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1. Introduction

All graphs considered are finite, simple and undirected. The graph has vertex set V = V(G) and edge set £ = E(G) and
we let e = |E| and v = |V/|. A general reference for graph theoretic notions is in [5]. A graph labeling is an assignment of
integers to the vertices or edges or both subject to certain condition(s). If the domain of the mapping is the set of vertices
(or edges) then the labeling is called vertex labeling (or an edge labeling). Graph labeling is an active area of research in
graph theory which has rigorous applications in coding theory, communication networks, optimal circuits layouts and graph
decomposition problems. For a dynamic survey of various graph labeling problems along with an extensive bibliography we
refer to Gallian [2]. The classic paper of S-valuations by Rosa in 1967 [3] laid the foundations for several graph labeling
methods. For a simple graph of order |V| and size |E|, Ibrahim Cahit [1] introduced a weaker version of S-valuation or
graceful labeling in 1987 and called it cordial labeling. The following notions of product cordial labeling was introduced
in 2004 [3]. For a simple graph G = (V, E) and a function f : V — {0,1}, assign the label f(z)f(y) for each edge zy.
This function f is called a product cordial labeling if |vs(0) — vs(1)] < 1 and |ef(0) — er(1)] < 1 where vy (i) and ey ()
denote the number of vertices and edges labeled with i = 0,1. Motivated by this definition, M. Sundaram, R. Ponraj and
S. Somasundaram introduce a new type of graph labeling known as total product cordial labeling and investigate the total
product cordial behavior of some standard graphs. A function f is called a total product cordial labeling of G if it satisfies
the condition that |vs(0) 4+ ef(0) — vy (1) —es(1)] < 1. A graph with a total product cordial labeling defined on it is called

total product cordial. For any two graphs G and H of order p1 and p2, respectively, the graph obtained by taking one copy
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of G of order p; and p; copies of H and then connecting the ith vertex of G to every vertex of the ith copy of H (ith means
first, second, third and so on) is called crown, denoted by G o H. The order and size of the crown G o H is p1 + p1p2 and

q1 + p1g2 + p1p2, respectively, where ¢ and ¢z are the size of graphs G and H, respectively.

1.1. Preliminaries

This section presents some results of product cordial and total product cordial labeling on some graphs.
Theorem 1.1 ([6]). The crown graph P, o Cr(n > 2,m > 3), is not product cordial except if n is even.
Theorem 1.2 ([6]). The crown graph P, o Ppn(n,m > 2), is product cordial except if both n and m are odd.
Theorem 1.3 ([6]). The crown graph P, o K,(n > 2,m > 4), is not product cordial except if n is even.

Theorem 1.4 ([4]). A product cordial graph G is total product cordial if either it is of even order or of odd order and even

size.

Corollary 1.5 ([4]). Trees are total product cordial.
Theorem 1.6 ([4]). C, is total product cordial if n # 4.
Remark 1.1 ([4]). The cycle Cy4 is not total product cordial.

Theorem 1.7 ([4]). The complete graph K, (n > 4) is total product cordial if one of 2n* +2n — 3 or 2n® +2n + 1 or

2n? 4+ 2n 45 is a square of an odd integer.

Corollary 1.8 ([4]). The crown Cy o K1 is total product cordial.

2. Main Section

Theorem 2.1. The crown graph P,, o (), is total product cordial graph for allm > 1, n > 3.

Proof.  Let V(Pm) = {v1,v2,...,vm} be the vertex set of Pn, and V(C.) = {ul,ub,...,u’} be the vertex set of the ith
copy of C,,,n > 3. The order and size of the crown graph P, o C,, are mn +m and 2mn + m — 1, respectively. Consider the
following cases:

Case 1: m is even and n is even or m is even and n is odd.

Observe that the order of the crown graph P, o Cy is m +mn. Since m is even, it follows that the order of the crown graph
Py, o C, is even. By Theorem 1.1, the crown graph P,, o C,, is product cordial, then by Theorem 1.4, the crown graph
P,, o C, is total product cordial.

Case 2: m is odd and n is even.

Define the function f : V(Pp 0 Cr) — {0,1} by

f(vi) =

1, otherwise.

0, 1<i<™H,1<j<n or
flj) =3 i=mf1<i<y

1, otherwise.
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In view of the above labeling, we have vf(0) = 2=5E™" and vy (1) = mHEM2 - Op the other hand, the edges of P, o Cy,

with labels zero are the following:

-1
f(UzU1+1)_071<Z<m2
; -1
viu;) =0, ) ,1<53<n or
floul) =0,1< <m2 1<j<
j=mtl o aom
2
f(uju]'+1)—0,1<Z§m;1,1§j§n—l or
m+1 .._n
=T 1<j< =
Ty == g
; 1
f(uﬁu;):0,1<z§m;_
In view of the above labeling, we have,
2mn+m+1
es(0) = ML M
and
2mn+m — 3
es(1) = ZMnEM =3 2)

Hence, [v§(0) + ef(0) — vs(1) — ep(1)] = |2mnd2m=3mn_2mi2| — 1 Thus, the crown graph Py, o C,, is total product cordial

if m is odd and n is even.
Case 3: m is odd and n is odd
Subcase 1: If m =1 and n > 3, then the crown graph P; o C,, & W,, which is total product cordial for all n > 3.

Subcase 2: If m > 3 and n = 3, define the function f: V (P, o C3) — {0,1} by

0, 1<i<mit
fi) =
1, otherwise
and for j =1,2,3,
. 0, 1<i<md
flug) =
1, otherwise.
In view of the above labeling, we have
vp(0) =2m — 1 (3)
and
vp(1) = 2m + 1. (4)

On the other hand, the edges of P,, o C5 with labels zero are the following:

fwivig1) = 0,1 <i < mT—H

flufuly)=0,1<i< mTil,jzlﬂ
fu) =0, 1<i< ™21
foi)=0,1<i< ™t i 193
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In view of the above labeling, we have

™+ 1
es(0) = T &)
and
™ — 3
ep(n)= =3, )
Hence, |vs(0) + ef(0) —vf(1) —ep(1)| = |Hm=t — 1m=1| = 0. Thus, the crown graph Py, o Cs is total product cordial

when m is odd, m > 3.

Subcase 3: If m > 3 and n > 5, define the function f: V(P 0 Cy,) — {0,1} by

0, ™2 <i<m

flvi) =
1, otherwise
0, 22 <i<m,1<j<n or
A . . _
fluj) = i=mH j =234, 051 048

1, otherwise.
In view of the above labeling, we have

and

oy(1) = AT ®)

On the other hand, the edges of P,, o C,, with labels zero are the following:

Flowiey) =0, ML o5 o 1
f(ué—u;-ﬂ):o, m;—3 <i<m,1<j<n-1 or
i:m;rl,lﬁjg n;3
f(ullu;) =0, mT-i-i% <i<m
Flvul) =0, m;?’ <i<m,1<j<n or
z’:mTH,j:2,3,4,...,”;1,";3.
In view of the above labeling, we have
es(0) = MELEATN (9)
and
er(1) = w (10)
Hence, |vf(0) +ef(0) —vs(1) —ef(1)] = |2mnd2m=L _ Smni2m=1} — o Thus the crown graph Pn o C, is total product

cordial if m > 3 and n > 5.

Considering all the cases above, then we can say that the crown graph P, o C), is total product cordial for m > 1 and
n > 3. O
Theorem 2.2. The crown graph P,, o P, is total product cordial graph for all m,n > 1.
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Proof. Let V(Py) = {v1,v2,...,vm} be the vertex set of P, and V(P}) = {ul,u,

.. ,uﬁl} be the vertex set of the ith copy of P,. The order and size of the crown graph P,, o P,, are m + mn and 2mn — 1,
respectively. To prove the theorem, we will consider the following cases:
Case 1: m is even and n is even or m is even and n is odd.
Observe that the order of the crown graph P,, o P, is m + mn. Since m is even, it follows that the order of the crown
graph P,, o P, is even. By Theorem 1.2, the crown graph P,, o P, is product cordial, then by Theorem 1.4, the crown graph
P,, o P, is total product cordial.
To prove the remaining cases, observe that the crown graph P,, o P, is obtained from the crown graph P,, o C), by deleting
the edges u}iu’,. Since only edges uiu’, are deleted, V(P,, o P,) = V(P o Cy,). Hence, we will use the functions defined on
Theorem 2.1 to prove the following cases.
Case 2: m is odd and n is even.
We will label the vertices and edges of P, o C,, using the function defined on Theorem 2.1, Case 2 by omitting the edges
uiul. Accordingly, since there are no vertices deleted, it follows that the number of vertices labeled with 0 and 1 would be

the same. That is, vy (0) = ™=LE"% and vy (1) = mtLtmn,

m+1

5— and mT_l Subtracting this deleted

Now, counting all the deleted edges uiu’, labeled with 0 and 1, we will obtain
edges from the computed number of edges having labels 0 and 1 in Equations 1 and 2, it follows that e;(0) = mn and

es(1) =mn — 1.

Hence, |vs(0) +ef(0) —vs(1) —ef(1)] = ‘Sm"‘gm_l — 3"”“5""”_1} = 0. Thus, the crown graph P,, o P, is total product
cordial if m is odd and n is even.

Case 3: m is odd and n is odd.

Subcase 1: If m =1 and n = 1, then the crown graph P; o P 2 P, which is total product cordial by Corollary 1.5.
Subcase 2: If m =1 and n > 3, then the crown graph P; o P,, & F,, which is total product cordial.

Subcase 3: If m > 3 and n = 3, we will label the vertices and edges of P,, o P; using the function defined on Theorem 2.1,
Case 3, Subcase 2. Accordingly, since there are no vertices deleted, then the number of vertices labeled with 0 and 1 would
be the same. That is, vf(0) = 2m — 1 and v¢(1) = 2m + 1.

Now, counting all the deleted edges uiu} labeled with 0 and 1, we will obtain mT_l and mT'H7 respectively. Subtracting this
deleted edges from the computed number of edges having labels 0 and 1 in Equation 5 and 6, it follows that e;(0) = 3m +1
and ef(1) = 3m — 2.

Hence, |vs(0) +e5(0) —vs(1) —ef(1)] = |5m — bm + 1| = 1. Thus, the crown graph P, o P is total total product cordial
for m > 3.

Subcase 4: If m > 3 and n > 5, we will label the vertices and edges of P, o P, using the function defined on Theorem 2.1,
Case 4, Subcase 3 by omitting the edges uiu’,. Accordingly, since there are no vertices deleted, then the number of vertices
labeled with 0 and 1 would be the same. That is vy(0) = =2t and vy (1) = ZtZbmn,

Now counting all the deleted edges ufu’, labeled with 0 and 1, we will obtain ’”T’l and mT“, respectively. Subtracting this
deleted edges from the computed number of edges having labels 0 and 1 in Equation 9 and 10, it follows that ef(0) = mn+1
and ef(1) = mn — 2.

Hence, [vs(0) + ef(0) — vf(1) — ef(1)| = | 2matm _ Smntm=2| — 1 Thus the crown graph P, o P, is total product cordial

if m > 3 and n > 5.

Considering all the cases above, then we can say that the crown graph P, o P, is total product cordial for m,n > 1. O

Theorem 2.3. The crown graph C,, o P, is total product cordial graph for all m >3, n > 1.

(V)
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Proof. Let V(Crn) = {v1,v2,v3,...,0m} be the vertex set of Cy,, m > 3 and V(P?) = {ul,ub, ..., ul} be the vertex set
of the ith copy of P,, n > 1. The order and size of the crown graph C,, o P, are mn + m and 2mn, respectively. Consider
the following cases:

Case 1: mis even and n > 1.

Subcase 1: If m is even and n = 1, then the crown graph C,, o P; = C), o K7 which is total product cordial by Corollary
1.8.

Subcase 2: If m is even and n > 2, then define the function f : V(Cp o Py) — {0,1} by

0, Z4+1<i<m

flvi) =

1, otherwise

0, #+2<i<m,1<j<n or
f(uj) = i=%+1,2<j<n

1, otherwise.

In view of the above labeling, we have vf(0) = 22t1=2 and v;(1) = ™24™E2 On the other hand, the edges of Cr, o P,

with labels zero are the following:

fwia) =0, T <i<m-1

fomv1) =0
Fluiuiy) =0, %+1§i§m,1§j§nfl
f(viuj-):O, %+1§z§m,1§j§n

In view of the above labeling, we have ef(0) = mn + 1 and ef(1) = mn — 1.

Hence, |vs(0) + ef(0) — vs(1) —ef(1)| = ’3””"% - 37”"%’ = 0. Thus, the crown graph C,, o P, is total product cordial if
m is even and n > 2.

Case 2: m is odd and n is odd.

Define the function f : V(Cy, o P,) by

0, ™2 <i<m

floi) =
1, otherwise
0, mP<i<m1<j<n or
flug) = j=mil = ndl nab ndb 4 g ndS 4o o

1, otherwise.

In view of the above labeling, we have vy(0) = ™*1=2 and v(1) = 2*£m+2 On the other hand, the edges of Cy, o Py,
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with labels zero are the following:

f(vivig1) =0, mEl o emo

flomv1) =0

f(u;-u;+1):O7 mS_SSiSm,lSan—l or
.oom+1 n—1 .
= i<
t 3 9 SJ=n

foad)=0,  "E<icm 1<j<n or
. m+1 . n+1 n+d n+bd n+5
= = 1 2,...,n.
7 2 7.] 2 b 2 b) 2 +, 2 +7 7n

In view of the above labeling, we have ef(0) = mn + 1 and ef(1) = mn — 1.

Hence, [vs(0) + ef(0) — vf(1) — ef(1)| = |2madtm _ 3mntm| — (. Thus the crown graph Cy, o P, is total product cordial if
m and n is odd.

Case 3: m is odd and n is even.

Define the function f : V(Cr, o Py) by

0, ™ <i<m

f(vi) =

1, otherwise

0, m;3§z<m,1<j§n or
f(“]): z:m;17%+1<j§n

1, otherwise.

In view of the above labeling, we have vy(0) = ™*m=1 and vy(1) = 22£mEL - On the other hand, the edges of Cy, o Py,

with labels zero are the following:

m—+1

f(vivi.,_l) = 0, <i1<m-— 1
f(vmv1) =0
o 3
Flubuig) =0, m; <i<m,1<j<n-1 or
m+1 n
e I TS
1 B ,2_]_TL
i 3 . .
f(viuz) =0, m; <i<m,1<j<n or
.o m+1 n .
Z:Ta§+1§]§n~

In view of the above labeling, we have ef(0) = mn + 1 and ef(1) = mn — 1.

Hence, |vf(0) +ef(0) —vp(1) —ep(1)| = |2mnfmtd  3mndm=l| — 1 Thus, the crown graph Cy, o P, is total product

cordial if m is odd and n is even.

Considering the cases above, we can say that the crown graph C,, o P, is total product cordial for all m > 3 ,n > 1. O

Theorem 2.4. The crown graph P,, o F}, is total product cordial graph for all m > 2, n > 1.
Proof.  Let V(Pm) = {v1,v2,v3,...,0m} be the vertex set of Py, and V(F?) = {u},ul, ..., ul 1} be the vertex set of the
ith copy of F,,. The order and size of the crown graph P,, o F;, are 2m + mn and 3mn + m — 1, respectively. Consider the

following cases:

79
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Case 1: m is even and n > 1.

Subcase 1: If m is even and n = 1, then the crown graph P, o F1 = P,, o P» which is total product cordial by Theorem
2.2.

Subcase 2: If m is even and n > 2, define the function f : V(Py, o F,) — {0,1} by

0, F+1<i<m
1, otherwise
0, T+1<i<m,1<j<n+1

1, otherwise.

In view of the above labeling, we have vy(0) = ™2™ and vy (1) = 222" On the other hand, the edges of Py, o Fy, with

labels zero are the following:

Fvivigr) =0, %Sigm—l

f(u;-u;-+1):0, %Jrlgzgm,lgjgn

f(u;u;+1):0, %+1§z§m,1§g§n—1
f(viué»):O, %—i—lgzgm,lg]gn—&—l

In view of the above labeling, we have ey (0) = 2™24E™ and ey (1) = 3modm=2

Hence, [vf(0) + €f(0) — vp(1) — ep(1)| = |fmngtdm _ dmntdm=2| — 1 Thus, the crown graph Py, 0 F, is total product cordial
if m is even, n > 1.

Case 2: m is odd, (m > 3) and n is odd, (n > 1).

Subcase 1: If m is odd, (m > 3) and n = 1, the the crown graph P,, o Fy & P,, o P>, which is total product cordial by
Theorem 2.2.

Subcase 2: If m is odd, (m > 3) and n = 3, define the function f : V(P o F3) by

0, ™ <i<m

f(vi) =
1, otherwise
0, B <i<m,1<j<4 or
i=m8 =234 or
. 27 N
flug) =

1, otherwise.

In view of the labeling above, we have v;(0) = 2%=2 and vs(1) = 23, On the other hand, the edges of Pp o F3 with
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labels zero are the following:

f(viviy1) =0,

flujujg) =0,

flujul) =0,

fvui) =0,

m+ 1

<i<m-—1

m+5

<i<m,j=1,2,3 or

LCR S N P S
2
m+ 3
=T 12
Z 2 ’] 773
MElcicm =12
m;3§i§m7j2172,3,4 or
m—+ 1

i =

i = 3, 4.
2J3,

In view of the above labeling, we have ef(0) = 5m + 1 and ef(1) = 5m — 2.

Hence, |v7(0) 4 €7(0) —vs(1) — es(1)| = [£25=L —

m is odd, m > 3 and n = 3.

%’ = 0. Thus, the crown graph P,, o F}, is total product cordial if

Subcase 3: If m is odd, m > 3 and n > 5, define the function f : V (P, o F,,) = {0,1} by

0,
flvi) =

1,

0,
Fuy) =

1,

In view of the above labeling, we have v¢(0) =

with labels zero are the following:

f(vivig1) = 0,

fujujir) =0,

f(u_;uil+1) - 07

flviug) =0,

mid <ji<m

otherwise

B <i<m,1<j<n+1 or
i=mE, e <j<n or

i=mB 1<j<n

otherwise.

% and vy(1) = W On the other hand, the edges of P,, o F,

mtl
MrScicmi<i<n o

. m+1 n-—1 .

= — <7<
7 2 5 2 _]_n
m;—?)gigm,lgjgn—l or

1 1

=T <
m+3 . .

5 <t1<m,1<73<n+1 or
. m+1 n+1 .

_m+l <j<n.
1 2 5 2 _]_n

In view of the above labeling, we have ey (0) = 22Em+2 and ey (1) = Smnfm=1,

Hence, [v7(0) +e5(0) —vs(1) —ef(1)] = |Hmndtim=l _

cordial if m is odd, m > 3 and n is odd, n > 5.

Case 3: m is odd, (m > 3) and n is even.

4m"+23m—1| = 0. Thus, the crown graph P, o F), is total product

Subcase 1: If m is odd, (m > 3) and n = 2, then the crown graph P, o F» & P,, o C3 which is total product cordial by

Theorem 2.1.
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Subcase 2: If m is odd, (m > 3) and n > 4, define the function f: V(P o F},) — {0,1} by

flui) =
1, otherwise
0, ™Ml <i<m-1,1<j<n+1 or
K p—
f(uj) = i=m,1<j< 3%

[

, otherwise.

In view of the above labeling, we have vy (0) = ™42m=2 and vy (1) = 2242m42 - Op the other hand, the edges of P, o F,

with labels zero are the following:

—1
foivie) =0, - <i<m-—1
o 1
flujulig) =0, m; <i<m-1,1<j<mn or
n
B 1<3< =
1 m, __]_2
o 1
Fluiul ) =0, m; <i<m-1,1<j<n—1 or
n
—m, 1<j<2
1 m, _]_2
} 1
S =0,  TIi<i<m-1,1<j<n+1 or

In view of the above labeling, we have ey (0) = 22EmEL and ep(1) = 3mnim=3,

Hence, |vf(0) +es(0) —vs(1) —ep(1)| = |dmntdm=l _ dmnddm_1l| — (. Thus, the crown graph P, o F, is total product

cordial if m is odd, m > 3 and n is even, n > 4.

Considering the cases above, we can say that the crown graph P,, o F), is total product cordial if m > 2, n > 1. O
Theorem 2.5. The crown graph P,, o W, is total product cordial graph for all m > 2, n > 3.

Proof. Let V(Pn) = {v1,v2,vs,...,vn} be the vertex set of P, and V(W}) = {ul,ub, ..., uk1} be the vertex set of the
ith copy of W, n > 3. The order and size of the crown graph P,, o W,, are 2m + mn and 3mn + 2m — 1, respectively.

Consider the following cases:

Case 1: m is even and n > 3. Define the function f : V (P, o W,) — {0,1} by

0, T+1<i<m
1, otherwise
0, T+1<i<m,1<j<n+1

otherwise.

—_

)
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In view of the above labeling, we have vf(0) = 222™ and v (1) = 2222 On the other hand, the edge labels of Py, o Wy,

are the following:

F(vivigr) =0, %gigm—l
Fluiuty ) =0, %+1§z§m71§]§n
f(uéuilﬂ)zo, %Jrlgzgm,lgjgnfl
fluiuy) =0, Z41<i<m
f(viu§~)=0, %—i—lgzgm,lg]gn—&—l

In view of the above labeling, we have e (0) = 32 and ey (1) = 2mnt2m=2

Hence, |vf(0) 4+ e£(0) —vp(1) —er(1)] = |2mn + 2m — (2mn + 2m — 1)| = 1. Thus, the crown graph P, o W, is total
product cordial if m is even, n > 3.

Case 2: m is odd and n is odd, (m,n > 3)

Subcase 1: If m is odd, (m > 3) and n = 3, then we will label the vertices based on the function defined on Theorem 2.4,

Sm=3 and 3mt3 | respectively. For the

Case 2, Subcase 2. Accordingly, the number of vertices labeled with 0 and 1 are, =75 5

number of edges labeled with 0 and 1, it follows that ef(0) = 1242 and ey (1) = 112=2.
Hence, |vs(0) 4+ e5(0) — vy (1) — ef(1)| = |8m — (8m — 1)] = 1. Thus, the crown graph P, o W, is total product cordial if m
isodd, m >3, n = 3.

Subcase 2: If m is odd, (m > 3), n is odd, (n > 5), then we will label the vertices of P,, o W, using the function defined

on Theorem 2.4, Case 2, Subcase 3. Accordingly, the number of vertices labeled with 0 and 1 is, m”+§m_3 and m”+§m+3,
respectively. For the number of edges labeled with 0 and 1, it follows that e;(0) = 3mn2m43 ang ey (1) = Smnt2m=5,
Hence, |vs(0) 4+ e£(0) —vp(1) —er(1)] = |2mn + 2m — (2mn + 2m — 1)| = 1. Thus, the crown graph P, o W, is total
product cordial if m is odd, m > 3 and n is odd, n > 5.

Case 3: If m is odd, (m > 3) and n is even, (n > 4). We will label the vertices of P, o W, using the function defined

on Theorem 2.4, Case 3, Subcase 2. Accordingly, the number of vertices labeled with 0 and 1 is, ™+2m=2 apd mntZmi2
repectively. For the edges labeled with 0 and 1, it follows that ef(0) = 3mn£2mE2 and ey (1) = Smnt2m=d,

Hence, |vf(0) +e¢(0) —vp(1) —er(1)] = |2mn+ 2m — (2mn + 2m — 1)| = 1. Thus, the crown graph P, o W, is total
product cordial if m is odd, m > 3 and n is even, n > 4.

Considering the cases above, we can say that the crown graph P,, o W, is total product cordial for allm > 2 and n > 3. O

Theorem 2.6. The crown graph P, o K, is total product cordial graph if m is even and n > 3 or m is odd and if one of

20n+1)24+2(n+1) =3 o0r2(n+1)2+2(n+1)+1or 2(n+1)% +2(n+ 1)+ 5 is a square of an odd integer.

Proof.

Case 1: m is even and n is odd or m is even and n is even

The order and size of the crown graph P,, o K,, are m + mn and W, respectively. Now, if m is even and n is
odd, (n > 3) or m is even and n is even, (n > 4), the order of the crown graph P,, o K, is even. Since P, o K, is a product
cordial graph by Theorem 1.3, then by Theorem 1.4, the crown graph P,, o K, is total product cordial.

Case 2: m =1 and if one of 2(n + 1) +2(n+1) =3 or 2(n+ 1) +2(n + 1) + 1 or 2(n + 1)®> 4+ 2(n + 1) + 5 is a square of
an odd integer.

The crown graph P; o K,, = K, 41 which is total product cordial by Theorem 1.7.

[\
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Case 3: m >3 and 2(n + 1) +2(n+1) — 3 = (2r + 1) for some r € Z*. Define f : V(P,, o K,,) — {0,1} by:

0, ™2 <i<m

flvi) =

1, otherwise

0, 22 <i<m,1<j<n or
f(U;): i:%,rgjgn

1, otherwise.

In view of the above labeling, we have vy(0) = ZAmAEIIR=2" gng 4, (1) = mdmnolont2r = Op the other hand, the edge

labels for f(v;vi+1) is defined as:
m-+1

f(’UiUi.t,.l) = 0, < 7 <m— 1.

For the edges on every ith copy of K, where i = mT'H, we have,

e5(0) = n(n;— n r(r2— 1).

For the edges on every ith copy of K, where ’”TH

<i < m, we have,

- (3-3)(572).

2 2 2 2 2 2
Hence, we have Ef(o) — mn“+mn-+n +Z—2r +2r4+2m—2 and ef(l) — mn +'m7:l+2m—n + —n+2r4—2r—2' NOW

|vr(0) 4+ ef(0) —vp (1) —ep(1)] = 6”+2"2+4_2”2Z4n_2_2”_2+4‘ = 1. Thus, the crown graph P, o K, is total product
cordial if m is odd, m > 3 and if 2(n + 1)® + 2(n 4+ 1) — 3 is a square of an odd integer.

Case 4: m >3 and 2(n + 1)> 4+ 2(n+1) +1 = (2r + 1)? for some r € Z7.

6n+2n24+4—2n2—4n—2-2n—2

Similarly, we have |v(0) +e(0) —vs(1) —es(1)] = -

= 0. Thus, the crown graph P, o K,, is

total product cordial if m is odd, m > 3 and if 2(n 4+ 1)® 4+ 2(n + 1) + 1 is a square of an odd integer.

Case 5: m >3 and 2(n + 1) +2(n + 1) + 5 = (2r + 1) for some r € Z*.

6n+2n?4+4—2n%—4n—2—2n—2-4

Similarly, we have |vs(0) 4 ef(0) — vy (1) —ef(1)| = 7

= | — 1| = 1. Thus, the crown graph

Py, o K, is total product cordial if m is odd, m > 3 and if 2(n + 1) + 2(n + 1) + 5 is a square of an odd integer.
Considering the cases above, we can say that the crown graph P, o K,, is total product cordial if m is even and n > 3 or m
is odd and if one of 2(n + 1) 4+ 2(n +1) —3 or 2(n + 1)> +2(n + 1) + 1 or 2(n + 1)*> + 2(n 4 1) + 5 is a square of an odd

integer. O
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