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1. Introduction

Let Fq denotes a finite field of order q = pk for some prime p and some positive integer k, and Fqn denotes an extension of

Fq of degree n. The multiplicative group F∗q of Fq is cyclic and its generators are called primitive elements of Fq. Any field

Fq has φ(q − 1) primitive elements, where φ is the Euler’s phi-function. For α ∈ Fqn , the trace TrFqn |Fq (α) of α is defined

by TrFqn |Fq (α) = α+ αq + . . .+ αq
n−1.

In 1985, Cohen [5] considered the problem of existence of two consecutive primitive elements in Fq. Chou and Cohen [4]

completely resolved the question of the existence of a primitive element α such that α and α−1 both have trace zero over

Fq. He and Han [8] studied primitive elements of the form α + α−1 over finite fields. In 2012, Wang et al. [11] established

a sufficient condition for the existence of α such that α and α + α−1 are both primitive for the case 2|q. Liao et al. [9]

generalized their results to the case when q is any prime power. In 2014, Cao and Wang [2] proved that for all q and n ≥ 29,

Fqn contains an element α such that α + α−1 ia also primitive, and TrFqn |Fq (α) = a, TrFqn |Fq (α−1) = b for any pair of

prescribed a, b ∈ F∗q .

In this article, we consider the existence of a primitive pair (α, α2 + α+ 1) in Fqn with TrFqn |Fq (α) = a for any prescribed

a ∈ F∗q .

2. Preliminaries

We denote the number of prime divisors of m by ω(m), for any positive integer m > 1. For the basics on the character

groups of the additive group and the multiplicative group of finite fields, the reader is referred to [10].
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Definition 2.1. An element α ∈ F∗q is called e-free, for any e|q− 1, if α = γd for any d|e, and γ ∈ Fq implies d = 1. Hence

an element α ∈ F∗q is primitive if and only if it is (q − 1)-free.

Since F̂∗q is cyclic, for any d|q−1, F∗q has φ(d) multiplicative characters χd of order d. Following Cohen and Huczynska [6, 7],

it can be shown that for any m|q − 1, an expression of the characteristic function for the subset of m-free elements of F∗q is

given by

ρm : α 7→ θ(m)
∑
d|m

µ(d)

φ(d)

∑
χd

χd(α),

where θ(m) := φ(m)
m

, µ is Möbius function and the internal sum runs over all multiplicative characters χd of order d.

If ψ is a nontrivial additive character of a finite field Fq then ψ lifts to an additive character ψ̂ of Fqn , n ≥ 1, by setting:

ψ̂(α) = ψ(TrFqn |Fq (α)) for every α ∈ Fqn .

An expression of the characteristic function for the set of elements in Fqn with TrFqn |Fq (α) = a ∈ Fq is given by,

Ta : α 7→ 1

q

∑
ψ∈F̂q

ψ(TrFqn |Fq (α)− a).

For every α ∈ Fqn , we have that

Ta(α) =
1

q

∑
ψ∈F̂q

ψ(TrFqn |Fq (α)− a).

Every additive character ψ ∈ F̂q can be obtained by ψ(α) = ψg(uα), where ψg is the canonical additive character of Fq and

u is any element of Fq. Hence

Ta(α) =
1

q

∑
u∈Fq

ψg(TrFqn |Fq (uα)− ua)

=
1

q

∑
u∈Fq

ψ̂g(uα)ψg(−ua). (1)

Next, we give some Lemmas, which are useful for our main results.

Lemma 2.2 ([10, Theorem 5.4]). If χ is any non trivial character of a finite abelian group G, and β is a non trivial element

of G then ∑
β∈G

χ(β) = 0 and
∑
χ∈Ĝ

χ(β) = 0.

Lemma 2.3 ([3]). Let χ be a non-trivial multiplicative character of order r and ψ be a non-trivial additive character of

Fqn . Let f, g be rational functions in Fqn(x) such that f 6= yhr, for any y ∈ Fqn and h ∈ Fqn(x), and g 6= hp − h + y for

any y ∈ Fqn and h ∈ Fqn(x). Then

∣∣ ∑
x∈Fqn\S

χ(f(x))ψ(g(x))
∣∣ ≤ (deg(g)∞ +m+m′ −m′′ − 2)qn/2,

where S is the set of poles of f and g, (g)∞ is the pole divisor of g, m is the number of distinct zeros and finite poles of f

in F̄q (algebraic closure of Fq), m′ is the number of distinct poles of g (including ∞) and m′′ is the number of finite poles

of f that are poles or zeros of g.
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3. Main Result

Let Nqn(m1,m2, a) be the number of α ∈ Fqn , such that α is m1 free and α2 + α + 1 is m2 free and Tr(α) = a for any

a ∈ Fq. Hence we need to show that Nqn(m1,m2, a) > 0 for every a ∈ Fq.

Theorem 3.1. Let q = pk for some prime p 6= 3 and n be a positive integer and let ω = ω(qn − 1). If q
n
2
−1 > 3 · 22ω, then

Nqn(m1,m2, a) > 0 for every a ∈ Fq.

Proof. By definition

Nqn(qn − 1, qn − 1, a) =
∑
α∈F∗

qn

ρqn−1(α)ρqn−1(α2 + α+ 1)Ta(α)

=
θ(qn − 1)2

q

∑
α∈F∗

qn

∑
d1,d2|qn−1

µ(d1)µ(d2)

φ(d1)φ(d2)

∑
χd1

,χd2

χd1(α)χd2(α2 + α+ 1)

∑
v∈Fq

ψ̂g(vα)ψg(−va).

Na(qn − 1, qn − 1, a) =
θ(qn − 1)2

q

∑
d1,d2|qn−1

µ(d1)

φ(d1)

µ(d2)

φ(d2)

∑
χd1

,χd2

χχχa(χd1 , χd2), (2)

where

χχχa(χd1 , χd2) =
∑
v∈Fq

ψg(−av)
∑
α∈F∗

qn

χd1(α)χd2(α2 + α+ 1)ψ̂g(vα).

As χdi(x) = χqn−1(xni) for i = 1, 2, and some ni ∈ {0, 1, 2, · · · , qn − 2}, we have

χχχa(χd1 , χd2) =
∑
v∈Fq

ψg(−av)
∑
α∈F∗

qn

χqn−1(αn1(α2 + α+ 1)n2)ψ̂g(vα)

=
∑
v∈Fq

ψg(−av)
∑
α∈F∗

qn

χqn−1(F (α))ψ̂g(vα),

where F (x) = xn1(x2 + x+ 1)n2 ∈ Fqn [x] for some 0 ≤ n1, n2 < qn − 1.

If F (x) 6= yhq
n−1 for any y ∈ Fqn and h ∈ Fqn [x] then using Lemma 2.3,

|χχχa| ≤ 3qn/2+1.

If F = yhq
n−1 for some y ∈ Fqn and h ∈ Fqn [x] then

xn1(x2 + x+ 1)n2 = yh(x)q
n−1, (3)

for some y ∈ Fqn and h ∈ Fqn [x]. Now (3)⇒ xn1 |hq
n−1. Hence n1 = 0 or

(x2 + x+ 1)n2 = xq
n−1−n1yA(qn−1), (4)

267



On Special Primitive Elements over Finite Fields

where A(x) = h(x)/xn1 ∈ Fqn [x]. Now if n1 = 0 then we get (x2 + x + 1)n2 = yh(x)q
n−1, which is possible only if n2 = 0

and H is a constant. Now if n1 6= 0 then xq
n−1−n1 |(x2 + x+ 1)n2 , which is not possible. Hence n1 = n2 = 0.

Thus in this case (χd1 , χd2) = (χ1, χ1). Additionally if, v 6= 0 then using Lemma 2.2, we get

|χχχa(χd1 , χd2)| = q ≤ 3qn/2+1.

Hence |χχχa(χd1 , χd2)| ≤ 3qn/2+1, when (χd1 , χd2 , v) 6= (χ1, χ1, 0). Thus, using (2) we get

Nqn(qn − 1, qn − 1, a) ≥ θ(qn − 1)2

q
(qn − 1− 3qn/2+1(22ω(qn−1) − 1)). (5)

Hence Nqn(qn − 1, qn − 1, a) > 0 if qn/2 > q−n/2+1 + 3q(22ω(qn−1) − 1), i.e., if qn/2−1 > 3 · 22ω(qn−1).

Lemma 3.2 ([1, Lemma 3.1]). For any positive integer I, 2ω(I) < C(I)I1/5, where C(I) < 11.25.

Corollary 3.3. Let q = pk for some prime p and n be a positive integer. If n ≥ 96 and q ≥ 2, then Nqn(m1,m2, a) > 0 for

every a ∈ Fq.

Proof. By Lemma 3.2, Nqn(m1,m2, a) > 0 if qn/10−1 > 380, which holds for all n ≥ 96 and q ≥ 2. Hence the result

follows.
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