q) < t1 < min{x(z,q),u(z,q)}. Hence z,2z € U(A;t, max{w(z,q),w(z,q9)})
but zyz ¢ U(A;t1, max{w(z,q),w(z,q)}) which is a contradiction. If w(zyz,q) £ max{w(z,q),w(z,q)} then there ex-
ists n1 € [0,1] such that w(zyz,q) > n1 > max{w(z,q),w(z,q)}. Hence z,z € U(A;min{(z,q),n(z,9)},n1) but
zyz ¢ U(A;min{f(z, q),f(z,¢)},n1). This gives a contradiction. Thus f(zyz,q) > min{ i(z, q),f(z, ¢)} and w(zyz,q) <
max{w(z, q),w(z,q)}. Therefore A = (T, w) is a Q-cubic bi-ideal of S. O

Theorem 2.21. If {A;}ica is a family of Q-cubic interior ideals of a semigroup S then MA; is a Q-cubic interior ideal of
S, where MA; = (Ng;, Uw;), NE; = inf{i;(x,q)|i € A,z € S and g € Q}, Uw; = sup{w;(x,q)|i € L,z € S and ¢ € Q} and

1 € A is any indez set.

Theorem 2.22. If A = (f,w) is a Q-cubic interior ideal of a semigroup S, then the set

Sa ={p(z,q) = p(0,q),w(z,q) =w(0,q) | x €S, q € Q} is a interior ideal of S over Q.
Theorem 2.23. Let H be any non-empty subset of a semigroup S. Then H is an interior ideal of S over @Q if and only if

the characteristic cubic set xg = (EXH,wXH) of H in S is a Q-cubic interior ideal of S.

3. Homomorphism of Q-cubic Ideals in Semigroups

Definition 3.1. Let X, Y be two semigroups and @ be non-empty set. A mapping f : X x Q — Y X Q is called a

homomorphism if f(zy,q) = f(x,q) - f(y,q) for all z,y € X and q € Q.

Definition 3.2. Let f be a mapping from a set X X Q to a set Y X Q and A = (,w) be a Q-cubic set of X then the image
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of X (i.e.,) f(A) = (f(m), f(w)) is a Q-cubic set of Y is defined by

sup  (y,q) if fTH(x) # 0
f(B)(x,q) = { vef @

[0,0] otherwise
fA) (. q) =

inf w(y.q) if 7 (x) #0
f@)(x,q) = { v @

1 otherwise

Let f be a mapping from a set X X Q toY x Q and A = (@,w) be a Q-cubic set of Y then the pre image of Y (i.e.,)
FHA) = (f (@), fH(w)) is a Q-cubic set of X is defined by

7 (m)(z,q) = n(f(x),
S (A) (e g) = (7)(z,q) = u(f(x),q)
7 Hw) (@, q) = w(f(x),q)

Theorem 3.3. Let X,Y be semigroups, @ be any non-empty set, f: X x Q =Y X Q be a homomorphism of semigroups.
(i) If A = (f,w) is a Q-cubic subsemigroup of Y then the preimage f~ (A) = (f 7 (F), f ' (w)) is a Q-cubic subsemigroup
of X.

(i) If A = (@I, w) is a Q-cubic left (resp.right) ideal of Y then the preimage f~'(A) = (f~ (1), f~ (w)) is a Q-cubic left
(resp.right) ideal of X .

Proof.  Assume that A = (7, w) is a Q-cubic subsemigroup of Y and z,y € X, ¢ € Q. Then

(i)

> min{z(f(z),q), a(f(y), 0}

= min{f ™" (7)(z,9), f " (@)(y,0)}
FH W)@y, 0) = w(f(zy),q)

=w(f(z)f(y),q)

< max{w(f(z),q),w(f(y),a)}

= max{f ™" (w)(z,q), f " (@)(y, )}

Hence f~1(A) = (f (@), f*(w)) is a Q-cubic subsemigroup of X.
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Hence f~(A) = (f (@), f'(w)) is a Q-cubic left (resp. right) ideal of X. O

Theorem 3.4. Let X,Y be semigroups, @ be any non-empty set and f : X x Q — Y x Q be a homomorphism. If A = (i, w)
is a Q-cubic bi-ideal of Y then the preimage f~1(A) = (f (&), f (w)) is a Q-cubic bi-ideal of X.

Proof.  Assume that A = (7, w) is a Q-cubic bi- ideal of Y and z,y,z € X, ¢ € Q. Then

By theorem 3.3. f~(A) = (f*(7@), f*(w)) is a Q-cubic subsemigroup of X.

7 () (xyz, q) = B(f(zy2), )
=a(f(@)f(y)f(2),q)
> min{z(f(z), q), n(f(2),q)}
= min{f " (7)(x,9), /' (W)(2,9))}
FHw)(zyz,q) = w(f(zy2), q)
=w(f(z)f(y)f(2), )
< max{w(f(z),q),w(f(2),q)}
= max{f " (w)(z,q), [~ (w)(2,9))}

Hence f~'(A) = (f~* (@), f*(w)) is a Q-cubic bi-ideal of X. O

Theorem 3.5. Let X,Y be semigroups, @ be any non-empty set and f : X x Q = Y x Q be a homomorphism. If A = (11, w)

is a Q-cubic interior ideal of Y then the preimage f~1(A) = (f (&), f (w)) is a Q-cubic interior ideal of X.
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