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Abstract: In the Present Paper, we acquire a pair of Multidimensional Fractional Integral Operators whose kernels involving the

product of Multivariable Polynomial and Aleph function. Firstly, in our operator of study we obtain images of two useful
functions. Next, we authenticate two theorems given by Multidimensional generalized Stieltjes transform of fractional
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1. Introduction

Various authors especially by Erdelyi [1, 3], Kalla [10], Saxena [8], Srivastava and Buschmann [6] etc., have been outlined

and studied the Fractional integral operators. These operators play an important role in the theory of integral equations

and problems concerning applying Mathematical Physics. The Multivariable polynomial S
U1,...,Uk
V (x1, ..., xk) adduced by

Srivastava and Garg [7] is defined in the following way:

S
U1,...,Uk
V (x1, ..., xk) =

k∑
j=1

UjRj≤V∑
R1,...,Rk=0

(−V ) k∑
j=1

UjRj

A (V ,R1, ..., Rk)
xR1

1

R1 !
...
x
Rk
k

Rk !
(1)

Where V = 0, 1, 2, . . . and U1, . . . , Uk arbitrary positive integers and the coefficients are A (V1, R1, R2, ..., Rk) are arbitrary

constants (real or complex).

1.1. Aleph (ℵ) Function

Sudland [2] Introduced the Aleph (ℵ) function, however the notation and complete definition is acquainted here in the

following way in terms and the Mellin- Barnes type integrals

ℵ [z] = ℵM,NPi,Qi;τi;r

[
z|

(aj ,Aj)1,N , [τi(aji,Aji)]N+1,P
i

(bj ,Bj)1,M , [τi(bji,Bji)]M+1,Q
i

]

=
1

2πω

∫
L

ΩM,NPi,Qi;τi;r
(s) z−sds (2)
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For all z 6= 0 where ω =
√

(−1) and

ΩM,NPi,Qi,τi;r
(s) =

M∏
j=1

Γ (bj +Bjs)
N∏
j=1

Γ (1− aj −Ajs)

r∑
i=1

τi
Qi∏

j=M+1

Γ (1− bji −Bjis)
Pi∏

j=N+1

Γ (aji +Ajis)

(3)

The integration path L = Liγ∞, γ ∈ R extends from γ − i∞ to γ + i∞, and is such that the poles, assumed to be simple of

Γ(1−aj−Ajs), j = 1, . . . , n do not coincide with the pole of Γ(bj+Bjs), j = i, . . . ,M the parameter Pi, Qi are non-negative

integers satisfying: 0 ≤ N ≤ Pi, 0 ≤M ≤ Qi, τi > 0, for i = 1, . . . , r. Aj , Bj , Aji, Bji > 0 and aj , bj , aji, bji ∈ C The empty

product in (3) is interpreted as unity. The existence conditions for defining integral (2) are as following:

φl > 0 , |arg (z)| < π

2
φl , l = 1, 2, ...r (4)

φl ≥ 0 , |arg (z)| < π

2
φl , R (ξl) + 1 < 0 (5)

Where

φl =

N∑
j=1

Aj +

M∑
j=1

Bj − τl

(
Pl∑

j=N+1

Ajl +

Ql∑
j=M+1

Bjl

)
(6)

ξl =

M∑
j=1

bj −
N∑
j=1

aj + τl

 Q
l∑

j=N+1

bjl −
P
l∑

j=M+1

ajl

+
1

2
(Pl −Ql) , l = 1, 2, ..., r (7)

Detailed introduction of Aleph (ℵ) function is given in [2] and [4].

2. Multidimensional Fractional Integral Operators

The following fractional integral operators are being studied in the recent Paper.

Ix [f (t1, ...,ts)] = Iρ,σ;e,f ;η,λ
x:U,V ;Z [f (t1, ...,ts) ;x1, ..., xs]

=

(
s∏
j=1

xj
−ρj−σj

) x1∫
0

· · ·
xs∫
0

[
t
ρj
j (xj − tj)σj−1]SU1,...,Us

V

[
E1

(
t1
x1

)e1(
1− t1

x1

)f1
, ..., Es

(
ts
xs

)es(
1− ts

xs

)fs]

× ℵM,NPi,Qi,τi,r

[
z

s∏
j=1

(
tj
xj

)ηj(
1− tj

xj

)λj
∣∣∣∣(aj ,Aj)1,N ,[τi(aji,Aji)]N+1,Pi;r

(bj ,Bj)1,M ,[τi(bji,Bji)]M+1,Qi;r

]
× f (t1, ..., ts) dt1, ..., dts (8)

Where

(i). minRe
(
ej , f j , ηj , λj

)
≥ 0 , (j = 1, ..., s) And all Parameters ej , f j , ηj , λj are not zero simultaneously,

(ii). min
1≤k≤M

Re
[
1 + ρj + Uj + ηj

bk
Bk

]
> 0, min

1≤k≤M
Re
[
σj + λj

bk
Bk

]
> 0

Jx [f (t1, ..., ts)] = Jρ,σ;e,f ;η,λ
x:U,V ;Z [f (t1, ..., ts) ;x1, ..., xs]

=

(
s∏
j=1

xj
ρj

) ∞∫
x1

· · ·
∞∫
xs

[
t
−ρj−σj
j (tj − xj)σj−1

]
SU1,...,Us
V

[
E1

(
x1

t1

)e1(
1− x1

t1

)f1
, ..., Es

(
xs
ts

)es(
1− xs

ts

)fs]

× ℵM,NPi,Qi,τi,r

[
z

s∏
j=1

(
xj
tj

)ηj(
1− xj

tj

)λj
∣∣∣∣(aj ,Aj)1,N ,[τi(aji,Aji)]N+1,Pi;r

(bj ,Bj)1,M ,[τi(bji,Bji)]M+1,Qi;r

]
× f (t1, ..., ts) dt1, ..., dts (9)

Where
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(i). minRe
(
ej , f j , ηj , λj

)
≥ 0 , (j = 1, ..., s) And all Parameters ej , f j , ηj , λj are not zero simultaneously,

(ii). Re (Wj) = 0 , min
1≤k≤M

Re
[
1 + ρj + Vj + ηj

bk
Bk

]
> 0, min

1≤k≤M
Re
[
σj + λj

bk
Bk

]
> 0 Or Re (Wj) > 0 ,

min
1≤k≤M

Re
[
σj + λj

bk
Bk

]
> 0.

Throughout the paper we pretend that

f (t1, ...,ts) =

O
∏s

j=1

(
|tj |Uj

)
max {|tj |}→0

O
∏s

j=1

(
|tj |−Vj e

−Wj |tj |
)

min {|tj |}→∞
j = i, ..., s (10)

Such a class of function will be denoted symbolically as f (t1, ...,ts) ∈ A. We also pretend that∫
...
∫

Λs
|f (t1, ...,ts)| dt1, ...,dts <∞ for every bounded s-dimensional region Λs excluding the origin.

3. Some Useful Images

Now in our operators of study we find the images of some useful functions.

(a)

Ix

[
s∏
j=1

t
γj
j (hj + tj)

−δj

]
=

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
−xj
hj

)n(xγjj
h
δj
j

)

×

s∑
j=1

UjRj≤V∑
R1,...,Rs=0

(−V ) s∑
j=1

UjRj

A (V,R1, ..., Rs)
ER1

1

R1!
...
ERs
s

Rs!

×
(

1 +
xj
hj

)σj+fjRj−δj
ℵM,N+3s
Pi+3s,Qi+2s,τi,r

z s∏
j=1

(
1 +

xj
hj

)λj

∣∣∣∣∣
A∗

B∗

 (11)

A∗ = (aj , Aj)1,N , (−ρj − γj − ejRj ; ηj)1,s, (1− σj − fjRj − n;λj)1,s

(−σj − ρj − γj − (ej + fj)Rj + δj − n;λj + ηj)1,s, [τi (aji, Aji)]N+1,Pi;r

B∗ = (bj , Bj)1,M , (−σj − ρj − γj − (ej + fj)Rj + δj ;λj + ηj)1,s

(−σj − ρj − γj − (ej + fj)Rj − n;λj + ηj)1,s, [τi(bji, Bji)]M+1,Qi;r

Provided that minRe
(
ej , f j , ηj , λj

)
≥ 0 , (j = 1, ..., s) and all Parameters ej , f j , ηj , λj are not zero simultaneously,

min
1≤k≤M

Re

[
1 + ρj + γj + ηj

bk
Bk

]
> 0 and min

1≤k≤M
Re

[
σj + λj

bk
Bk

]
> 0

(b)

Jx

[
s∏
j=1

t
γj
j (hj + tj)

−δj

]
=

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
−hj
xj

)n (
x
γj−δj
j

)

×

s∑
j=1

UjRj≤V∑
R1,...,Rs=0

(−V ) s∑
j=1

UjRj

A (V,R1, ..., Rs)
ER1

1

R1!
...
ERs
s

Rs!

×
(

1 +
hj
xj

)σj+fjRj−δj
ℵM,N+3s
Pi+3s,Qi+2s,τi,r

z s∏
i=1

(
1 +

hj
xj

)λj

∣∣∣∣∣
C∗

D∗

 (12)
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C∗ = (aj , Aj)1,N , (1− ρj + γj − ejRj − δj ; ηj)1,s, (1− σj − fjRj − n;λj)1,s

(1− σj − ρj + γj − (ej + fj)Rj − n;λj + ηj)1,s, [τi (aji, Aji)]N+1,Pi;r

D∗ = (bj , Bj)1,M , (1− σj − ρj + γj − (ej + fj)Rj ;λj + ηj)1,s

(1− σj − ρj + γj − (ej + fj)Rj − n;λj + ηj)1,s, [τi (bji, Bji)]M+1,Qi;r

Provided that minRe
(
ej , f j , ηj , λj

)
≥ 0 , (j = 1, ..., s) and all Parameters ej , f j , ηj , λj are not zero simultaneously,

min
1≤k≤M

Re

[
ρj − γj + δj + ηj

bk
Bk

]
> 0 and min

1≤k≤M
Re

[
σj + λj

bk
Bk

]
> 0

Proof. To prove (11) with help of equation (8), we express the I-operator involved in its left hand side in the integral form.

Next, by using (1), we express generalized multivariable Polynomial SU1,..., Us
V (x1, ..., xs) which is occurring there in the

series. Then, by changing the order of the series and tj-integral and expressing the Aleph function in term of mellin Barnes

type contour integrals with help of (2). Now changing the order of ξand tj-integrals(j = 1, 2, ..., s), (which is permissible

under the given conditions) finally, solving the tj-integrals with help of known result [5]. We get

Ix

[
s∏
j=1

t
γj
j (hj + tj)

−δj

]
=

s∑
j=1

UjRj≤V∑
R1,...,Rs

(−V ) s∑
j=1

UjRj

A (V,R1, ..., Rs)
ER1

1

R1!
...
ERs
s

Rs!

s∏
j=1

(
x
γj−δj
j

)(hj
xj

)−δj 1

2πi

∫
L

ϕ (ξ) z−ξ β (σj + fjRj − λjξ, ρj + γj + ejRj − ηjξ + 1)

2F1

[
δj ,ρj+γj+ejRj−ηjξ+1

σj+ρj+γj+(ej+fj)Rj−(λj+ηj)ξ+1
; −xj

hj

]
dξ (13)

Where ∣∣∣∣arg

(
xj
hj

)∣∣∣∣ < π,Re (σj + fjRj + λjξ) > 0, Re (ρj + γj + ejRj + ηjξ + 1) > 0

Now reinterpreting the result which is obtained in terms of the Aleph function, after a little simplification we can easily

reach at the wanting result. Similar we can Proof to Result (b) as (a).

4. Multidimensional Generalized Stieltjes Transform and Fractional
Integral Operators

The Multidimensional Generalized Stieltjes Transform of the function φ (t1, ..., ts) is express as

Sw1,...,ws
(φ) (g1, ..., gs) =

∫ ∞
0

...

∫ ∞
0

φ ( t1, ..., ts)

s∏
j=1

{
(tj + gj)

−wj
}
dt1... dts (14)

Provided that the integral exists. The following theorem gives the Multidimensional Generalized Stieltjes transform of the

generalized fractional operators given by (8) and (9).

Theorem 4.1. Let φ (t1, ...,ts) ∈ A, then

(1).

Sw1,...,ws
(Itφ) (h1, ...,hs) =

∫ ∞
0

...

∫ ∞
0

φ (x1, ...,xs)ψ1 (x1, ...,xs;h1, ...,hs) dx1...dxs (15)
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Where

ψ1 (x1, ..., xs;h1, ..., hs) = Jx

[
s∏
j=1

(hj + tj)
−wj

]

=

s∑
j=1

UjRj≤V∑
R1,...,Rs=0

(−V ) s∑
j=1

UjRj

A (V,R1, ..., Rs)
ER1

1

R1!
...
ERs
s

Rs!

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
−hj
xj

)n

×
(
x
−wj

j

)(
1 +

hj
xj

)σj+fjRj−wj

ℵM,N+3s
Pi+3s,Qi+2s,τi,r

z s∏
i=1

(
1 +

hj
xj

)λj

∣∣∣∣∣
E∗

F∗

 (16)

E∗ = (aj , Aj)1,N , (1− ρj − ejRj − wj ; ηj)1,s, (1− σj − fjRj − n;λj)1,s

(1− σj − ρj − (ej + fj)Rj − n;λj + ηj)1,s, [τi (aji, Aji)]N+1,Pi;r

F ∗ = (bj , Bj)1,M , (1− σj − ρj − (ej + fj)Rj ;λj + ηj)1,s

(1− σj − ρj − (ej + fj)Rj − n;λj + ηj)1,s, [τi (bji, Bji)]M+1,Qi;r

Provided that minRe
(
ej , f j , ηj , λj

)
≥ 0 , (j = 1, ..., s), all Parameters ej , f j , ηj , λj are not zero simultaneously,

min Re [ρj + ηj + wj ] > 0 and min Re [σj + λj ] > 0.

(2).

Sw1,...,ws
(Jtφ) (h1, ...,hs) =

∫ ∞
0

...

∫ ∞
0

φ (x1, ...,xs)ψ2 (x1, ...,xs;h1, ...,hs) dx1...dxs (17)

Where

ψ2 (x1, ..., xs;h1, ..., hs) = Ix

[
s∏
j=1

(hj + tj)
−wj

]

=

s∑
j=1

UjRj≤V∑
R1,...,Rs=0

(−V ) s∑
j=1

UjRj

A (V,R1, ..., Rs)
ER1

1

R1!
...
ERs
s

Rs!

∞∑
n=0

1

Γ (n+ 1)

s∏
j=1

(
−xj
hj

)n

×

(
1

h
wj

j

)(
1 +

xj
hj

)σj+fjRj−wj

ℵM,N+3s
Pi+3s,Qi+2s,τi,r

z s∏
j=1

(
1 +

xj
hj

)λj

∣∣∣∣∣
G∗

H∗

 (18)

G∗ = (aj , Aj)1,N , (−ρj − ejRj ; ηj)1,s, (1− σj − fjRj − n;λj)1,s

(−σj − ρj − (ej + fj)Rj + wj − n;λj + ηj)1,s, [τi (aji, Aji)]N+1,Pi;r

H∗ = (bj , Bj)1,M , (−σj − ρj − (ej + fj)Rj + wj ;λj + ηj)1,s

(−σj − ρj − (ej + fj)Rj − n;λj + ηj)1,s, [τi(bji, Bji)]M+1,Qi;r

Provided that minRe
(
ej , f j , ηj , λj

)
≥ 0 , (j = 1, ..., s), all Parameters ej , f j , ηj , λj are not zero simultaneously,

min Re [1 + ρj + ηj ] > 0 and min Re [σj + λj ] > 0.

It is pretended that the integrals on the RHS of equation (15) and (17) exist.

Proof. To Prove first of Theorem 4.1, with help of (8) and (14). We express the left hand side of (15), then the order

of tj and xj-integrals must be interchanged (which is the Permissible the conditions stated with the theorem), finally

evaluating the inner tj-integrals with the help of result (13) (Taking γj = 0 therein), we reach at wanting result after a little

simplification. Similarly the result (17) of the Theorem 4.1 can be established on using (14). Now, the following theorem

gives the fractional integrals of generalized Stieltjes transform given by (14).
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Theorem 4.2. Let φ (t1, ..., ts) ∈ A, minRe
(
ej , f j , ηj , λj

)
≥ 0 , (j = 1, ..., s) all Parameters ej , f j , ηj , λj are not zero

simultaneously, min Re [σj + λj ] > 0. Then

(1). For min Re [1 + ρj + ηj ] > 0 (j = 1, ..., s)

Iy [Sw1,...,ws φ (t1, ...,ts) ; (x1, ...,xs)] =

∫ ∞
0

...

∫ ∞
0

φ (t1, ...,ts)ψ2 (t1, ...,ts;x1, ...,xs) dt1...dts (19)

(2). For min Re [ρj + ηj + wj ] > 0 (j = 1, ..., s)

Jy [Sw1,...,ws φ (t1, ...,ts) ; (x1, ...,xs)] =

∫ ∞
0

...

∫ ∞
0

φ (t1, ...,ts)ψ1 (t1, ...,ts;x1, ...,xs) dt1...dts (20)

Where ψ1 (t1, ...,ts;x1, ...,xs) and ψ2 (t1, ...,ts;x1, ...,xs) are as given in (16) and (18) respectively, provided that the integrals

in the Right hand side of the equations (19) and (20) abide.

Proof. Results (19) and (20) of Theorem 4.2 can be gained on the similar lines to proof of Theorem 4.1. Also we can

easily obtain the one dimensional analogues of the Theorem 4.1 and 4.2.

5. Mellin Transforms

The Multidimensional Generalized Mellin transform of the function f (t1, ...,ts) ∈ A is defined by [9] given below:

M [ f (t1, ...,ts) ;θ1, ...,θs] =

∫ ∞
0

...

∫ ∞
0

s∏
j=1

tθj−1 f (t1, ...,ts) dt1...dts (21)

Now we shall establish the results given as follows provided that the integral exists.

Result 5.1. If M [Ix {f (t1, ..., ts) ; θ1, ..., θs}] and the conditions of the Existence of the operator Iρ,σ;e,f ;η,λ
x:U,V ;Z [f (t1, ...,ts)]

abide, then

M [Ix {f (t1, ..., ts) ; θ1, ..., θs} ] = M [f (t1, ..., ts) ; θ1, ..., θs] Λ (θ1, ..., θs) (22)

Where

Λ (θ1, ..., θs) =

s∑
j=1

UjRj≤V∑
R1,...,Rs=0

(−V ) s∑
j=1

UjRj

× A (V , R1, ..., Rs)
ER1

1

R1 !
...
ERs
s

Rs !
ℵM ,N+3 s
Pi+3s ,Qi+2s ,τi,r

[
z | I

∗
J∗

]
(23)

I∗ = (aj , Aj)1,N , (−ρj + θj − ejRj ; ηj)1,s, (1− σj − fjRj ;λj)1,s, [τi (aji, Aji)]N+1,Pi;r

J∗ = (bj , Bj)1,M , (−σj − ρj + θj − (ej + fj)Rj ;λj + ηj)1,s, [τi(bji, Bji)]M+1,Qi;r

Result 5.2. If M [Jx {f (t1, ..., ts) ; θ1, ..., θs}] and the conditions of the Existence of the operator Jρ,σ;e,f ;η,λ
x:U,V ;Z [f (t1, ...,ts)]

exists, then

M [Jx {f (t1, ..., ts) ; θ1, ..., θs}] = M [f (t1, ..., ts) ; θ1, ..., θs] Λ (1− θ1, ..., 1− θs) (24)

Where Λ (1− θ1, ..., 1− θs) can be obtaining by replacing θs by 1− θs in (22).

Proof. To prove the Result 5.1, we write the Multidimensional Mellin transform of the I-operator with help of equation

(21), and then we change the order of tj and xj-integrals. Next, we arrive the desired result (22) after simplification with

the help of (13) and (21). The Proof of Result 5.2 can be proceeding on the lines similar to those indicated above.
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6. Inversion Formulas

On using inversion theorems for the multidimensional Melline transform (21), given by Srivastava and Panda [9], the following

inversion formula for the fractional integral operators defined by (8) and (9) can be gained as follows

Result 6.1.

f ( t1, ..., ts ) =
1

(2π i) s

c1+i∞∫
c1−i∞

...

cs+i∞∫
cs−i∞

s∏
j=1

t−θj

Λ (θ1, ..., θs)
M [ Ix { f ( t1, ..., ts) ; θ1, ..., θs} ] d θ1... d θs (25)

Where Λ (θ1, ..., θs) is given by (22).

Result 6.2.

f ( t1, ..., ts ) =
1

(2π i) s

c1+i∞∫
c1−i∞

...

cs+i∞∫
cs−i∞

s∏
j=1

t−θj

Λ (1− θ1, ..., 1− θs)
M [ Jx { f ( t1, ..., ts) ; θ1, ..., θs} ] d θ1... d θs (26)

Where Λ (1− θ1, ..., 1− θs) can be obtaining by replacing θs, by 1− θs in (22).

The accurate validity conditions for the inversion formula (25) and (26) can be deduced from the existence condition of the

fractional integral operators defined by (8) and (9) and their multidimensional Mellin transform stared earlier.

7. Mellin Convolutions

The Multidimensional Mellin convolutions of two functions f (t1, ..., ts) and g (t1, ..., ts) will be defined by

(f ∗ g) (t1, ..., ts) = (g ∗ f) (t1, ..., ts) =

∞∫
0

...

∞∫
0

s∏
j=1

x−1
j f

(
t1
x1
, ...,

ts
xs

)
g (x1, ..., xs) dx1 ... dxs (27)

Provided the Multiple integral exists. If f (t1, ...,ts) ∈ A , then the fractional integral operators which is defined by (8) and

(9) can be expressed as Multidimensional Mellin convolutions in the following manner.

Result 7.1.

Iρ,σ;e,f ;η,λ
x:U,V ;Z g (t1, ..., ts) = (Iρ,σ;e,f ;η,λ,x:U,V ;Z ∗ g ) (x1, ..., xs) (28)

Where

Iρ,σ;e,f ;η,λ,x:U,V ;Z =

(
s∏
j=1

xj
−ρj−σj (xj − 1)σj−1 U (xj − 1)

)

× SU1,...,Us
V

[
s∏
j=1

Ej(xj)
−ej−fj (xj − 1)fj

]
× ℵM,NPi,Qi,τi,r

[
z

s∏
j=1

(xj)
−ηj−λj (xj − 1)λj

]
(29)

Result 7.2.

Jρ,σ;e,f ;η,λ
x:U,V ;Z g (t1, ..., ts) = (Jρ,σ;e,f ;η,λ,x:U,V ;Z ∗ g ) (x1, ..., xs) (30)

Where

Jρ,σ;e,f ;η,λ,x:U,V ;Z =

(
s∏
j=1

xj
ρj (1− xj)σj−1 U (1− xj)

)

× SU1,...,Us
V

[
s∏
j=1

Ej(xj)
−ej−fj (xj − 1)fj

]
× ℵM,NPi,Qi,τi,r

[
z

s∏
j=1

(xj)
ηj (1− xj)λj

]
(31)

Where U (x) being the Heaviside’s unit function.
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Proof. To Prove Result 7.1, with help of the Heaviside’s unit function. we write the I-operator defined by (8) in the

following form.

Iρ,σ;e,f ;η,λ
x:U,V ;Z g (t1, ..., ts) =

∞∫
0

∞∫
0

(
s∏
j=1

tj
−1

) [
s∏
j=1

{(
xj
tj

)−ρj−σj(xj
tj
− 1

)σj−1

U

(
xj
tj
− 1

)}]

× SU1,...,Us
V

[
E1

(
x1

t1

)−e1−f1(x1

t1
− 1

)f1
, ..., Es

(
xs
ts

)−es−fs(xs
ts
− 1

)fs]

× ℵM,NPi,Qi,τi,r

[
z

s∏
j=1

(
xj
tj

)−ηj−λj
(
xj
tj
− 1

)λj
∣∣∣∣(aj ,Aj)1,N ,[τi(aji,Aji)]N+1,Pi;r

(bj ,Bj)1,M ,[τi(bji,Bji)]M+1,Qi;r

]

× (t1, ..., ts) dt1, ..., dts (32)

Now in the above equation we use the equation (29) and the definition of the Mellin convolutions given by (27) in the above

equation, we easily reach at the wanting result. The Proof of the Result 7.2 can be developed on the same basis.
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