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1. Introduction

The issue of stability of functional equations has appeared in connection with a question that Ulam [22] asked in 1940. Hyers
[7], by using direct method, brilliantly gave a partial answer for the case of the additive Cauchy functional equation for
mappings between Banach Spaces. This result was then improved by Aoki [1] and Rassias [13], who weakened the condition
for the bound of the norm of Cauchy difference. The stability phenomenons proved in [7] and [13] were named Hyers-Ulam
and Hyers-Ulam-Rassias stability duo to the high influence of Hyers and Rassias on this area of research. Some results
regarding to the stability of various forms of the quartic [8], quintic [20], sextic [20], septic and octic [12], decic [3], undecic
[15] and quattuordecic [16] functional equations have been investigated by a number of authors with more general domains

and co-domains.

Definition 1.1 ([5]). A Multi- norm on { A" : k € N} is a sequence (||.||) = (|||, : k € N) such that ||.||, is a norm on A*

for each k € N, ||z||, = ||z|| for each x € A, and the following azioms are satisfied for each k € N with k > 2 :
(1)‘ H(af)g(l),...,ma(k))nk = ||(m1mk)||k, fOT’O’ € Uy, x1,..., Tk € .A;
(2). [(caz, ..., gz ||, < (maxen, |adl) [(z1...2x)]],, for ai..an € C,z1, ..., xx € A,

(8). (@1, s xr—1,0)||,, = || (1, oy Tho1)ll_q s fOr 1, ., @1 € A
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(4) H(.Th ...,;rkfl,mkfl)Hk = ‘|($17...7l‘k71)”k71 fOT X1y .oy Th—1 € A.

In this case, we say that ((A",||.|l,) : k € N) is a multi - normed space. Suppose that ((A*, ||.||,) : k € N) is a multi - normed

spaces, and take k € N. We need the following two properties of multi - norms. They can be found in [5].
(@) N(z, ..., o)l = |z, forz € A,

k
(b). maxien, il < @, o m)lly < 35 Nl < Bma flaall, Vo, o0 € A

i=1 k

It follows from (b) that if (A,|.|]) is a Banach space, then (A*,|.|l,) is a Banach space for each k € N; In this case,

((A*,|.,) : k € N) is a multi - Banach space.

In last few years, some authors have been estabilished the stability of different type of functional equations in Multi-Banach
spaces [2], [6], [9],[10], [17], [18],[19], [21]. In this current work, we acquire the general solution and Hyers-Ulam stability for

a new form of Quattuorvigintic functional equation in Multi-Banach Spaces.

Do (v, w) = ¢(v + 12w) — 24¢(v + 11w) + 276¢(v + 10w) — 2024¢(v + Iw) + 10626¢(v + 8w) — 42504¢(v + Tw)
+ 1345966 (v + 6w) — 346104¢(v + 5w) + 735471 (v + 4w) — 13075046(v + 3w) + 1961256¢ (v + 2w)
— 2496144¢(v 4+ w) + 2704156¢(v) — 2496144¢ (v — w) + 1961256¢(v — 2w) — 13075046 (v — 3w)
+ 735471 (v — 4w) + 134596¢)(v — 6w) — 42504¢(v — Tw) + 10626¢(v — 8w) — 2024¢(v — Jw)

+ 276¢(v — 10w) — 346104¢(v — 5w) — 24¢(v — 11w) + ¢(v — 12w) — 241P(w) (1)

2. General Solution of Quattuorvigintic Functional Equation in (1)

Theorem 2.1. Let F and G be the vector spaces. If ¢ : F — G be a function (1) for all v,w € F is

Proof. Doing v = 0 and w = 0 in (1), we obtain that ¢(0) = 0. Substituting (v,w) with (v,v) and (v,—v) in (1),
respectively, and subtracting two resulting equations, we can arrive at ¢(—v) = ¢(v), that is to say, ¢ is an even function.

Doing (v, w) by (12v,v) and (0, 2v) respectively, and subtracting the two resulting equations, we arrive at

246(23v) — 3006(22v) + 2024¢(21v) — 103506(20v) + 42504¢(19v)

— 136620¢(18v) + 3461046 (17v) — 724845¢(16v) + 1307504¢(15v)

— 2003760¢(14v) + 2496144¢(13v) — 25695606 (120) + 2496144¢(11v)
— 2307360¢(10v) + 1307504¢(9v) + 346104¢(7v) — 1442100¢(6v)

|
+ 425046(5v) + 19506306 (40) + 20246(3v) — %qﬁ(%) +2416(v) = 0 )
Vv € F. Doing v = 11v and w = v in (1), one gets

$(23v) — 246(220) + 276¢(21v) — 2024¢(20v) + 106266(19v)

— 425046(18v) + 134596¢(17v) — 346104¢(16v) + 7354716 (150)

— 13075046 (14v) + 1961256¢(13v) — 2496144¢(12v) + 2704156¢(11v)

— 24961446¢(100) 4 1961256¢(9v) — 1307504¢(8v) + 735471 (Tv) — 346104¢(6v)

+ 134596¢(5v) — 42504¢(4v) + 10626¢(3v) — 2024¢(2v) — 24!¢(v) = 0 (3)
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Vv € F. Multiplying (3) by 24, and then subtracting (2) from the resluting equation, we get

2764(220) — 4600¢(21v) + 38226¢(200) — 2125206(19v) + 883476¢(18v)
— 2884200¢(17v) + T581651¢(16v) — 163438006 (15v) + 293763366 (14v)
— 445740009 (13v) + 57337896¢(12v) — 62403600¢(11v) + 576000966(10v)
— 457626400(9v) — 31380096¢(8v) — 173052006 (7v) + 68643966 (6v)

— 3187800¢(5v) + 29707266(4v) — 2530009 (3v) + 2%‘!qs(zu) +241(25)$(v) = 0

Vv € F. Doing v = 10v and w = v in (1), one gets

$(22v) — 24¢(21v) + 2766(20v) — 2024¢(19v) + 106266 (18v) — 42504¢(17v)

+ 134596¢(16v) — 346104¢(15v) + 735471¢(14v) — 13075046(13v) + 1961256¢(12v)
— 24961446 (110) + 2704156¢(10v) — 24961446 (9v) + 1961256¢(8v)

— 13075046 (7v) + T35471¢(6v) — 3461046 (50) + 134596¢(4v)

— 42504¢(3v) + 10627¢(2v) — 241¢(v) = 0

Vv € F. Multiplying (5) by 276, and then subtracting (4) from the reslting equation, we get

20246(21v) — 37950¢(20v) + 346104¢(19v) — 2049300¢(18v) + 88469046 (17v)
— 295668454 (16v) + 79180904¢(15v) — 173613660¢(14v) + 316297104¢(13v)
— 4839687606 (12v) + 626532144¢(11v) — 688746960¢(10v) + 6431731046 (9v)

— 5099265600 (8v) + 343565904¢(7v) — 1961256006(6v) + 923369046 (5v)

— 341777706 (4v) + 11478104¢(3v) — %“!qs(%) — 241(301)$(v) = 0

Vv € F. Doing v = 9v and w = v in (1), one gets

B(21v) — 24¢(200) + 2766(19v) — 2024¢(18v) + 106266 (17v) — 42504¢(16v)
+ 134596¢(150) — 346104¢(14v) + 7354T1¢(13v) — 1307504¢(120)

+ 19612566 (11v) — 2496144¢(10v) 4 2704156¢(9v) — 2496144¢(8v)

+ 19612566¢(7v) — 1307504¢(6v) + 7354T1¢(50) — 3461046 (40)

+ 1345976(3v) — 42528¢(2v) — 241p(v) = 0

Vv € F. Multiplying (7) by 2024, and then subtracting (6) from the reslting equation, we get

106266 (20v) — 212520¢(19v) + 20472766(18v) — 126601206 (17v) + 56461251¢(16v)
— 193241400¢(15v) + 526900836¢(14v) — 1172296200¢(13v) + 2162419336¢(120)
— 33430500000 (11v) + 43634484966 (10v) — 48300386406 (9v) + 45422688960 (8v)

— 36260162406 (7v) + 24502624966 (6v) — 13962564006(5v) + 6663367266 (4v)

— 260946224¢(3v) + 274!@1)(21;) — 241(2325)p(v) = 0
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Vv € F. Doing v = 8v and w = v in (1), one gets

B(200) — 246(19v) + 276¢(18v) — 2024¢(17v) + 106266(16v)
— 42504¢(15v) + 1345966 (14v) — 346104¢(13v) + 735471 (12v)
— 1307504¢(11v) + 1961256¢(10v) — 24961446(9v) + 2704156¢(8v)

— 2496144¢(7v) + 1961256¢(6v) — 1307504¢(5v) + 735472¢(4v)

— 3461286(3v) + 134872¢(2v) — 24!¢(v) = 0

Vv € F. Multiplying (9) by 10626, and then subtracting (8) from the reslting equation, we get

42504¢(19v) — 8855006 (18v) + 8846904¢(17v) — 56450625¢(16v)
+ 2584061046 (150) — 9033162606 (14v) + 2505404904¢(13v) — 5652695510¢(12v)
+ 105504875004(11v) — 16476857760¢(10v) + 216939875000 (9v) — 24192092760 (8v)

+ 228980099006(7v) — 183900437606 (6v) + 12497281100¢(5v) — 71487887466(4v)

+ 34170099046 (3v) — 274!@5(2@) — 241(12951)$(v) = 0

Vv € F. Doing v = 7v and w = v in (1), one gets

B(19v) — 24¢(18v) + 2766(17v) — 2024¢(16v) + 10626¢(15v)
— 42504¢(14v) + 1345966 (13v) — 346104¢(120) + 735471¢(11v)
— 1307504¢(10v) + 1961256¢(9v) — 2496144¢(8v) + 2704156¢(7v)

— 2496144¢(6v) + 19612576 (5v) — 1307528¢(4v) + 7357476 (3v)
— 348128¢)(2v) — 241¢(v) = 0

Vv € F. Multiplying (11) by 42504, and then subtracting (10) from the resulting equation, we get

1345966(18v) — 2884200¢(17v) + 295774716(16v) — 193241400¢(15v)
+ 9032737566(14v) — 32154634806 (13v) + 9058108906¢)(12v) — 207099718804 (11v)

+ 390972922604 (10v) — 616672375204 (9v) + 819040118200 (8v) — 920394367204(7v)

+ 877060608204(6v) — 708639864206 (5v) + 48426381370¢)(4v)

— 278551805806(3v) — %uqb@v) — 241(55455)$(v) = 0

Vv € F. Doing v = 6v and w = v in (1), one gets
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B(18v) — 24¢(17v) + 2766(16v) — 2024¢(150) + 10626¢(14v)
— 42504¢(13v) + 1345966(12v) — 346104¢(11v) + 735471¢(10v) — 1307504¢(9v)
+ 19612566(8v) — 2496144¢(7v) 4 2704157¢(6v) — 24961686 (5v)

+ 19615326 (4v) — 1309528¢(3v) 4 746097 (2v) — 24l¢(v) = 0
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Vv € F. Multiplying (13) by 134596, and then subtracting (12) from the resulting equation, we get

346104¢(17v) — 7571025¢(16v) + 791809046 (15v) — 5269433406 (14v)

+ 25054049046 (13v) — 90579743106(12v) + 25874242100¢(11v) — 59894162460¢(10v)
+ 114317570900¢(9v) — 182073200800¢(8v) + 243931561100¢(7v)

— 2762626548006 (6v) + 2651102417006(5v) — 2155879797006(4v)

+ 1484020501006(3v) — %uqa(zv) +241(190051)p(v) = 0

Vv € F. Doing v = 5v and w = v in (1), one gets

B(17v) — 246(16v) + 276¢(15v) — 2024¢(14v) + 106266(13v)
— 42504¢(120) + 1345966(11v) — 346104¢(10v) + 735471¢(9v)
— 1307504¢(8v) + 19612576 (7v) — 24961686 (6v) + 27044326¢(5v)

— 2498168¢(4v) + 1971882¢(3v) — 1350008¢(2v) — 24!¢(v) = 0

Vv € F. Multiplying (15) by 346104, and then subtracting (14) from the resulting equation, we get

735471(16v) — 16343800¢(15v) + 1735711566 (14v) — 1172296200¢(13v)
+ 5652830106¢(12v) — 207099718806 (11v) + 598938163605 (10v) — 140231884100¢(9v)

+ 2704591637006 (8v) — 4348673316004 (7v) + 5876710747009 (6v) — 6709044912004 (5v)

|
+ 6490379578006(4v) — 5340741976006 (3v) — %(b(?ﬂ) + 241(536155)p(v) = 0

Vv € F. Doing v = 4v and w = v in (1), one gets

B(16v) — 24¢(150) + 276¢(14v) — 2024¢(13v) + 106266(12v)
— 42504¢(11v) + 134596¢:(10v) — 346104¢(9v) + 7354726(8v)

— 13075286(7v) + 1961532¢(6v) — 249816864 (5v) + 2714782¢(4v)

— 2538648¢(3v) + 2095852¢(2v) — 241p(v) = 0

Vv € F. Multiplying (17) by 735471, and then subtracting (16) from the resulting equation, we get

1307504¢(15v) — 294188406 (14v) + 3162971046 (13v) — 21622847406 (12v)
+ 10550487500¢(11v) — 39097638360¢(10v) — 1143175709006 (9v) + 2704591637006 (8v)
+ 526781594100¢(7v) — 854978826900¢)(6v) + 1166425626000¢(5v) — 1347605475000¢(4v)

|
+ 1333027786000¢(3v) — %qﬁ(?v) + 241(1271626)p(v) = 0

Vv € F. Doing v = 3v and w = v in (1), one gets

B(150) — 24¢(14v) + 2766(13v) — 2024¢(120) + 10626¢(11v)
— 425046(10v) + 134597¢(9v) — 3461286(8v) + 735747¢(Tv)

— 13095289 (6v) + 1971882¢(5v) — 2538648¢(4v) + 28387526(3v)
— 2842248¢(2v) — 24!¢(v) = 0

(14)

(15)

(18)
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Vv € F. Multiplying (19) by 1307504, and then subtracting (18) from the resulting equation, we get

1961256¢(14v) — 445740006(13v) + 4841033566 (12v) — 33430500006 (11v)
+ 164765116606(10v) — 616685450206 (9v) + 182104580900¢(8v)

— 4352105514006(7v) + 8572342713006 (6v) — 1411817977000¢(5v) + 19716869400006(4v)
|
— 2378651809000¢)(3v) + %qﬁ(%) — 241(2579130)¢(v) = 0

Vv € F. Doing v = 2v and w = v in (1), one gets

$(14v) — 24¢(13v) + 2766(12v) — 2024¢(11v) + 10627¢(10v)
— 425286)(9v) + 134872¢(8v) — 348128¢(7v) + 7460976 (6v)

— 13500086(5v) + 2005852¢(4v) — 28422486 (3v) + 3439627¢(2v) — 2416(v) = 0 (21)
Vv € F. Multiplying (21) by 1961256, and then subtracting (20) from the resulting equation, we get

24961446 (13v) — 572033009 (12v) + 626532144¢(11v) — 43657558566 (10v)

+ 217397501406(9v) — 824139383806(8v) + 247557577300¢(7v) — 6060529466006 (6v)
+ 1235893313000¢(5v) — 2138815370000¢)(4v) + 3195724134000 (3v)

|
- %qﬁ(Zu) + 241(4540386)¢(v) = 0

Vv € F. Doing v = v and w = v in (1), one gets

B(13v) — 24¢(120) + 277¢(11v) — 2048¢(10v) + 109026 (9v)
— 445286(8v) + 145222¢(7v) — 3886084(6v) + 870067¢(5v)

— 1653608¢(4v) + 2696727¢(3v) — 3803648¢(2v) — 241¢(v) = 0 (23)

Vv € F. Multiplying (23) by 2496144, and then subtracting (22) from the resulting equation, we get

27041566 (120) — 64899744¢(11v) + 7463470566(10v) — 5473211744¢4(9v)
+ 28734361660¢(8v) — 1149374466006 (7v) + 3639685810006 (6v)
— 9359192082006 (5v) + 1988828317000¢(4v) — 3535694787000¢(3v)

N %‘x! 6(2v) — 241(7036530)6(v) = 0

Vv € F. Doing v =0 and w = v in (1), one gets

B(120) — 24¢(11v) + 2766 (10v) — 20246(9v) + 10626¢(8v)
— 42504¢(7v) 4 134596¢(6v) — 346104¢(5v) + 735471¢(4v)
— 1307504¢(3v) + 19612566 (2v) — 3.102242009 x 10**¢(v) = 0

(25)
Vv € F. On simplification we arrive at

1
16777216 P (2Y) —9(v) =0

O
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3. Hyers-Ulam Stability of Functional Equation (1) in Multi-Banach
Spaces

First, we prove a lemma, which gives a useful strictly contractive mapping.

Lemma 3.1. Let F be a linear space and (G™,|.]|) be a Banach space for alln € N. Let 0 < 8 < 2** and a mapping
U :G" — [0,00) such that

\11(21)1, 2’[}27 ceey 2Uk) S B‘P(’Uh V2, .ony ’Uk)

for allvi,..,vx € F. Let P={l:F — G : h(0) = 0}, and the generalized metric d defined on P by

d(l,m) = inf {u € (0,00) : ilég l(v1) — m(v1), ..., L(vx) — m(vr)]l, < p¥(v1,v2,...,0), }

Vi, ...,vx € F. Then it is easy to prove that (P,d) is complete generalized metric on P [11]. Define a mapping J : P — P

by
1(2™v)
224n

Jl(v) =
for alll € P is strictly contractive mapping.

Proof. 1t is easy to show that d is a complete metric on X. Given I,m € P, let u € (0,00) be an arbitary constant with

d(l,m) < p. Then from the definition of d, it follows for each v1,v2...vx € F that

sup | (01) — (o). 08) — m(we)) | P (o1, )

and so

(2 2" 2" m(2"
sup||(jl(v1) JTIm(v1), ..., Tl(ve) — Tm(vk))]| < H( 2241:11) - méM:l),..., (2241:“) - 224:]“ )H
1
S W ||(l(2n1)1) — m(val), ...,l(QnUk) (2 ’Uk

n
< 924n N\II(’UM () Ulc)

for all vy, ...,vx € F. Hence, it holds that

AT, Tm) < ZQ—Zd(l, m)

n

for all [, m € P. Hence J is a strictly contractive mapping with Lipschitz constant o2in

Theorem 3.2. Let F be an linear space and let ((G*,||.|l,) : K € N) be a multi-Banach space. Suppose that § is a non-

negative real number and ¢ : F — G be a function fulfills
sup [|(D$(v1, w1), ..., Dd(ve, wr))|l, < 0 (27)
keEN

Y01, ooy Vky W1, ...y Wi, € F. Then there exists a unique Quattuorvigintic mapping Qo4 : F — G such that

16777218
sup l(p(v1) — Qaa(v1), ..., d(vr) — Qaa(vr))|l,, < 241(16777216)

Vv, € F, where i =1,2,..., k.
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Proof. Doing (vi, w;) by (12v;,v;) and (0, 2v;) where i = 1,2...k in (27), and subtracting the two resulting equations, we

arrive at

sup [|(24¢(23v1) — 300¢(22v1 ) + 20246(21v1) — 103506(20v1) + 42504¢(19v;)
keN

—136620¢(18v;) + 346104¢(17v1) — 724845¢(16v;) + 13075046 (15v;)
—2003760¢(14v1) + 24961446 (13v1) — 25695606 (1201 ) + 2496144¢(11v;)
—2307360¢ (1001 ) + 1307504¢(9v;) + 346104¢(7v1) — 14421006 (6v;)
+42504¢(501) + 19506300 (401 ) + 20246(3v1) — %‘“g&(m) + 2416(v1), ...,
246(23vx) — 3006(22vx) + 20246(21v;) — 10350¢(200x) + 425046 (190, )
—136620¢(18v%) + 3461046 (17vx) — 724845¢(16v;) + 13075046 (1505 )
—2003760¢(14vx) 4 24961446(13vx) — 25695600 (12vy,) + 24961446 (11vy,)
—2307360¢(10vx ) + 1307504¢(9vx) + 346104¢(Tvy,) — 14421006 (6vy,)

+42504¢(5v% ) + 1950630¢(4vy) +2024¢(3vy) — 2?4!¢(2vk) + 24!¢(vk)) H < ga (29)

forall vy, ..., vx € F. Switching v1, ..., vg into 11v1, ..., 11v, and Replacing w1, wa, ..., wg by v1, ..., v in (27) and using evenness

of ¢, one gets

sup [[(#(23v1) — 24¢(22v1) + 276¢(21v1) — 2024¢(20v1) + 10626¢(19v1)
keN

—425046¢(18v1) + 1345966 (17v1) — 346104¢(16v1) + 735471 (150;)
—13075046¢(14v1) + 19612566 (1301) — 2496144¢(12v1) + 2704156¢(11v;)
—2496144¢(10v1) + 19612566 (9v1) — 1307504¢(8v1) + 735471 (7v1) — 346104¢(6v1)
+134596¢(5v1) — 42504¢(4v1) + 10626¢(3v1) — 20246(201) — 241¢(v1), ...,

B(230%) — 240(220) + 2766(21vx ) — 2024¢(200% ) + 106266(19v)

— 425046 (18v) + 134596¢(17vx) — 346104¢(16vy,) + 7354716 (150%)
—1307504¢(14vx ) + 1961256¢(13v;) — 2496144¢(1201,) + 27041566 (110 )
—2496144¢(10v%) + 19612566(9vx) — 13075046 (8vx) + 735471 (Tvr) — 3461046 (6vy)

+134596¢(5vr) — 42504¢(4vk) + 106264 (3vi) — 20244 (2vk) — 24lp(v))|| < 6 (30)
forall v1, ..., v € F. Multiplying by 24 on both sides of (30),then it follows from (29) and the resulting equation one gets

sup || (276¢(22v1) — 46006(21v1 ) + 382266(20v; ) — 2125206 (190, ) + 8834766 (18v; )
keN

—2884200¢(17v1) + 7581651 (16v1) — 163438006 (15v1 ) + 293763366(14v; )
— 445740006 (13v1) + 573378966(12v1) — 62403600¢(11v1) + 576000966 (10v; )
— 457626406 (9v1) — 313800966 (8v1) — 173052006(7v: ) + 68643966(6v: )

—3187800¢(5v1) + 2970726¢(4v1) — 253000¢(3v1) + %‘“qs(zvl) +241(25)B(v1), ...,
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2766(22v1) — 4600¢(21v1,) + 38226¢(200% ) — 2125206 (19v;) + 883476¢(18vy,)
—2884200¢(17vx) + T5816516(16v5) — 163438006 (15v%) + 29376336¢)(14vy,)
— 445740006 (13vx) + 57337896¢(120%) — 624036006 (11vx) + 576000966 (10vx )
— 457626406 (90 ) — 313800966(8vy,) — 173052000 (7vx ) + 68643966 (6vs )

731878OO¢(5vk)%—2970726¢(4vk)47253000¢(30k)%72§}¢(2vk)+724w25)¢(vk))H < %}5 (31)
On Simplification by Using (6), (8), (10), (12), (14), (16), (18), (20), (22), (24) we arrive at

sup
kEN

1 1 16777218
<m¢(2m ~ #(01); - Tt P (20) “‘“””) H < 2aie77TRn) (32)

forall vi,...,vx € F. Let ¥ = {l: F — G|I(0) = 0} and introduce the generalized metric d defined on ¥ by
d(l,m) = inf {\I' € [0, 00]|sup ||l(v1) — m(v1), ..., l(ve) —m(ve)|], < V v1,...,0 € .7:}
keN

Then it is easy to show that ¥,d is a generalized complete metric space, See [11]. We define an operator J : ¥ — ¥ by

jWQ:%ﬂ%) veF

We assert that J is a strictly contractive operator. Given I,m € ¥, let ¥ € [0, 00| be an arbitary constant with d(I,m) < .

From the definition if follows that

sup [[{(v1) — m(v1), ..., l(ve) — m(vx)|, £ ¥ wv1,...,0% € F.
keN

Therefore, sup, ey [[(TU(v1) — Tm(vi), ..., Tl (vk) — Tm(zk))||, < 2%\1/, v1,..., vk € F. Hence, it holds that

924

ajmmng%ﬂ@myvhmem

This Means that J is strictly contractive operator on W with the Lipschitz constant L =
16777218
(16777217
mapping Qa4 : F — G such that

2%. By (32), we have d(J ¢, ¢) <

0. Applying the Theorem 2.2 in [14], we deduce the existence of a fixed point of J that is the existence of

Q24(20) = 2°* Q24 (v) Yv € F.

Moreover, we have d (J"¢, Q24) — 0, which implies

Qo4 (v) = li_)rn J"¢(v) = lim $(2"v)

n—oo 224n

for all v € F. Also, d(¢, Q24) < ﬁd(J(ﬁ, ¢) implies the inequality

16777218
= 241(16777216) "



General Solution, Stability and Non-Stability of Quattuorvigintic Functional Equation in Multi-Banach Spaces

Doing v1 =, ...,= vy = 2"v, and w1 =, ...,= wy = 2"w in (27) and dividing by 2%*". Now, applying the property (a) of

multi-norms, we have

. 1 n n
IDQus(v, w)l| = lim s 1D (270, 27w)|

1
< lim —
< Jim o

=0

for all v, w € F. The uniqueness of Qa4 follows from the fact that Qa4 is the unique fixed point of 7 with the property that

there exists £ € (0, 00) such that

iug [|(#(v1) — Qaa(v1), ..., P(vr) — Qaa(vr))l],, < ¢
€
for all vy, ...,vx € F. O

Corollary 3.3. Let F be a linear space, and let (G",||.||,,) be a multi-Banach space. Let 0 > 0,0 <p <24 and¢p: F =G

be a mapping satisfying f(0) =0
sup [Dp(v1, w1), -..; Dp(v, wi)lly, < O (loall” + w5 s lvwll” + [lwkl”) (33)
€

for all vi,...,vg,w1i...,wr, € F. Then there exists a unique mapping Q24 : F — G such that

1
sup [[(¢(v1) — Q24 (1), ooy p(0) = Qaa(vi))ll < oy Aallloall”, -y loe]l”) (34)
keN -
where
Aa= %9 %2? F127 4+ 14 24117 + 1)276(10° + 1) + 2024(97 + 1)
+10626(8” + 1) + 42504(7” + 1) + 134596(67 + 1) + 346104(5” + 1)
F7354710(47 + 1) + 1307504(37 + 1) + 1961256(2" + 1) + 51274958)]
Proof.  Proof is similar to that of Theorem 3.2 replacing & by 0 (||v1]|” + ||w1]|?, .., |Jvk||” + ||wk||”) we arrive the result. O

Corollary 3.4. Let F be a linear space, and let (G",||.||,,) be a multi-Banach space. Let 8 > 0,0 < r+s=p < 24 and

¢ : F — G be a mapping satisfying f(0) =0
sup D (w1, wi), ..., Dp(vi, wie)lly < O (oall” - Mwall™, oy vkl [Jwsl]]*) (35)

for all vy, ...;vg, wi...,wy, € F. Then there exists a unique mapping Q24 : F — G such that

1 rTs rTs
sup [[(¢(v1) — Q2a(v1), v p(v) = Qaa(vi))l| < szz—or Aaa(lforl™ ...y o) (36)
keEN 224 _ 9p
where
Aaa = %0 [127 + 24(11)" + 276(10)" + 2024(9)" + 10626(8)" + 42504(7)" + 134596(6)" + 346104(5)"
+7354710(4)" + 1307504(3)" + 1961256(2)" + 24961440]
Proof.  Proof is similar to that of Theorem 3.2 replacing § by 0 (|lv1||" . [Jw1]|®, .., [lvk|]" - [Jwk||®) we arrive the result. O
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Corollary 3.5. Let F be a linear space, and let (G",||.||,,) be a multi-Banach space. Let 8 > 0,0 < r+s=p < 24 and

¢ : F — G be a mapping satisfying f(0) =0

Sup [Dp(vs, wi), .o, Dh(vr, il < 0 (o7 flwall® A (loa ™ 4 e 75, llowll™ s ll*  (low 7 + [l 779))
(37)

for all vi,...,vi, wi...,w,, € F. Then there exists a unique mapping Q24 : F — G such that

Sup [[(6(01) — Qaa(u1), - 6(vr) — s (W) < gy Aaaallon 7o ) (39)

keN

where
2
Anaa =550 [27F° + 127 + 1277 4+ 24(117 + (11)"F°) 4+ 276(10" + (10)""°) +2024(9" + (9)"**)
+10626(8" + (8)"1*) 4+ 42504(7" + (7)"1®) + 134596(6" + (6)"°) + 346104(5" + (5)"**)
+7354710(4" + 477°) + 1307504(3" + 3""%) 4+ 1961256(2" + 2" ) + 1159630]
Proof.  Proof is similar to that of Theorem 3.2 replacing & by 6 ([|vr|”. lw1||® + (Joa || + [Jwi]|""*), ooy [Joe]l " [Jwi]|®
+(Jlok]l"" + [lwk||""*)) we arrive the result. O

4. Counter Examples
Example 4.1. Let 8: R — R be a function defined by

v, lv] <1

€, otherwise

where € > 0 is a constant, and define a function ¢ : R — R by

o~ B(2")w
(;S(U) = Z 9224n
n=0
for all v € R. Then ¢ satisfies the inequality

6.204484017 x 10?3
<
[D¢(v, w)|| < 16777215

(16777216)¢ (Jv]** + |w|**) (39)

for all v,w € R. Then there does not exists a Quattuorvigintic mapping Q24 : R — R and a constant X\ > 0 such that

|6(v) = Qaa(v)| < A*' Vo R (40)
1 21
Proof. Tt is easy to see that ¢ is bounded by %e on R.
If [v]** + |w|** = 0, then (39) is trivial. If [v]** + |w|** > 5317 then there exists a non-negative integer k such that
1 24 24 1
224(k+1) < |v| + |w| < 924k (41)

Hence From definition of ¢ and (41), we arrive that

> (6.204484017 x 10%%)e
Do (v, w) < D oot
n=k
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- (16777216)(6.204484017 x 10%%)e
- 16777215(224F)
(6.204484017 x 102%)

2 24 24
< 6777915 (16777216) "€ (Jv]** + |w|**)

Therefore, ¢ satisfies (39) for all v,w € R. Now, we claim that functional equation (1) is not stable for k = 24 in Corollary
(3.3). Suppose on the contrary that there exists a Quattuorvigintic mapping Qz4 : R — R and a constant A > 0 satisfying

. en there exists a constant ¢ € R such that 24(v) = cv™ for any v € R. us we obtain the following inequality
46). Then th i R such that Q £ R. Th btain the following i li
|6(v)] < (A +[el) [v]** (42)

1
Let m € N with me > A+ |¢|. If v € (0, W)’ then 2"v € (0,1) for all n = 0,1,2...m — 1 and for this case we get

9224n

e} n m—1 n, \24
B(2™)v e(2™v
o)=Y P20 > 3 AT et s (el o
n=0 n=0
which is a contradiction to (42). Therefore the Quattuorvigintic functional equation (1) is not stable for k = 24. O

Example 4.2. Let f: R — R be a function defined by

ev?, lv] <1

€, otherwise

where € > 0 is a constant, and define a function ¢ : R — R by

o) =3 A2

for all v € R. Then ¢ satisfies the inequality

6.204484017 x 10?3

D <
1P (v, w)l < 16777215

(16777216)%€ (Jo|** . |w]|"?) (43)

for all v,w € R. Then there does not exists a Quattuorvigintic mapping Q24 : R — R and a constant A > 0 such that
|6(v) — Qa(v)| < Ao[** Vo eR. (44)
Proof. The proof is analogous to the proof of Example 4.1. O

Example 4.3. Let f: R — R be a function defined by

ev?, lv] <1

Bv) =

€, otherwise

where € > 0 is a constant, and define a function ¢ : R — R by

o) = 3 A2

for all v € R. Then ¢ satisfies the inequality

6.204484017 x 102
16777215

[D(v, w)l| < (16777216)%¢ (Jo[** . w]** + (Jo[** + [w[*")) (45)
for all v,w € R. Then there does not exists a Quattuorvigintic mapping Q24 : R — R and a constant A > 0 such that

|p(v) — Qa4(v)] < A |11|24 Yv € R. (46)

Proof. The proof is analogous to the proof of Example 4.1. O
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