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the form
A(anA(zn — pnzy_4)) + anz® =0

n—l =

where {an}, {pn} and {gn} are positive real sequences, a and § are ratios of odd positive integers. Examples are provided
to illustrate the main results.
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1. Introduction

In this paper, we are concerned with the following second order nonlinear neutral difference equation of the form

AlanA(Tn — pnTo_i)) + qnxfkl =0, n>no (1)

where ng is a nonnegative integer, subject to the following conditions:
(H1) {an}, {pn} and {gn} are real positive sequences;

(H2) 0 < @ <1 and $ are ratios of odd positive integers;

(H3) 1 and k are positive integers;

(Hs) 0 <pn <p<1forall n>ng.

Let 6 = max{k,l}. By a solution of equation (1), we mean a real sequence {x,} which is defined for all n > no — 6, and
satisfies equation (1) for all n > no. A solution of equation (1) is said to be oscillatory if it is neither eventually positive nor
eventually negative, and nonoscillatory otherwise.

Recently, there has been a great interest in investigating the oscillatory behavior of difference equations, see [1, 2] and the

references cited therein. There are number of results concerning oscillatory and asymptotic behavior of solutions of neutral
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difference equations of the form (1) with linear neutral term, and very few results are available for the neutral difference
equations with nonlinear neutral term in the literature, see for example [4, 5, 7-12], and the references cited therein.

o0
In [9], the authors investigated the oscillation of all solutions of equation (1) with > - = co. In order to solve the
n=ng

problem completely, we examine the other case where i < 00, which appears to be more difficult than the former. To
n=ng

accomplish this is the main purpose of this paper. After establishing necessary preliminary results in Section 2, we obtain

sufficient conditions for the oscillation of all solutions of equation (1) in Section 3. Finally in Section 4, we provide some

examples to illustrate the main results. Thus, the results presented in this paper are new and complement to the existing

results reported in [5, 8-12].

2. Preliminary Lemmas

In this section, we present some lemmas which are useful to prove our main results. Define

a
Zn = ITn — Pndp_k
n—1 o]
1 1
R, = E —, andAn:E —.
as as
s=nq s=n

Note that from the assumptions and the form of the equation (1), it is enough to state and prove the results for the case of

eventually positive solutions only since the proof for the eventually negative is similar. We begin with the following lemma.

Lemma 2.1. Let {z,} be an eventually positive solution of equation (1). Then one of the following three cases holds for all

sufficiently large n:
(I) zn >0, anAzy, >0, A(anQAz,) < 0;
(II) zn >0, anAz, <0, A(anAz,) <0;
(III) zn <0, anAz, >0, A(anAzy) <0.

Proof.  Assume that x,, > 0, £, > 0, and x,—; > 0 for all n > ny for some n1 > ng. From equation (1), we have
AlanAz,) = —ani_l <0

for all n > ni. Hence {z,} and {a.Az,} are eventually of one sign for all n > ny. Then {z,} satisfying one of the following

four cases for all n > ny :
(I) zn >0, anAz, >0, Al(anQAz,) <0;
(II) zn >0, anQAz, <0, AlanAz,) <0
(III) zn <0, anQAz, >0, AlanAz,) <0;
(IV) zn <0, anAz, <0, A(anAz,) <O0.

Now, we shall prove that case (IV) cannot happen. If so, then we have lim z, = —oco. From the definition of z,, we obtain
n— oo

Tn > (—Z"’#)l/a, and therefore lim supxz, = oco. Thus, there exists a subsequence {n;} of positive integers such that

n— oo
lim n; = oo and p,, = max x, — 0o as j — oo. Then
j—o0 ’ no<n<n;
a @ a—1
Zn; = Tn; = Pn;To,—k = Tny; — PTp, = (1= pah )Tn; — 00

as j — oo since 0 < a < 1. This contradiction completes the proof. O
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Lemma 2.2. Let {z,} be an eventually positive solution of equation (1) such that Case (I) of Lemma 2.1 holds. Then
Tn 2> 2Zn > RpanAzn, n > n1 > no, (2)

and {F=} is eventually decreasing.
Proof.  The proof is similar to that of Lemma 2 in [10], and hence the details are omitted. O

Lemma 2.3. Let {zn} be an eventually positive solution of equation (1) such that Case (II) of Lemma 2.1 holds. Then
Tn > 2n > —AnanlAzn, 1> n1 > no, (3)

and { -} is eventually increasing.

Proof.  The proof is similar to that of Lemma 2.3 in [5], and hence the details are omitted. O

3. Oscillation Results

In this section, we present some sufficient conditions for the oscillation of all solutions of equation (1).

Theorem 3.1. Assume that B < a < 1. Ifl >k,

oo

Z dn (Mlia +pn—l)ﬁ szkz—l = 00 (4)

n=nj

n—1 n—1
. 1
nh_)rrolo sup E o E q >0 (5)

s=n—Il+k S t=s

and

n—1
. 1
nh_)rr;o sup Z [M1As+1qs T e A +1} =00 (6)

s=nq

for any constants M and My > 0, then every solution of equation (1) is oscillatory.

Proof.  Assume that there is a nonoscillatory solution {z,} of equation (1), say, xn > 0, Tn_x > 0, and x,,—; > 0 for all
n > n1 > ng, where ny is chosen so that all three cases of Lemma 2.1 are hold for all n > n;.

Case(I): From the definition of z,, we have

AV

Tn Zn +Dnze_n > (278 +pn)20 i

\%

(M™% 4 pn)zx )
where we have used {z,} is increasing and z, > M > 0 for all n > n;. Using (7) in equation (1), we obtain

A(anAzn) +gu(M' ™"+ pat)’z2% <0, n 2 na (8)
Combining (2) with (8), we have

AanAzn) + (M + 9o ))’RE?,(an—r—182n—s—1)*" <0.
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Let w, = anAz,. Then w, > 0 and {wn} is an eventually positive solution of the inequality
Awn + Qn(Ml_a +pn7l)ﬁR:€k,lwzék,l <0. (9)

But by Theorem 1 of [6] and (4), the inequality (9) has no eventually positive solution, a contradiction.

Case(II): Define

A
wn:“”zizn, n>ni. (10)
Then w, < 0 for all n > N. From (3) and (10), we have
—1<A,w, <0, n>n;. (11)
From the equation (1) and z, > 2z,, we have
AlanAzy,) + qnszl <0, n>mn. (12)
From (10) and (12), we obtain
Aw, < nizﬁ_l _ an(8z)?
Zn+1 ZnZn+1
1 w,,
S _Mlﬁ_ qn_ly 77«2”1, (13)

n

where we have used {z,} is positive decreasing, 8 < 1 and M1 = 25:1 Multiplying (13) by An+1 and then summing it
from n; to n — 1, we have
n—1 n—1 n—1 w2
A g1 — <0.
> AchiAws+ Y M Agpige + Y Acna a, = 0 (14)
s=ni s=mn1 s=ni1

Using summation by parts formula in the first term of (14) and then rearranging, we obtain

n—1 n—1 2
_ Ws Wy
Anwn - Anlwnl + g Mlﬂ 1As+1Qs + E (? + ?) S 0,

s=nj s=nj
which on using completing the square yields
n—1 1
B—1
Z |:]W1 Ast19s — m} <1+ A, wn,
s=n1

when using (11). This contradicts with (6) as n — oco.

Case(III): From the definition of z,, we have

Using (15) in equation (1), we obtain

1 8
AanAzy) — 5 InZp <0, n>mni. (16)

Summing (16) from s to n — 1 for n > s + 1, we have

n—1
1 8
anAzn, —asAzs — —= E @z, < 0. 17
P t=s
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Since zn is negative and increasing, we obtain lim z, = ¢ < 0. Let ¢ = 0. Summing (17) from n — [+ k to n — 1 for s, we

n—o0
have
n—1 n—1
1 s 1
Zn—l+k — Zn < B Pn—l+k E CT E qt
Do s=n—Il+k S t=s
or
n—1 n—1
Zn—Il+k > 1 1
B =B Z o th.
S

Z’:iH»k Do s=n—Il+k t=s

Since Z”};ﬂ = zn_l+k\175/°‘ and 1 — g > 0, we have

o
Fn—l+k

n—1 1n71
lim su — <0
[ERTID SIS SPET)

s=n—Il+k t=s

which contradicts (5). Next assume that ¢ > 0. From (5), we claim that
n—1 1 n—1
Jmsup DD e = o
s=nq =s

In fact, from (5), there is a subsequence {n;} and n;y1 — n; > — k such that

n;—1 1 n;—1
D a2 azb>0,
s=n;—l+k as t=s

n;—1 n;—1

where b is a constant. Hence
n—1 1 n—1 J
lim E — E qr > lim E
n—oo Qs Jj—o0 £
i=1 s=n;—Il+k t=s

s=n1y t=s

where n; = max{n; : n; < n}. From (17), we have

1 28R
n
Azt == @20
pe S t=s
Summing the last inequality from n; to n — 1, we obtain
25/0‘ n—1 1 n—1
Zny — Zn < B - qt
pE s=ny s t=s
or
péZ n—1 1 n—1
& Zny
S oS ot
n s=n1 t=s

B
. @ n
In view of ¢ < 0, 2 Bj,j has an upper bound, so
z

n

n—1 1 n—1
li —
Jm 3 <o
=s

s=nq
which contradicts (19). This completes the proof of the theorem.

Theorem 3.2. Assume that 8 =1. If

n—1
Tim inf Y7 gy (Reg+ K pu R, ,) = (
s=n—I1
and
n—1 1
li sAs - T
nLH;QSUp Z |:q + 4asAs+1

s=njy

for any constant K > 0, then every solution of equation (1) is either oscillatory or tends to zero as n — oo

1
Z a—qut:oo,

B

(18)
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PTOOf. Assume that there exists a nonoscillatory solution {rn} of equation (1), say, n > 0, Tn—x > 0, and z,—; > 0 for

all n > n1 > ng, where n; is chosen so that all three cases of Lemma 2.1 are hold for all n > n;.

Case(I): From the definition of z, and £ is decreasing, we have

o a1 Ry_
Tn 2 Zn+PnZp_p = (1+K 1pn R k>zn

where we have used 7= < K for some K > 0. Using (22) in equation (1), we obtain

AlanAzn) + qn (1 + Ko‘_lpn,l;%;m) Zn—1 <0, n>n.
n—I1

From (2) in (23), we have
Rk

AlanAzn) + qn (1 + Ka_lpnsz
n—I1

) RnflanflAznfl S 0.

Let w, = anAz,. Then w, > 0 and {w,} is an eventually positive solution of the inequality

Awn + Qn(Rnfl + Kailpnflefkfl)wnfl S 0.

But by Theorem 7.6.1 of [3] and (20), the inequality (24) has no eventually positive solution, a contradiction.

Case(II): Define

anAzn
Wy = ——, N > N1.
Zn

Proceeding as in Case (II) of Theorem 3.1, we obtain (11) and

Awn < —Qn — —

(22)

(23)

(24)

where we have used {z,} is positive decreasing, and [ is a positive integer. The remaining part of the proof is similar to

that of Case (II) of Theorem 3.1 and hence the details are omitted.

Case(III): In this case z, < 0 and Az, > 0 for all n > ny for some sufficiently large ni. Hence lim z, exists, and z, < ¢ <0

n—o0

for all n sufficiently large. Then

T = PnTy_j + 2n < PTo_j + C.

(25)

Next, we show that {z,} is bounded. If this is not the case, there is a sequence {ny} with ny — co as k — oo such that

Tp, = sup x; and khm Ty, = 00.
ny<j<ng oo

From (25) with k sufficiently large, we obtain

Tp, < pry +c

or

(1= pa™Han, <c

which, as k — oo, leads to a contradiction. Thus, {z,} is bounded. Let lim supz, = My > 0. Then there is a sequence
n— oo

{n;} such that z,, — M2 as j — co. Now

«
Zn; 2 Ty = Pk
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and so

1
Tn;—k > W(-Tnj - an)"‘

Letting 7 — oo, we obtain

Q=

Mo > lim @, —p 2 (M2>

Since p € (0,1), it follows that M = 0, that is lim z,, = 0. This completes the proof. O
n— oo

Theorem 3.3. Assume that > 1. If

and
oS} n—1
Z 1S Z gsAs_, =00 (27)
n=njy s=nj

then every solution of equation (1) is either oscillatory or tends to zero as n — oco.
Proof. Proceeding as in the proof of Theorem 3.2, we see that Lemma 2.1 holds for all n > n;.

Case(I): Proceeding as in the proof of Theorem 3.2(Case(I)), we have

am1 Roil\’
A(anAzn) + Gn (1 + K lpn_lT:l) zs_l <0, n>mn.

Define

anAzn,
= , v 2 ni,

n—l1

then w, > 0, and

a B
Aw, < —gn 1+Ka—1pn_an7kfl . Ban+182n4+102n-1
- Rnfl ZB
n—I
Re B
< —qn <1+K"_1”7’”) . n>ng.
Rnfl

Summing the last inequality from n; to n — 1, we obtain

n

a—1 RY_y P
E gs | 1+ K% "ps_y i3 < Wy, < 0.
s—1

s=nq

Letting as n — oo in the last inequality, we obtain a contradiction to (26).

Case(II): From Lemma 2.3, we have

Zn—i > —An_10nAzyn > 7An—lan1AZn17 n>mn

> dA,_y (28)
where d = —an, Azy,, . From equation (1) and (28), we obtain

A(—anAzy,) > qndBAﬁ,l, n>mni.

417



Oscillation Criteria of Second Order Difference Equation With Negative Nonlinear Neutral Term

Summing the last inequality from n; to n — 1, we have

n—1
—anAzn > —an, Azn, + d? Z qSAf_l
s=n1
Dividing the last inequality by a, and then summing it from n; to n — 1, we obtain
n—1 1 s—1
B B
an 2 an — Zn 2 d Z ;s Z tht,p
s=n1y t=n1
Letting n — oo in the last inequality, we obtain
o5} 1 n—1
B
> LS wa, <o
n=nj s=ni

a contradiction to (27).
Case(III): In this case z, < 0 and Az, > 0 for all n > n;. Then proceeding as in the Case (III) of Theorem 3.2, we obtain

lim z, = 0. This completes the proof. O

n—o00

4. Examples

In this section, we provide some examples to illustrate the main results.

Example 4.1. Consider the second order neutral difference equation
1
. <2nA (“" - 5“331@2)) +3(2")2, % =0, n> 1. (29)

Here a, = 27", pn:%7 gn = 3(2™), 1l =3, k = 2, a:%andﬁ: % SinceRnzl—w%landAn:w%l,onecan
easily verify that all conditions of Theorem 3.1 are satisfied and hence every solution of equation (29) is oscillatory. In fact

{zn} = {(=1)*®"} is one such oscillatory solution of equation (29).

Example 4.2. Consider the second order neutral difference equation

A (n(nJr 1A (xn - %x}l/_i)) +6(n+1)°z, 1 =0, n>1. (30)

Here a, = n(n+1), p, = %, gh=6(n+1)>% l=k=1, a= % and B3 =1. Since R, = 1 — % and A, = %, one can easily

verify that all conditions of Theorem 3.2 are satisfied and hence every solution of equation (30) is either oscillatory or tends

to zero as n — oco. In fact {x,} = {(—1)3"} is one such oscillatory solution of equation (30).

Example 4.3. Consider the second order neutral difference equation

1 4y n*(8(n+1)*(n+2)—2n—3) 5
A (n(n+ HA (mn — n2/3mn—1)> + CERCES)) Tpo1=0,n>1 (31)
Here ap = n(n+1), pn = —75, @n = "3(8("(+nli21()7(‘:+2)2)’2"’3), a=3 B=3 k=1andl =1 Since R, =1- 1 and

Ap = %, one can easily verify that all conditions of Theorem 3.3 are satisfied and hence every solution of equation (31) is
either oscillatory or tends to zero as n — co. In fact {z,} = {#} is one such oscillatory solution of equation (31).

We conclude this paper with the following remark.

Remark 4.4. In this paper, we have presented some new oscillation results for the equation (1), and it would be interesting

to improve the results of Theorem 3.2 and Theorem 3.3 to similar to that of Theorem 3.1.
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