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Abstract: A graph G(V,E) is called a Contra Harmonic mean graph with p vertices and q edges, if it is possible to label the
vertices z € V with distinct elements f(z) from 0,1,...,q in such a way that when each edge e = uv is labeled with
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fle =uv) = [f)(le)t)ilf[g; -‘ or {f}q(‘i)i’frgzg J with distinct edge labels. The mapping f is called Contra Harmonic mean
labeling of G.
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1. Introduction

All graphs in this paper are simple, finite, undirected. Let G(V, E) be a graph with p vertices and ¢ edges. For a detail
survey of graph labeling we refer to [1]. A general reference for graph-theoretic ideas is [2]. The concept of mean labeling
was introduced by S. Somasundaram and R. Ponraj [3] in 2004. S. Somasundram and S.S. Sandhya introduced Harmonic
mean labeling [4] in 2012. In this paper we investigate the Subdivision of Contra Harmonic mean labeling for some graphs.

The following definition are useful for our present study.

Definition 1.1. A graph G(V, E) is called a Contra Harmonic mean graph with p vertices and q edges, if it is possible to
label the vertices x € V with distinct elements f(x) from 0,1,...,q in such a way that when each edge e = uv is labeled

with f(e = w) = [%-‘ or {%J with distinct edge labels. The mapping f is called Contra Harmonic mean
labeling of G.

Definition 1.2. A Triangular snake T, is obtained from a path ui ...uy by joining u; and to a vertex v; for 1 <i<mn—1.

Definition 1.3. A Quadrilateral snake Q,, is obtained from a path ui ...u, by joining u; and u;+1 to new vertices v;, w;,

1<i<n-—1.

Definition 1.4. The union of two graphs G1 = (V1,E1) and Go = (Va, E2) is a graph G = G1 U G2 with vertez set
V =V1UVz and edge set E = FE1 U Fs.

Definition 1.5. The corona of two graphs G1 and G2 is the graph G = G1 ® G2 formed by taking one copy of G1 and

[V (G1)| copies of Ga where the it" vertex of Gy is adjacent to every vertez in the it" copy of Ga.
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Definition 1.6. If e = uv is an edge of G and w is not a vertex of G then e is said to be subdivided when it is replaced by
the edges uw and wv. The graph obtained by subdividing each of a graph G is called the subdivision of G and is denoted by
S(G).

2. Main Results

Theorem 2.1. S(P, ® K1) is a Contra Harmonic mean graph.

Proof. Let wiuz...u, be a path P, of length n. Let v; be the vertex which is joined to the vertex u;, 1 < i < n of the
path P,. The resulting graph is a comb P, ® Ki. Let G be graph obtained by subdividing the edges. Here we consider the
following cases.

Case (i): G is obtained by subdividing each edge of the path. Let ¢it2...¢t,—1 be the vertices which subdivide the edges
of u;uit+1. Define a function f: V(G) — {0,1,...,q} by

flui))=3i—-3, 1<i<n
fvi)=3i—2, 1<i<n
ft)=3i—-1, 1<i<n—-1
Then the distinct edge labels are
fluw)) =3i—2, 1<i<n
fluiti) =3i—1, 1<i<n-—1
fltiui) =3i, 1<i<n-—1

.. Tis a Contra Harmonic mean labeling of G. The Contra Harmonic mean labeling pattern of S(P; ® K1) is

0 2 3 5 6 g

ho

11 12 1;1 15 1? i8

Figure 1.

Case (ii): G is obtained by subdividing the edges u;v;. Let w; be the vertices which subdivide the edges u;v;, 1 < i < n.
Define a function f: V(G) — {0,1,...,q} by

flur) =0, fluz) =3, flu;)=3i—2, 3<i<n.
flv1) =2, f(v2) =5, f(vsi) =31, 3<i<n.
flwi) =1, f(wz) =4, f(ws) =8, f(ws) =11, f(w;)=3i—1, 5<i<n.

Then the distinct edges labels are

f(uiuzurl) = 3’i, 1<:1<n-1

f(uzw,) =3t — 2, 1<

IN

n

flwiv)) =3i—1, 1<i<n
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. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(Ps ® K1) is shown below.

X=

pw

XN
[
=
=
(5]

Figure 2.

Case (iii): G is obtained by subdividing all the edges of P,, ® K. Let ¢; and w; be the vertices which subdivide the edges

u;ui+1 and u;v; respectively. Define a function f: V(G) — {0,1,...,q} by

fv1) =2, f(v2) =6, f(v;)=4i—1,3<i<n

flw) =1, f(w2) =5, fw;)) =4i—2, 3<i<n

Then the distinct edge labels are

flut;)) =4i—1, 1<i<n-—1
fltiui1) =4i, 1<i<n-—1
fluiw;) =45 -3, 1<i<n

flwivi)) =4i -2, 1<i<n

.. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(Ps ® K1) is shown below.

o 3 4 8 3 1 13 1 u
1 l B 10 . 14 b
2 & 11 15 19
Figure 3.
From case (i) and (ii), it is clear that S(P, ® K1) is a Contra Harmonic mean graph. O

Theorem 2.2. S(Cy ® K1) is a Contra Harmonic mean graph.

PTOOf. Let uius ... u, be a cycle C,, of length n and let v; be the pendant vertices adjacent to u;, 1 < i < n. The resulting
graph is C,, ® K. Let G = S(C,, ® K1) be the graph obtained by subdividing the edges. Here we consider the following

cases.

w
©
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Case (i): Let G be a graph obtained by subdividing each edge of the cycle uiusz ... u,. Let w;, 1 <4 < n be the vertices
which subdivide the edges of the cycle ujus ... u,. Define a function f: V(G) — {0,1,2...,q} by

flui)=3i—-3, 1<i<n

IN

flo) =3i—2, i

—
IN

n

flw) =3i—1,

—
IN

i<mn—1 and f(wn)=3n

Then the distinct edge labels are

fluv;))=3i—2, 1<i<n
fluiw;) =3i—1, 1<i<n

flwiuig1) =3i, 1<i<n

.. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(Cs ® K1) is shown below.

1

Figure 4.

Case (ii) : Let G be a graph obtained by subdividing the edge u;v; of C,, ® K1. Let t;, 1 < ¢ < n be the vertices which
subdivide u; and v;. Define a function f: V(G) — {0,1,...,q} by

flu1) =0, f(u2) =3 and f(u;)=3i—2, 3<i<n
fv1) =2, fv;)=3i, 2<i<n

ft) =1, f(t;)=3i—1, 2<i<n

Then the distinct edge labels are

flusuigr) =3i, 1 <i<n-—1, f(upur) =3n—1,

flv)=3i—1, 1<i<n—1, f(thvn) =3n

.. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(Cs ® K1) is shown below.
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Figure 5.

Case (iii) : Let G be a graph obtained by subdividing all the edges of C, ® K1. Let t;, w; be the vertices which subdivide the
edges of the cycle ujus ... u, and the edges u; and v; for 1 <4 < n respectively. Define a function f: V(G) — {1,2,...,q}

by

flur) =0, f(ui) =4i—3,2<i<n
flo) =2, fvi)=4i—1,2<i<n
flw) =1, fw))=4i-2,2<i<n

f(t1) =3, f(t;) =4i, 2<i<n
Then the distinct edge labels are

flusw;) =4i—3, 1<i<n
flwiv))=4i—2, 1<i<n
fluits) =4i—1, 1<i<n

f(tiui+1) = 4’i, 1 S 7 S n

.. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(C5 ® K1) is shown below. From the above cases we

Figure 6.

conclude that S(C\, ® K1) is a Contra Harmonic mean graph. O

w
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Theorem 2.3. S(T3) is a Contra Harmonic mean graph.

Proof. Let uiuz...u, be a path of length n. Let T, be a triangular snake obtained by joining u; and u;+1 to a new vertex
v;, 1 <1 <n—1. Let us subdivide the edges of T,,. We consider the following cases.

Case (i) : G is obtained by subdividing each edge of the path. Let ¢1,t2,...,tn—1 be the vertices which subdivide the

edge uju;41. Define a function f: V(G) — {0,1,2,...,q} by

flui))=4i—4, 1<i<n
fvi)=4i—-3, 1<i<n-1

flt)=4i—2, 1<i<n—1

Then the distinct edge labels are

fluit)) =4i—2, 1<i<n—1
f(tiuz) =3, f(tiviy1) =44, 2<i<n-—1
fluw) =4i—3, 1<i<n-—1

f(’U1’LL2) = 4, f(’l)iui+1) =45 — 1, 2 <i1<n-— 1

.. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(7s) is

1 k] o 11 17
m F 4 B i 10 1z 14 16 il an

Figure 7.

Case (ii) : G is obtained by subdividing the edges w;v; and u;+1v;. Let t; and s; be the two vertices which subdivide the

edges u;v; and u;11v;, 1 < i < n — 1 respectively. Define a function f: V(G) — {0,1,2,...,q} by

flui))=5i—-5 1<i<n
fu1) =2, f(vi))=5i—2, 2<i<n-—1
ft) =1, ft;)=5i—3, 2<i<n-—1

fls1)=3, f(s))=5i—1, 2<i<n—1

Then the distinct edge labels are

fluruz) =5, fluuit1) =51—2, 2<i<n-—1
Fluti) =5i—4, 1<i<n—1

fltw) =5i—3, 1<i<n—1

fluis1) =3, f(viss) =5i—1, 2<i<n-—1

f(81u2) = 4, f(siqu) = 5i, 2 S % S n—1

. tis a Contra Harmonic mean labeling of G. The labeling pattern of S(75) is shown below.
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Figure 8.

Case (iii) : G is obtained by subdividing all the edges of T,,. Let z;, y; and t; be the vertices which subdivide the edges

U Vi, Vitir1 and u;ui4+1 respectively. Define a function f: V(G) — {0,1,...,q} by

flu)=6i—6, 1<i<n

fl) =2, flu)=6i—3, 2<i<n-—1
ft) =3, fti) =6i—2, 2<i<n-—1
fl@) =1, f(z:)=6i—4, 2<i<n-—1

fy) =4, f(yi) =6i—1, 2<i<n-—1

Then the distinct edge labels are

Fluti) =6i—3, 1<i<n-—1
Fltiwiz) =6i—1, 1<i<n-—1
flusz;))=6i—5, 1<i<n-—1
flrv)=6i—4, 1<i<n-—1
fluiyi)) =6i—2, 1<i<n-—1

flyiuiz1) =6i, 1<i<n-—1

.. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(75) is shown below.

Figure 9.

From Case (i), Case (ii), Case (iii) it can be seen that S(7},) is a Contra Harmonic mean graph. O
Theorem 2.4. S(Q,) is a Contra Harmonic mean graph.

Pmof. Let uiusz ... u, be a path of length n. Join w; and u;11 to new vertices v; and w;, 1 < i < n — 1 respectively and
then join v; and w;. The resulting graph is a Quadrilateral snake Q.. Let G be the graph obtained by subdividing the edges

of Q. Here we consider the following cases.

)
=)
S|
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Case (i) : G is obtained by subdividing the edges of the path. Let tita...t,—1 be the vertices which subdivide the edge

Uii+1, 1 <i < n—1. Define a function f: V(G) — {0,1,...,q} by

flu)=5i—5 1<i<n

Then the distinct edge labels are

fluit;) =5i—2, 1<i<n-—1
fltiuip1) =54, 1<i<n—1

fluivg)) =5i—4, 1<i<n-1
Fflwiui) =5i—1, 1<i<n—1

flosw) =5i—3, 1<i<n-—1

.. fis a Contra Harmonic mean labeling of G. The labeling pattern of S(Qs) is shown below.

1 F T E] 12 13 17 1R
1] a 5 ] i0 14 15 13 2

Figure 10.

Case (ii) : G is obtained by subdividing all the edges of Q.. Let t;, xi, yi, z; be the vertices which subdivide the edges

UWit1, UiV, V;w; and w;us4+1 respectively. Define a function f: V(G) — {0,1,...,q} by

flui)=8i—8, 1<i<n

fo1) =2, f(v;)=8i—5, 2<i<n—1
flw) =4, f(wi) =8i-3, 2<i<n-—1
ft) =5, f(t:)=8i—2, 2<i<n-—1
fl@) =1, f(z:)=8i—6, 2<i<n—1
fy) =3, flyi) =8i—4, 2<i<n—1

f(z1) =6, f(z))=8i—1, 2<i<n-—1

Then the distinct edge labels are

flurty) =5, fluit;) =8i—4, 2<i<n-—1
ftiuig1) =8i—1, 1<i<n-—1

fluiz;)) =8 -7, 1<i<n-1
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flziv)) =8i—6, 1<i<n-1
fluiy;)) =8i—5, 1<i<n-—1
farw) =4, flyiw) =8i—3, 2<i<n-—1
flwizi) =8 —2, 1<i<n-1

f(ui+1zi) = 82, 1 S 7 S n—1

. Tis a Contra Harmonic mean labeling of G. The labeling pattern of S(Qs) is shown below.

2 E| 4 11 1z 13 19 al 21 o 29

Figure 11.

From case (i) and case (ii), it is clear that S(Q ») is a Contra Harmonic mean graph.

Theorem 2.5. S(P, ® K3) is a Contra Harmonic mean graph.

Proof. Let ujuz...u, be the path of length n. Let v;, w; be the vertices of K which are joined to the vertex u; of the
path P,, 1 < i < n. The resultant graph is P, ® K3. Let G be a graph obtained by subdividing all the edges of P, ® K3.
Here we consider the following cases.

Case (i) : Let G be a graph obtained by subdividing each edge of the path. Let ¢it2...¢,—1 be the vertices which subdivide
the edge u;ui4+1. Define a function f: V(G) — {0,1,...,q} by

flur) =0, f(u;)=5i—4, 2<i<n
flor) =1, f(v;) =5i—3, 2<i<n
flw) =3, fw)=5i—-1, 2<i<n

Then the distinct edge labels are

fluit;)) =5i—1, 1<i<n-—1
fltitiz) =5i, 1<i<n-—1
fluwi) =5i—4, 1<i<n

flurwi) =3, fusw;) =5i—3, 2<i<n

florwi) =2, flviw;)) =5i—2, 2<i<n

Then f is a Contra Harmonic mean labeling of G. The labeling pattern of S(Py ® K3) is
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1 7 | 12 14 17 19
& = i &
1] 6 in 11 15 16

Figure 12.

Case (ii): Let G be a graph obtained by subdividing all the edges of (P, ® K3). Let t;, =i, yi, s; be the vertices which

subdivide the edges w;uit1, uivs, u;w; and v,w; respectively. Define a function f: V(G) — {0,1,...,q} by

flur) =2, f(u;) =8i—5, 2<i<n
fu1) =0, f(v;)=8i—9, 2<i<n
f(s1) =3, f(s))=8i—6, 2<i<n
flw)=8i—4, 1<i<n
ft)=8i+1, 1<i<n-—1

fl@)=1, f(z:)=8i—8, 2<i<n

flyi)=8i—2, 1<i<n
Then the distinct edge labels are

Flut) =8i—1, 1<i<n-—1
Fltiuis1) =8i+3, 1<i<n—1

flusz;)) =8i—6, 1<i<n
flusy)) =8 —3, 1<i<n

flxiv) =1, f(zwv) =8 —8, 2<i<mn
flyaw) =8i—2, 1<i<n

flvis1) =3, f(visi) =8i—7, 2<i<nm

flsiw;)) =8i—4, 1<i<n

.. tis a Contra Harmonic mean labeling of G. The labeling pattern of S(P; ® K3) is shown below.

o 3 4 7 10 12 15 lf 20
1 6 a L] 16
2 9: 1-1 1% 19 Zg
Figure 13.
From case (i), case (ii) it can be seen that S(P, ® K3) is a Contra Harmonic mean graph. O
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