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1. Introduction

Let F, denotes a finite field of order ¢ = p* for some prime p and some positive integer k, and F,» denotes an extension of
F, of degree n. The multiplicative group F; of F, is cyclic and its generators are called primitive elements of Fq. Any field
Fq has ¢(g — 1) primitive elements, where ¢ is the Euler’s phi-function. For a € Fyn, the trace T'rs , |r, () of c is defined
by Tre nip, () =a+af+... + ad" 1

In 1985, Cohen [5] considered the problem of existence of two consecutive primitive elements in F,. Chou and Cohen [4]
completely resolved the question of the existence of a primitive element « such that o and a~! both have trace zero over
F,. He and Han [8] studied primitive elements of the form o 4 ™! over finite fields. In 2012, Wang et al. [11] established

a sufficient condition for the existence of a such that « and o + a!

are both primitive for the case 2|g. Liao et al. [9]
generalized their results to the case when ¢ is any prime power. In 2014, Cao and Wang [2] proved that for all ¢ and n > 29,
F,» contains an element « such that o + o' ia also primitive, and Try nr, (a) = a, Ty n|F, (a™') = b for any pair of
prescribed a,b € Fg.

In this article, we consider the existence of a primitive pair (a, a? + a4 1) in Fyn with T'rs mr, (@) = a for any prescribed

a €y

2. Preliminaries

We denote the number of prime divisors of m by w(m), for any positive integer m > 1. For the basics on the character

groups of the additive group and the multiplicative group of finite fields, the reader is referred to [10].
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Definition 2.1. An element o € F}, is called e-free, for any elg—1, if o = ~¢ for any dle, and v € Fq implies d = 1. Hence

an element o € Fy is primative if and only if it is (g — 1)-free.

Since ]B/’g is cyclic, for any d|q — 1, F; has ¢(d) multiplicative characters xq of order d. Following Cohen and Huczynska [6, 7],
it can be shown that for any m|qg — 1, an expression of the characteristic function for the subset of m-free elements of Fy is

given by

Pm > O(m) Z % ZXd(Oé),
dlm

Xd
where 0(m) := %, u is Mobius function and the internal sum runs over all multiplicative characters x4 of order d.
If ¢ is a nontrivial additive character of a finite field F, then 1 lifts to an additive character 1[3 of Fgn, n > 1, by setting:
(a) = Y(Tre nir, () for every a € Fgn.

An expression of the characteristic function for the set of elements in Fgn with T'rg |5, (a) = a € Fy is given by,

1
To:o— 2 Z w(TTJFqn\Fq (a) = a).
pefy

For every a € Fyn, we have that

Tu(a) = é Z Y(T're i, (@) — a).

PEeF,

Every additive character ¢ € E can be obtained by ¢ (a) = 14 (uc), where )4 is the canonical additive character of F, and

u is any element of F,. Hence

1 Z Yg(Tre n v, (uar) — ua)

q u€ly

=
&
I

LS 4y (wa)y (—ua). (1)

q u€ly
Next, we give some Lemmas, which are useful for our main results.

Lemma 2.2 ([10, Theorem 5.4]). If x is any non trivial character of a finite abelian group G, and 3 is a non trivial element

of G then
> x(B)=0 and > x(8)=0.

BeG Xe@
Lemma 2.3 ([3]). Let x be a non-trivial multiplicative character of order r and ¥ be a non-trivial additive character of
Fyn. Let f, g be rational functions in Fgn(x) such that f # yh", for any y € Fgn and h € Fyn(x), and g # h? — h+y for

any y € Fgn and h € Fgn (). Then

| D X(F@)(9(2))| < (deg(g)oe +m +m' —m" —2)¢"/?,
z€F n\S

where S is the set of poles of f and g, (9)s is the pole divisor of g, m is the number of distinct zeros and finite poles of f
in By (algebraic closure of Fy), m' is the number of distinct poles of g (including co) and m' is the number of finite poles

of f that are poles or zeros of g.
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3. Main Result

Let Ngn(mi,ma,a) be the number of o € Fyn, such that « is mq free and o® + « + 1 is ma free and Tr(a) = a for any

a € Fy. Hence we need to show that Ngn(mi,ma,a) > 0 for every a € Fy.

Theorem 3.1. Let ¢ = p* for some prime p # 3 and n be a positive integer and let w = w(q™ —1). If g2 ' >3.2% then

Ngn(mi,mz,a) > 0 for every a € Fy.

Proof. By definition

Ngn(q" = 1,4" — 1,a) Z pan—1( pqn,l(a +a+ 1)7Ta(a)

ae]F*

Z 2 % D> X (@xa (@ +a+1)

a€Fin di,d2fq™ -1 Xdq 1Xdg

Z Xa(Xd1 ) Xd2)7 (2)

dy,dz]q™—1 XdqXdg

where

Xa(Xai: Xd>) = Y Yg(—av) D> xa; (@)xaz (@ + a + 1)ty (va).

velR, ae]F;n

As x4, (x) = xqn—1(z™) for i =1, 2, and some n; € {0,1,2,---,¢" — 2}, we have

Xo(Xars Xas) = D whg(=av) Y Xgr-1(a™ (0” + o+ 1))y (va)

velF, aE]F*
= Z Yg(—av) Z anfl(F(oz))zﬁg(’va),
veFq aeIFZn

where F(z) = 2™ (2% + x + 1)"2 € Fyn[z] for some 0 < ny,n2 < ¢" — 1.

If F(z) # yh? ~! for any y € Fyn and h € Fyn[z] then using Lemma, 2.3,
[Xal < 3"/,
If F =yh?" =" for some y € Fgn and h € Fyn[z] then
2" (2 o+ )" = yh(z)” (3)
for some y € Fgn and h € Fyn[z]. Now (3)= 2™ |h?" ~1. Hence ny = 0 or

(2 4+ +1)"2 = g7 1Ty gl" oD, (4)
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where A(z) = h(z)/z™ € Fyn[z]. Now if n1 = 0 then we get (22 + 2 4+ 1)"2 = yh(z)? ~!, which is possible only if ny = 0

and H is a constant. Now if n; # 0 then 29" ~*~™1 |(2? + 2 4+ 1)"2, which is not possible. Hence n; = ng = 0.

Thus in this case (xd;,Xds) = (X1, x1)- Additionally if, v # 0 then using Lemma 2.2, we get

[Xa(Xdss Xds)| = @ < 3¢">T.

Hence [Xa(Xd;s Xds)| < 3¢™2*", when (xa,, Xds,v) # (x1,X1,0). Thus, using (2) we get

n o 2 n
Ngn (qn — 17(]” — 17a) > M(qn — 1= 3qn/2+1(22w(q -1) _ 1))

q

Hence Ngn(¢" —1,¢" — 1,a) > 0 if ¢V > g 4 3q(22“’<qn71) —1), ie., if ¢"V/? 7t > 3. 2w -1

Lemma 3.2 ([1, Lemma 3.1)). For any positive integer I, 2°0) < C(I)I*/®, where C(I) < 11.25.

Corollary 3.3. Let g = p* for some prime p and n be a positive integer. If n > 96 and q > 2, then Nyn(m1, ma, a) > 0 for

every a € Fq.

Proof. By Lemma 3.2, Ngn(mi,ma2,a) > 0 if ¢"/1°1 > 380, which holds for all n > 96 and ¢ > 2. Hence the result

follows.
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