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Abstract: A graph G = (V, E) where V = {v;,1 <i<n} and F = {v;v;41,1 < i <n} is 0-edge magic if there exists a bijection
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1. Introduction

In 1967, the concept of graph labeling was introduced by Alex Rosa [3]. A graph labeling is an assignment of integers to
the vertices or edges or both subject to certain conditions. Labeled graphs are becoming more useful for Mathematical
Methods for a broad range of applications such as coding theory, circuit design, x-ray crystallography, radar, astronomy,
communication network addressing, data base managment, etc. Thus, in the preceding years, various labeling of graphs
such as graceful labeling, harmonious labeling, mean labeling, arithmetic labeling, magic labeling, antimagic labeling,

bimagic labeling, prime labeling, cordial labeling, etc., have been studied in over 1800 papers.

On the other hand, magic labelings were introduced by Sedlacek in 1963 [4]. For a magic type of labeling in general, we
require the sum of labels related to a vertex (a vertex magic labeling) or to an edge (an edge magic labeling) to be constant

all over the graph. A helpful survey to know about numerous graph labeling is the one by J.A. Gallian [1].

A graph G = (V,E) where V = {v;,1 <i<n} and E = {vivi41,1 <i < n} is 0-edge magic if there exists a bijection
f:V(G) — {1, —1} then the induced edge labeling f : E — {0}, such that for all uv € E(G), f*(uv) = f(u)+ f(v) =0. A
graph G is called 0-edge magic if there exists a 0-edge magic labeling of G. In early studies it was shown that some graphs
like P,,Cn,C;,GT, the complete n-ary pseudo tree , two dimensional cylindrical meshes P,,, x C,, where n = (0 mod 2),
n-dimensional hypercube @, the graph C,, attached to mKi, n(m = (0 mod 2)), the circular graph, friendship graph
™ and the graph Pp, X Pp, X Pp, are 0-Edge Magic Graphs [5]. Also, some of the Splitting graphs such as spl (P,), spl

(Ch), spl (Ki,n), spl (Bm,n), and splitting graph of any tree admits 0-Edge Magic Labeling [2].
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2. Preliminaries

Definition 2.1. A Cartesian product, denoted by G X H, of two graphs G and H, is the graph with vertex V(G x H) =
V(G) x V(H) and the edge set E(G x H) satisfying the following conditions (u1,us2)(vi,v2) € E(G x H) if and only if either

u1 = v1 and ugve € E(H) or us = v2 and uiv1 € E(G).

Definition 2.2. The generalized Petersen graph P(m,n), m > 3 and 1 < n < {mT_lJ, consists of an outer m-cycle
UOUT - - - Um—1, G set of m spokes u;v;, 0 < i < m — 1, and m inner edges v;viym with indices taken modulo m.

Definition 2.3. A graph G = (V,E) where V = {v;,1 <i<n} and E = {vivit1,1 <i < n} is 0-edge magic if there
exists a bijection f : V(G) — {1,—1} then the induced edge labeling f : E — {0}, such that for all wv € E(G), f*(w) =

fw) + f(v) =0. A graph G is called 0-edge magic if there exists a 0-edge magic labeling of G.

Theorem 2.4 ([3]). The circular ladder graph is 0-edge magic graph.

3. Main Section

Theorem 3.1. The cartesian graph P, X P, is 0-edge magic, for all m,n > 1.

Proof. The cartesian graph P, x P, has the following vertex set and edge set. Let V (P, X Pn)={v(1,1), U(1,2)5 ++> U(1,n) } U

{U(g’l), V(2,2)5 -+ v(gm)} u...u {v(m’l),v(m,g), ey v(m,n)} be the vertex set of P, X P,. Let
m n—1
A=J (U {v(im’v(i,m)})
i=1 \j=1

be the set of horizontal edges and

n m—1
B=]J <U {v(i,j)v(i+1,j)})
j=1

i=1
be the set of vertical edges. Then, E(Pn, X P,)=AU B is the edge set of P, X P,. Define the function f:V — {—1,1} by
1, if ¢ is odd and j is odd or
fvij) = if 4 is even and j is even
—1, otherwise

for all 1 <i<m and 1 < j < n. Then the induced edge labeling is defined as follows:

Case 1: m is odd and n is even.

For vertical edges v(; j)v(i+1,5) Where i isodd, 1 <t <m —1land jisodd, 1 <j<n-—1;¢iseven, 1 <i<m—1and jis
odd, 1 <j<n-—1;iiseven, 1 <i<m—1landjiseven, 1 <j<mnj;iisodd,1<i<m-—2andjiseven, 1<j<n,we

have;

I (v yvir1,) = Fva) + Fvee,g)
— 14 (1)
=0.

f wagpvasry) = fan) + fvarg)
=141

=0.
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respectively. For horizontal edges v(; ;yv(;,j4+1) whereiisodd, 1 <¢<mand jisodd, 1 <j<n-1;iiseven, 1 <i<m-—1
and jisodd, 1 < j<n-—1;iiseven, 1 <i<m—1land jiseven, 1 < j <n—2;70dd, 1 <i<mand jis even,

1 <j<n-—1, we have;

e gvaien) = Fvag) + Fva4)
— 14 (1)
=0.

(i pve,g+1) = foan) + Foe 1))
=—1+1

=0.

respectively. Observe that all the edges of P, X P, are labeled with zero. Hence, the cartesian graph P,, x P, is 0-edge
magic if m is odd and n is even.
Case 2: m is odd and n is odd.
For vertical edges v(; j)v(i+1,;) Where iis odd, 1 <i<m —2and jisodd, 1 <j<mn;iiseven, 1 <i<m—1and jis odd,
1<j<mnjiiseven,1 <i<m-—1landjiseven, 1 <j<n-—1;7is0odd,1<i<m—2and jiseven, 1 <j<n-—1, we

have;

Fwanvarnn) = F0an) + fvaeg)
=1+ (-1)
=0.

I wapnvatg) = F(065) + F0iat1,5))
=—1+1

=0.

respectively. For horizontal edges v(;, jyv(,;j4+1) where ¢isodd, 1 <i<mand jisodd, 1 <j<n-2;iiseven, 1 <i:<m-—1
and jisodd, 1 < j<n—2;iiseven, 1 <t <m-—1and jiseven, 1 < j<n-—1;7is0dd, 1 <7 < m and j is even,

1<j<n-1, we have;

P waiva4n) = Fvag) + fvag+n)
14 (-1
=0.

I (v yv41) = Fv) + )
=141

=0.

respectively. Observe that all the edges of P,,, X P, are labeled with zero. Hence, the cartesian graph P,, x P, is 0-edge
magic if m is odd and n is odd.

Case 3: m is even and n is even.
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For vertical edges v(; jyv(i4+1,5) Where i isodd, 1 <¢:<m —1and jisodd, 1 <j<n-—1;iiseven, 1 <i<m—2andjis
odd, 1 <j<n—1;iiseven, 1 <i<m—2and jiseven, 1 <j<mnj;iisodd,1 <i<m—1andjiseven, 1 <j<n,we

have;

 wagvasrg) = fan) + fvarg)
14 ()
= 0.

F wagvarg) = fvan) + f0i+1)
=—1+1

=0.

respectively. For horizontal edges v, jyv(,j4+1) where tisodd, 1 <i<m-—1land jisodd, 1 <j<n-—1;iiseven, 1 <i<m
and jisodd, 1 <j<m—1;iiseven, 1 <i<mand jiseven, 1 <j<n-—1;iisodd, 1 <i<m—1 and j is even,

1<j<n-—2, we have;

fwanvagen) = F0an) + fvag4n)
=1+ (-1)
=0.

(i nve,g+1) = foagn) + Fve,g+1))

—-1+1

=0.

respectively. Observe that all the edges of P, X P, are labeled with zero. Hence, the cartesian graph P,, x P, is 0-edge
magic if m is even and n is even.

Case 4: m is even n is odd

For vertical edges v(; j)v(i+1,;) Where iisodd, 1 <i<m —1land jisodd, 1 <j<m;iiseven, 1 <i<m—2and jis odd,
2<j<njiiseven, 1 <i<m—2andjiseven, 1 <j<n-—1;iisodd, 1 <i<m—1and jiseven, 1 <j<n-—1, we

have;

i pnvir1,) = Fag) + Fuaeg)
=1+ (-1)
=0.

(i vis1g)) = foan) + Fvasg))
=141

=0.

respectively. For horizontal edges v(; ;)v(;,j+1) Where ¢ is odd, 1 < ¢ < m —1and jis odd, 1 < j < n —2; i is even,
i<i<m-—landjisodd,1<j<n—2;iiseven,1 <i<mandjiseven, 1 <j<n-—1;iisodd, 1 <i<m—1andjis
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even, 1 < j <n—1, we have;

(v, g+1) = foan) + Fve+1))
=1+ (-1)
=0.

(i nv,g+1) = foagn) + foe,g+1))
— 141

=0.

respectively. Observe that all the edges of P, X P, are labeled with zero. Hence, the cartesian graph P,, X P, is 0-edge magic

if m is even and n is odd. Considering all the cases above, we can say, that P, x P, is 0-edge magic for all m,n >1. O
Theorem 3.2. The cycle graph C,, is not 0-edge magic for all n > 3, n is odd.

Proof. Let V(Cy) = {vi|]l <i<n}and E(Cn) = {vivit1]1 <i<mn,n+1=1}. The order and the size of the cycle graph
C,, is n, respectively. To prove the theorem, we will consider the following cases:

Case 1: Define the function f: V — {—1,1} by

1, if 4 is odd
fvi) =
—1, ifiis even.

for all 1 <4 < n. The induced edge labeling is defined as follows:

For the edges v;vi+1 where iisodd, 1 <i<n—2;iiseven 1 <i<n— 1, we have;

[T (iviga) = f(vi) + f(viga)
=1+ (-1)
=0.

[T (ivier) = f(vi) + f(vig1)

=—1+1

respectively. For the edges v,v1 we have;

f*(vnv1) = f(vn) + f(v1)
—1+1

=2.

Observe that not all the edges are labeled with zero.
Case 2: Define the function f:V — {—1,1} by
—1, ifiis odd
flvi) =

1, if 7 is even.

w
w
w



On 0-Edge Magic Labeling of Some Graphs

For the edges v;v;+1 wherei isodd, 1 <¢<n —2;¢iseven, 1 <i<n—1, we have;

fr(wivigr) = f(0i) + f(viga)
=1+(-1)
=0.

Fr(wivigr) = f(vi) + f(vigr)

-1+1

=0.

respectively. For the edges v,v1 we have;

[ (wnvr) = f(vn) + f(v1)

—-14(-1)

= —2.

Observe that not all the edges are labeled with zero. Considering all the cases above, we can say, that the cycle graph C,,

is not 0-edge magic for all n > 3, n is odd. O
Theorem 3.3. The cartesian graph Cp, x Cy, is 0-edge magic if and only if m and n are even.

Proof. Suppose that the cartesian graph C, x C, is 0-edge magic, such that C,, and C,, are 0-edge magic. And m and
n are not even, that is, m and n are odd, or m is even and n is odd or m is odd and n is even. For every cases of m and
n mentioned, the cartesian graph C,, x C, will always create odd cycles, such that C,, and/or C, is an odd cycle. By
Theorem 3.1.2, a Cycle graph C,, where n is odd, n > 3 is not 0-edge magic, hence, a contradiction to our assumption.
Thus, the cartesian graph C,, x C,, is 0-edge magic if m and n are even.

Conversely, suppose that m and n are even. Let V(Cy, x C,) = {U(i,j)ll <1<m,1<5< n} The order and size of the

graph C,, x C, are mn and 2mn, respectively. Define the function f:V — {—1,1} by
1, if ¢ is odd and j is odd or
fvij) = if 7 is even and j is even

—1, otherwise.

for all 1 <i<m and 1 < j < n. Then the induced edge labeling is defined as follows:
For vertical edges v(; j)v(i+1,5y Where i isodd, 1 <i<m —1land jisodd, 1 <j<n-—1;iiseven, 1 <i<m—2and jis
odd,1<j<n-—1;iiseven, 1 <i<m—2and jiseven, 1 <j<mn;iisodd, 1 <i<m—1and jiseven, 1 <j<n,we

have;

I (i yvir1,) = Fa) + Fveeg)
— 1 (1)
=0.

f wagpvasry) = fan) + fvarg)
=141

=0.
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respectively. For vertical edges v(1,)V(m,j) Where j is odd, 1 < j <mn —1; jis even, 1 < j < n, we have;

F wanvomn) = flvan) + fvm.s)
14 ()
=0.

F0agyvmn) = flvan) + f(0m.))
=-1+1

=0.

respectively. For horizontal edges v(; j)v(,j4+1) Where ¢ isodd, <i<m—1and jisodd, 1 <j<n-—1;iiseven, 1 <i<m
and jisodd, 1 <j<n—1;iiseven, 1 <t <mand jiseven, 1 <j<n-—1;4iso0dd, 1 <7< m—1 and j is even,

1 <j<n-—2, we have;

(i nve,g+1) = foan) + fve,g+1))
=1+ (-1)
=0.

f wagpvag+n) = foan) + fvag+n)
- 141

=0.

respectively. For horizontal edges v(;,1)v(i,ny Where ¢ is odd, 1 <4 < m — 154 is even, 1 <4 < m, we have;

Fwanvam) = fan) + fvim)
=1+ (-1)
=0.

(e van) = fvay) + f(06mn)

—-1+1

=0.

respectively. Observe that all the edges of C,, x C), are labeled with zero. Hence, C,, x C), is 0-edge magic for all m,n are

even. Thus, the cartesian graph Cp, x Cy, is 0-edge magic if and only if m and n are even. O
Theorem 3.4. The generalized Petersen graph P(m,n) is 0-edge magic for all m = 4k, k € Z" and n is odd.

Proof. Let V(P(m,n)) = {v1, v, ..., v2m } where v;, 1 <i < m are vertices of the outer cycle and v;, m+ 1 < ¢ < 2m are
the vertices of the inner cycle. The order and size of the generalized Petersen graph P(m,n) are 2m and 3m, respectively.

Define the function f:V — {—1,1} as follows:
1, if1<i<m-—1,7is odd or
floi) = if m+1<i<2m-—1,iis odd

—1, otherwise

w
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The induced edge labels are defined as follows:

Case 1: m=4k, ke Z" and n=1.

If m =4k, k € Z* and n = 1, then P(m, 1) & Circular Ladder graph. By Theorem 2.4, P(m, 1) is 0-edge magic.
Case 2: m =4k, k € ZT and n > 3, n is odd.

For the edges v;v;+1 on the outer cycle where i is odd, 1 <i <m —1; i is even, 2 < ¢ < m — 2, we have;

Fr(wivig1) = f(vi) + f(viga)

respectively. For the edges viv,, on the outer cycle, we have;

£ (@1m) = f(01) + f(vm)
=1+ (-1)

=0.
For the spokes v;vi+m+1 where ¢ is odd, 1 <¢ < m — 1; ¢ is even, 2 < ¢ < m — 2, we have;

[ Wivigme1) = f(vi) + f(Vigmt1)
=1+ (-1)
=0.
[ (wivit1) = f(vi) + f(Vigm+1)
— 141

=0.
respectively. For the spokes v vUm+1, we have;

T (mvm+1) = f(om) + f(Umt1)
— 141

=0.
For the edges v;v;4+n on the inner cycle where 7 is odd, m+1<¢<2m —n; iis even, m+ 2 <i < 2m —n — 1, we have;

f @ivien) = f@0) + f(vitn)
=1+ (-1)
=0.

£ @ivien) = F@0) + f(vitn)
=—-1+1

=0.
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respectively. For the edges v;vitn—_m on the inner cycle where ¢ is even, 2m—n+1 <7 < 2m; ¢isodd, 2m—n+2 < < 2m—1,

we have;

T (Wivitn—m) = f(vi) + f(Vitn—m)

=—1+1

respectively. Observe that all the edges are labeled with zero. Hence, th generalized Petersen graph P(m,n) is 0-edge magic
if m = 4k, k € Z* and n is odd, n > 3. Considering all the cases above, therefore, the generalized Petersen graph P(m,n)

is 0-edge magic for all m = 4k, k € ZT and n is odd. O

4. Conclusion

In this paper we have identified the 0-edge magic labeling of these graphs: P, X P,, Cn, x C, and the generalized Petersen

graph P(m,n). Also the cycle graph C,, where n is odd, n > 3 is not 0-edge magic.
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