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Abstract: In the Present Paper, we acquire a pair of Multidimensional Fractional Integral Operators whose kernels involving the
product of Multivariable Polynomial and Aleph function. Firstly, in our operator of study we obtain images of two useful
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1. Introduction

Various authors especially by Erdelyi [1, 3], Kalla [10], Saxena [8], Srivastava and Buschmann [6] etc., have been outlined
and studied the Fractional integral operators. These operators play an important role in the theory of integral equations

.,Uk(

and problems concerning applying Mathematical Physics. The Multivariable polynomial S‘L/Il’” Z1, ..., 2x) adduced by

Srivastava and Garg [7] is defined in the following way:

k
> UjR;<V
j=1

Ry Ry
Uy,...,U x T
Syt (@, ) = Y (V) UvR.A(V,Rl,...,R,C) —Rll, . Rkk! (1)
Ry,...,R;,=0 =

Where V =0,1,2,... and Uy, ..., Uy arbitrary positive integers and the coefficients are A (Vi, R1, Ra, ..., Ri) are arbitrary

constants (real or complex).

1.1. Aleph (X) Function

Sudland [2] Introduced the Aleph (X) function, however the notation and complete definition is acquainted here in the

following way in terms and the Mellin- Barnes type integrals

M.N (a;,A5)1,N> [Ti(aijji)]N_'_lypi
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For all z # 0 where w = /(—1) and

M N
le(ijrBjS) Hlf(lfaijjs)
Q. Qo (8) = 4, — (3)
>ori Il T =bji—Bjs) [I Tl(aji+ Ajis)
i=1  j=M+1 j=N+1

The integration path L = Liye, ¥ € R extends from v — i00 to v + ioco, and is such that the poles, assumed to be simple of
I'(1—a;—Aj;s),7=1,...,n do not coincide with the pole of I'(b; + B;s), j = i, ..., M the parameter P;, Q); are non-negative
integers satisfying: 0 < N < P, 0< M < Qi, s >0,fori=1,...,r. Aj, Bj, Aji, Bj; > 0 and a;,bj,a;i,b;; € C The empty

product in (3) is interpreted as unity. The existence conditions for defining integral (2) are as following:
T
¢ >0, larg (z)] < 5(;51 JA=1,2,..r (4)

6120, |arg ()] < Tor, R(§) +1 <0 (5)

Where

N M Py Qi
SIS SRR SR VRS oYy ®
j=1 j=1

j=N+1 j=M+1
M N Q, Py 1
§l=ij—Zaj+Tl Z bjl__z a;y +§(PI—Q1)7l:1,2,...7T (7)
j=1 Jj=1 j=N+1 j=M+1

Detailed introduction of Aleph (R) function is given in [2] and [4].

2. Multidimensional Fractional Integral Operators

The following fractional integral operators are being studied in the recent Paper.

Lo [f (t1, cts)) = D502 [ F (1, ...,ts) cxy, . ]

0\ t s\ ts \ '
e (E) (-n) () (-8
1 X1 Ts Ts

[ (a5:45) y polmi(asindsi)l v s, Pyir
(b]- B, )1‘M[ (bJ Bj )}M-H,Qi;r

] X f(t1, ey ts) dtr, ...y dis (8)

Where
(i). min Re (ej,fj,nj,)\j) >0, (j=1,..,s) And all Parameters e;, f;,1;,A; are not zero simultaneously,

.. . . b
(i1). 1§HlilgnM e [1+p]+U +mB ] >0, 1<n%1<nzv Re [UJ_FAJBk} >0

el f1 es fs
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. (aijj)l,N’[T (%12 )]N+1P 7‘:| % f(t1,...,ts) dtl,...,dts (9)

i Pji ]]\/1+1,Qi;r

‘Where
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(i). min Re (ej,fj,nj,)\j) >0, (j=1,..,s) And all Parameters e;, f;,1;,A; are not zero simultaneously,

(i) Re (W) 0, 1Ehen 6[1 Py Vi 77]3';] >0, 1SR e[aj )‘JBIZ] > 0 Or Re (W;) > 0,
: ) bk
19k Re [UJ )‘JBk} > 0.

Throughout the paper we pretend that

OTI5 t»Uj max 4 [t; 0
oty .ty = 5= (Ju 1) {lesl}= §=dyes (10)
on;:1<\t,.rngwjlfj\> min {[t5]} o0
Such a class of function will be denoted symbolically as f(t1,...,ts) € A We also pretend that

o [y 1ty ots)] di, .dts < oo for every bounded s-dimensional region A excluding the origin.

3. Some Useful Images

Now in our operators of study we find the images of some useful functions.

(a)
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C" = (aj,A5)y ns (L= pj +v5 —€iRj = 855m5), . (L =05 — fiR; — 5 0j),
(L—o05—pj+v — (&5 + f3) R — s Xj +m5)y oo [Ti (@55, Aji) Ny pyor
D" = (bj, Bj)y > (L= 05 — pj +5 — (€5 + f3) Ris \j +mj)y

(I—0j—pi+7v —(e; + f3) Bi —n3Nj +m5)y 4 [7i (bii, Bii)laryn,q,or

Provided that minRe (ej, fism; /\j) >0 ,(j=1,..,s) and all Parameters e;, [jsm;>A; are not zero simultaneously,

. by, . by
 Doin Re p]—vj+5j+n]§k >0 and  Dnin R6{03+/\JB7,€}>0
Proof. To prove (11) with help of equation (8), we express the I-operator involved in its left hand side in the integral form.

Next, by using (1), we express generalized multivariable Polynomial Sgl’“" s (

Z1,...,Zs) which is occurring there in the
series. Then, by changing the order of the series and t;-integral and expressing the Aleph function in term of mellin Barnes
type contour integrals with help of (2). Now changing the order of £and ¢;-integrals(j = 1,2, ..., s), (which is permissible
under the given conditions) finally, solving the ¢;-integrals with help of known result [5]. We get

J

T s Ef Bl
I Hltj (hy+t)% = Y (—V)inRjA(V,Rh...,RS) AT R
= j=1

Ry,...,Rs

S
> Ui RSV

s N\ %
I1 (m;r&j) (hj) L [ 0(©) =€ Bloy + fiRy — NEapy + s + iRy —miE+1)
j=1

T Tm
P {5.7‘7P.7‘+"/.7‘+6.7’R.7‘*".fﬁﬂ _ﬁ} de (13)

Uj+ﬂj+'¥j+(€j+fj)Rj*()\j+77j)£+1; h;

‘Where

arg (%)‘ <, Re(oj+ fiR; +X;€) > 0,Re(p; +7; +e;Rj +m;6+1) >0
J

Now reinterpreting the result which is obtained in terms of the Aleph function, after a little simplification we can easily

reach at the wanting result. Similar we can Proof to Result (b) as (a). O

4. Multidimensional Generalized Stieltjes Transform and Fractional
Integral Operators

The Multidimensional Generalized Stieltjes Transform of the function ¢ (1, ..., ts) is express as

Swl ,,,,, wy (¢) (917---795) = /Ooo Am¢ (t17...7t5) H {(t] +gj)7wj} dty...dts (14)

Jj=1

Provided that the integral exists. The following theorem gives the Multidimensional Generalized Stieltjes transform of the

generalized fractional operators given by (8) and (9).

Theorem 4.1. Let ¢ (t1,...,ts) € A, then

(1).
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Where

U1 (ml,...,ms;hl,...,hs)ZJr |; (hJ +tj)_wj:|
U

> jR;j<V
= R R 0 s n
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Cw, B\ Cit TR —w; . "
X (xj ]) (1 + é) Ng-{-\;)t,% +2s,7;,7 ( ) (16)

E" = (aj,45), ns (L= pj —ejRj —wjsn;), o (1 — 05 — fiRj —n;0j),
(I—0j—pj—(ej+ fi) Rj —n; Aj + 77])1 oo [Ti (a]17Aji)]N+1,Pi;r
F* = (bj, Bj)y prs (1 =05 — pj — (&5 + f3) Ris Aj + 1),

(=05 —pj— (&5 + fi) Bi =5 Aj +m5)1 o0 [T (bjis Bii)lars1.0,.r

Provided that minRe (e],f],n], J) >0 ,(=1,..,s), all Parameters e;, f;,n;, A

; are not zero simultaneously,

min Re[p; +n; +w;] > 0 and min Re[o; + A;] > 0.
(2).
Swi,.wy (Je®) (b1, ...k / / & (T1y0yTs) Y2 (X1, ooy Ts3 R,y ooyhs) dT.dTs (17)

Where

S U;jR;<V
Jj=1 R R %) s n
E ESe 1 x5
= Y (V). A(V,Ri, . R) 225> ———— ] <74)
o El U, R; Rl Rl &= T (n+1) e h;
o
1 2.\ it iR —w; M.N4+3s s 2\ N
* |\ 7w (1 + #) R b, 4 35.Qi+ 2,7, | (1 + #) (18)
3 J j=1 J H*

G" = (a5, Aj), n» (—pj —€iRj3mi), o (1 — 05 — fiR; — 3 05),
(=05 —pi = (e; + f3) Bj + wj — s A5 +m5)1 o [Ti (@5is Aji) vy p, o
H* = (bj, Bj)y ar (=05 — pj — (&5 + f3) By +wjs \j +1m5),

(=05 = pi = (e + f3) By = ns Ay + 1)y o [Ti(bji, Bii)larin 0,0

Provided that minRe (ej,f],nj, J) >0 ,(=1,..,s), all Parameters €j; f;,m;,A; are not zero simultaneously,

min Re[l+ p;j +n;] >0 and min Relo; + A;] > 0.
It is pretended that the integrals on the RHS of equation (15) and (17) exist.

Proof. To Prove first of Theorem 4.1, with help of (8) and (14). We express the left hand side of (15), then the order
of t; and zj-integrals must be interchanged (which is the Permissible the conditions stated with the theorem), finally
evaluating the inner ¢;-integrals with the help of result (13) (Taking v; = 0 therein), we reach at wanting result after a little
simplification. Similarly the result (17) of the Theorem 4.1 can be established on using (14). Now, the following theorem

gives the fractional integrals of generalized Stieltjes transform given by (14). O
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Theorem 4.2. Let ¢ (t1,...,ts) € A, min Re (6j7fj77]j,)\j) >0 ,(j=1,..,s) all Parameters ej, f;,n;,\; are not zero

simultaneously, min Re [o; + \;] > 0. Then

(1). Formin Re [1+p; +n;] >0 (j=1,...,s)
Iy [Swy,.ows @ (L1, 05ts) 5 (21, 025)] :/ / @ (t1,sts) Y2 (t1, -ots; T, ooy Ts) dir ...l (19)
0 0
(2). Formin Re [pj +n; +w;] >0 (j=1,...,s)

Jy [Swlw,’ws qb (t1, ...,ts) ;(xl, ...,LES)] == / / ¢(t1, ...,ts) ¢1 (t1, ...,tsgxl, ...,.’ts) dtl...dts (20)
0 0

Where ¥ (t1,...,ts; T1, ...,xs) and P2 (L1, ...,ts; 21, ...,Ts) are as giwen in (16) and (18) respectively, provided that the integrals
in the Right hand side of the equations (19) and (20) abide.

Proof. Results (19) and (20) of Theorem 4.2 can be gained on the similar lines to proof of Theorem 4.1. Also we can

easily obtain the one dimensional analogues of the Theorem 4.1 and 4.2. O

5. Mellin Transforms

The Multidimensional Generalized Mellin transform of the function f (¢1,...,ts) € A is defined by [9] given below:
M [ f (t1,..ts);01,...,04] :/ / T %" £ty its) dta..dt (21)
0 0 i

Now we shall establish the results given as follows provided that the integral exists.

ase, fim,A
U V~Zn [f (t17"'7t5)]

2V

Result 5.1. If M [, {f (t1,....,ts);01,...,0s}] and the conditions of the Existence of the operator I

abide, then

ML Af (b, te) s 01,003 = M (tr, ooy ta) 5 01,0 A (61,...,04) (22)
Where
i UJ-RJ§V
= Efl Efs M ,N+3s I*
Abrn b= > (V) v, X AV R R o PERERTG a [z | J*] (23)
Ry,...,Rs=0 =

I" = (a3, Aj)y ny (=pi + 05 — €5 Rjsm5), o, (1= 05 = [iRis M)y oo [7i (56, Aji) v 1 o
J* = (bj, Bj)y (=05 = pi + 05 — (€5 + f3) Ris Nj +n5)y o [Ti(bjis Bii)l 1.0,
Result 5.2. If M [J-{f (t1,...,ts);01,...,0s}] and the conditions of the Ezistence of the operator J;’S‘i,fzn)‘ [f (b1, .ts)]

exists, then

M [T {f (t1, .0 ts) ;015,05 = M[f (t1,.yts);601,.,05] A (1 —01,...,1—65) (24)
Where A (1 — 61,...,1 — 0s) can be obtaining by replacing 05 by 1 — 0, in (22).

Proof. To prove the Result 5.1, we write the Multidimensional Mellin transform of the I-operator with help of equation
(21), and then we change the order of ¢; and z;-integrals. Next, we arrive the desired result (22) after simplification with

the help of (13) and (21). The Proof of Result 5.2 can be proceeding on the lines similar to those indicated above. O
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6. Inversion Formulas

On using inversion theorems for the multidimensional Melline transform (21), given by Srivastava and Panda [9], the following

inversion formula for the fractional integral operators defined by (8) and (9) can be gained as follows

Result 6.1.
1 c1+ioo cg+ico H t_gj
tryo ts) = o M L Af(ti,enrts) 5 01, 053] dbi...d O, 2
f( JEREN) ) (27‘[‘1)5 ‘ A(Gl,..., 93) [ {f( JEREE )7 100y }} 1 ( 5)
c1 —100 cg—100

Where A (01, ...,05) is given by (22).

Result 6.2.

1 c1+ico cs+ioco H t79j

. Jj=1 .

F(t1ste) = o Koo =gy M lT(fnte) s 01, 6.} 01 d0, (26)
c1—1i00 cs—100

Where A (1 —64,...,1 — 05) can be obtaining by replacing 05, by 1 — 05 in (22).

The accurate validity conditions for the inversion formula (25) and (26) can be deduced from the existence condition of the

fractional integral operators defined by (8) and (9) and their multidimensional Mellin transform stared earlier.

7. Mellin Convolutions

The Multidimensional Mellin convolutions of two functions f (¢1,...,ts) and g (t1, ..., ts) will be defined by

(fxg) (t1,os ts) = (g% f) (t1y.mn, ts)

o t ts
// H x; Ly (;117,;) g (z1,..., zs) dz1 ... dzs (27)
o o J=t1 °

Provided the Multiple integral exists. If f (¢1,...,ts) € A , then the fractional integral operators which is defined by (8) and

(9) can be expressed as Multidimensional Mellin convolutions in the following manner.

Result 7.1.
125 g (o ts) = Upoe finaauviz % g) (@1, -0, Ts) (28)

Where

Ipoie fmaev,viz = (H z; P (= 1)7 U (2 — 1))

j=1
S ) S
x Gyt {H Ej(x;) i (2 — 1)“} X NP [Z [ @) %@ -1 (29)
j=1 j=1
Result 7.2.
Jaf:’lo-],;(\i/z;fzm»\g (tlv hhas! tS) = (JP,U§€7f;777A7$1U«V;Z *g ) (xh Has] :CS) (30)
Where

Jo.oie.fm AU, viz = (H ;" (1 - )7 U (1 mj))

j=1

Uy,...,Usg
x Sy,

[T E @)@ - 1)“} X RE G, [ [T @)™ —ap)™ (31)
j=1

j=1
Where U (z) being the Heaviside’s unit function.
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Proof. To Prove Result 7.1, with help of the Heaviside’s unit function. we write the I-operator defined by (8) in the

following form.

7 s s N\ TPiT; ) oj—1 )
JPoie fin it :// —1 i Ti 4 Ti 4
w0V 0 (0 bo) 11 I (5 t; “\%

0 0

Jj=1

—e1—f1 f1 —es—fs fs
o) )
1 1 s s

S N\ TG . Ai |(aj,4, | milagi,Aja .
I 51§ G I G N g el
J J

=1 (bJ"BJ')LM’[Ti(bJ'i’Bii)]M+1,Qi;w~

X (t1, .0y ts) di, ..., dis (32)

Now in the above equation we use the equation (29) and the definition of the Mellin convolutions given by (27) in the above

equation, we easily reach at the wanting result. The Proof of the Result 7.2 can be developed on the same basis. O

References

[1] A.Erdelyi, On fractional integration and its application to the theory of Hankel transforms, Quart. J. Math. Oxford Ser.,
2(2)(1920), 293-303.

[2] B.Sudland, B.Baumann and T.F.Nonnenmacher, Fractional drift less, Fokker-Planck equation with power law diffusion
coefficient, Computer Algebra in Scientific Computing (CASC Konstanz, 2001), edited by VG Ganga, EW Mayr, WG
Varozhtsov (Springer, and Berlin), (2001), 513-525.

[3] A.Erdelyi, On some fractional transformations, Univ. Politec. Torino. Rend. Sem. Mat., 10(1950), 217-234.

[4] B.Sudland, B.Baumann and T.F.Nonnenmacher, Open Problem, Who Know about the Aleph Functions?, Fract. Calc.
Appl. Anal., 1(4)(1998), 401-402.

[5] 1.S.Gradshteyn and I.M.Ryzhik, Tables of Integrals, Series and Products, Academic Press Inc., New York, (1980).

[6] H.M.Srivastava and R.G.Buschmann, Composition of fractional integral operators involving Fox’s H-function, Acta
Mexicana Ci Tecn, 7(1973), 21-28.

[7] H.M.Srivastava and M.Garg, Some integral involving a general class of polynomials and the multivariable H-function,
Rev. Romania Phys., 32(1987), 685-692.

[8] R.K.Saxena, On fractional integral operators, Math. Zeitscher., 95(1967), 288-291.

[9] H.M.Srivastava and R.Panda, Certain multidimensional integral transformations I and II , Nederl. Akad. Wetensch.
Indag. Math., 40(1978), 118-131 and 132-144.

[10] S.L.Kalla, Fractional integration operators involving generalized hypergeometric functions, Univ. Nac. Tucuman. Rev.

Ser. A., 20(1970), 93-100.

300



	Introduction
	Multidimensional Fractional Integral Operators
	Some Useful Images
	Multidimensional Generalized Stieltjes Transform and Fractional Integral Operators
	Mellin Transforms
	Inversion Formulas
	Mellin Convolutions
	References

