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1. Introduction

The concept of an Almost distributive lattice was introduced by U.M.Swamy and G.C.Rao in [10] as a common abstraction
of most of the existing ring theoretic and lattice theoretic generalization of a Boolean algebra. The notion of pseudo-
complementation in an Almost distributive lattice was introduced by U.M.Swamy,G.C.Rao and G.N.Rao in [12] and they
observe that an Almostdistributive lattice have more than one pseudo-complementation while it is unique in case of dis-
tributive lattice. U.M.Swamy,G.C.Rao and G.N.Rao introduce the concept of Stone Almost distributive lattice in [13] with
respect to a pseudo-complementation on it, then it is a stone Almost distributive lattice (Stone ADL) with any other
pseudo-complementation.The notion of properties of Stone Almost distributive lattice was introduced by G.C.Rao and
Mihret Alemneh in [6]. The concept of a fuzzy set was introduced by Zadeh in [14] and this concept was adapted by
Goguen in [3] and Sanchez in [11] use to define and study fuzzy relations. In this paper we use fuzzy partial order relation
defined in [4] and the idea of fuzzy lattice in [4] to extend Properties of Stone Almost distributive lattice (Stone ADL) in
[6] to Properties of Stone Almost distributive fuzzy lattice (Stone ADFL) and we characterized Properties of Stone Almost

distributive fuzzy lattice (Stone ADFL).

2. Preliminaries

Definition 2.1. An algebra (R,V, A,0) of type (2,2,0) is called an Almost distributive lattice (ADL),if the following con-

dition holds:

(1). av0=a,0Aa=0
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(2). an(bVe)=(anb)V(aNAc)

(3). (avb)Ac=(anc)V(bAc)

(4). aVv(bAc)=(aVb)A(aVc)

(5). (aVb)Ab=1b

Lemma 2.2 ([7]). Let (R,V,A) be an ADL with 0. For any a,b,c € R we have the following:
(1). anb=bsaVb=a

(2). aNb=a<aVb=5b

(3). N is associative.

(4). aNbAc=bAaAc.

(5). (avb)Ac=(bVa)Aec.

(6). aNb=0<bAa=0.

(7). an(aVb)=a,(aANb)Vb=bandaV (bAa)=a.
(8). aNa=a and aVa=a.

(9). a=aVv0and0Va=a.

(10). 0ANa =0 and a A0 =0.

Definition 2.3 ([7]). Let R be an ADL with 0. For any a,b € R,define a < b if and only if a Ab = a or equivalently

aVb=>b.Then” <” is a partial order relation on R.

Lemma 2.4 ([7]). Let R be an ADL with 0, and m € R. Then the following are equivalent:
(1). m is mazimal with respect to partial order” <7.

(2). mVa=m,for all a € R.

(8). mAa=a, for all a € R.

Definition 2.5 ([7]). Let (R,V,A,0) be an ADL with 0. Anon-empty subset I of R is an ideal of R,ifaVb € R and aAzx € R.

Whenever a,b € I and z € R.
Proposition 2.6 ([7]). For any a,b € R.
(1). @V (b] = (a Vb = (bVa).
(2). (al A (8] = (a Ab] = (bAal.

Definition 2.7 ([6]). Let (R,V,A) be an ADL with 0.Then a unary operation x on R is called a pseudo- complementation
on R if,

(1). ana*=0.

(2). aNb=0=a"Ab=b.

422



Berhanu Assaye and Gerima Tefera

(8). (aVb)* =a* Ab*, for all a,b € R.
The unary operation * is called a pseudo-complementation of a in R.

Lemma 2.8 ([6]). Let R be an ADL with 0, and x be a pseudo-complementation on R.Then for any a,b € R the following

condition holds:
(1). 0% is mazimal.
(2). If a is mazimal,then a* = 0.
(8). 0** = 0.
(4). ™ Na = a.
(5). a* =0< a** is mazimal.
(6). a* < 0.
(7). a* Nb* =b* Na*.
(8). a* < (aNb)* and b* < (a ADb)*.
(9). a<b=b"<a".
(10). a* <b* < b™ < a™.
(11). a=0< o™ = 0.

Definition 2.9 ([6]). Ahomomorphism between ADLs, Ri and Rz is a mapping f : Ri — Ra satisfying the following

condition:
(1) flanb) = f(a) A f(b).
(2). flaVvb) = f(a)V f(b).
(3). £(0) =0, for all a,b,0 € R.

Definition 2.10 ([6]). Let R be an ADL with 0, and * be a pseudo- complementation on R.Then R is called a stone ADL

if,for any a € R,a* V o™ = 0*.

Lemma 2.11 ([6]). Let R be a stone ADL, and a,b € R.Then the following condition holds:
(1). 0* Na=a and 0* Va = 0*.

(2). ™ =a*.

(3). (aAD)* =a* VDb*.

(4). (@AD)™ =a™ Ab*™.

(5). An element a € [0,0%] is complemented if and only if a = b* for some b € R.

Definition 2.12 ([6]). If R is an ADL with a mazimal element,then the element a € R is called a complemented element

if there exist an element b € R such that a ANb =0 and aV b is a maximal element of R. Here b is called a complement of a.
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Definition 2.13 ([6]). Let R be an ADL with 0 and mazimal element. The center of R is defined as the set of all

complemented elements of R and it is denoted by B(R) or simply B.
Theorem 2.14. An ideal I of an a ADL R is complemented if and only if I = (a] for some a € B(R).

Definition 2.15 ([4]). Let X be a set ,A function A: X x X — [0,1] is said to be fuzzy partial order relation if it satisfies

the following condition;

(1). A(z,z) =1, for all x inX that is A is reflexive.

(2). A(z,y) >0, and A(y,z) > 0 implies that x = y .That is A is antisymmetric.

(8). A(z, z) > supy inxmin[A(z,y), Ay, z)] > 0. That is A is transitive.

If A is a fuzzy partial order relation in a set X,then (X, A) is called a fuzzy partial order relation or fuzzy poset.

Definition 2.16 ([4]). Let (X, A) be a fuzzy poset. Then (X, A) is a fuzzy lattice if and only if x Vy, and x Ny exists for all

z,y € X.

Definition 2.17 ([5]). Let(X, A) be a fuzzy lattice and Y C X. Then Y is an ideal of (X, A).
(1). Ifx € X,y €Y and A(z,y) > 0,thenx €Y.

(2). If x,y €Y, thenzVy€eY.

Definition 2.18 ([1]). Let (R,V,A,0) be an algebra of type (2,2,0) and we call (R, A) is an Almost Distributive Fuzzy
Lattice(ADFL) if the following condition satisfied:

(1). A(a,aV0) = A(aVO0,a) = 1.

(2). A(0,0 Aa) = A(0Aa,0)=1.

(3). A((lavd)Ae,(anc)V(bAc)=A((anc)V (bAc),(aVb)Ac)=1.

(4). Alan (bVe),(anb)V(anc)=A{(anb)V(anc),aN(bVe))=1.

(5). A(laVv (bAc),(aVb)A(aVe)=A((aVb)A(aVe),aV (bAc))=1.

(6). A((aVb)Abb) = A(b,(aVb)Ab) =1, for all a,b,c € R.

Definition 2.19 ([1]). Let (R, A) be an ADFL. Then for any a,b € R a < b if and only if A(a,b) > 0.

Definition 2.20 ([2]). Let (Ri, A1) and (Ra, A2) be two ADFL,. Then (A1 x A2)((a,b), (c,d)) = min{A1(a,c), Az(b,d)}.

Definition 2.21 ([2]). Let (R1, A1) and (R2, A2) be two ADFL,. Then a mapping [ : (R1, A1) = (R2, A2) is said to be a

fuzzy latice homomorphism.If it satisfy the following condition for any x,y,0 € Ry
(1) Ao (f(z Ay), f(z) A fly) = A2 (f(z) A f(y), flz Ay)) = 1.
(2). Ao(f(zVy), f(z)V f(y) = A2(f(z) V f (), f(x Vy)) = 1.

(3). A2(f(0),0) > 0.
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3. Properties of Stone Almost Distributive Fuzzy Lattice

Definition 3.1. Let (R, A) be an ADFL with 0 . Then a unary operation x on (R, A) is called a pseudo-complemented

if,any a,b € R satisfy the following condition:
(1). A(a Aa*,0) > 0.

(2). A(anb,0)>0= A(b,a* Ab) > 0.

(3). A(a* ANV, (aV b)*) > 0.

Here a* is called a pseudo-complement of a in (R, A) and an ADFL with a pseudo-complementation is called a pseudo-

complemented ADFL.

Lemma 3.2. Let (R, A) be a pseudo-complemented Almost distributive fuzzy lattice ,then A(a A a*,0) > 0 if and only if

aNa*=0.
Definition 3.3. Let (R, A) be an ADFL. Then an element a € R is called a dense element if A(a*,0) > 0.

Definition 3.4. Let (R, A) be an ADFL with 0 and x be a pseudo- complementation on (R, A).Then (R, A) ts called a stone

ADFL if, any a € R,A(0*,a* Va*™*) > 0.

Example 3.5. Let (R,+,.,0) be a commutative regular ring with unity.Let (R, A) be an ADFL and for any a € R,let a® be

the unique idempotent element in R such that A(a,a’aa’®) = A(a®aa®,a) = 1.For any a,b € R, define by:
(1). A(a Ab,a’b) = A(a’b,a Ab) =1

(2). AlaVvba+(1—a®)b) = Ala+ (1 —a’)baVvb) =1

(3). A(a*,1—a®) = A(1 —a®,a*) = 1. Then clearly (R, A) is an ADFL under the given condition.

(1). Let a € R. Then A(a A a*,0) = A(a®a*,0) = A(a®(1 — a®),0) = A(a® — a®a®,0) = A(a® — a®,0) since a’a’ = a’=
A(0,0) = 1. Similarly A(0,a A a*) = 1. Hence A(a A a*,0) = A(0,a A a*) = 1. Therefore we have A(a A a*,0) > 0.
(2). Let a,b € R and A(a A b,0) > 0. That is A(a®,0) > 0. Now, A(a* A b,b) = A((a*)%,b) = A((1 — a°)°,b) =
A((1 = a®)b,b) = A(b — ab,b) = A(b —a Ab,b) = A(b,b) = 1 since a Ab=0. Similarly A(b,a* Ab) = 1. Hence
A(a*Ab,b) = A(b,a* Ab) = 1. Let a,b € R, so that A(ab,0) > 0,then a’ +b° is also idempotent and A((a+b)?,a’+b°) =
A@a® + 0%, (a+0)°) =1.
(3). A(a* AD*,(aV b)) = A(a* AD*,1— (aVb)°)
= A(a* Ab*,1— (a4 (1 —a®)b)°
= A(a* Ab*, 1 — (a® + (1 —a®)"p°
= A(a* Ab 1 — (a +b° — a"b”) since (1 —a®)® =1—a°
= A(a* Ab* 1 —a® —b° +a%°)
= A(a* Ab", (1 —a”™)(1 —b")

= A(a® AD",a" AD") = 1.
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Hence A(a* Ab™, (aVb)*) = 1. So that we get A(a* Ab*, (aVb)*) > 0. Thus * is a pseudo- complementation on (R, A).

Now, for any a € R,

A(l,a* va™) = A1, (1 —a®) v (1 —a%)")
=AL,(1-a”)v(1—-(1-a""
=A(1,(1-a’)v(1—1+4a% since (1—a”)’=1—-a°
=A(1,(1—-a") va®)
=A1L,1-a”)+ (1 - (1-a""a’)
=A1,1-a”)+(1-1+a"a") since (1 -a")’=1-a°
=A(1,(1 —a’) +a"®)
= A(1,1—a’ +a°) since a’a” = a°

= A(1,1)=1>0.

Hence A(1,a* V a**) > 0. Therefore (R, A) is a stone ADFL with respect to x a pseudo- complementation. Now,we

prove some properties of a pseudo-complementation in a stone ADFL (R, A).

Lemma 3.6. Let (R, A) be a stone ADFL and a,b € R. Then the following condition holds:

(1). A(a,0") >0

(2). A(a*,a™™*) = A(a™*,a*) =1 and A(0**,0) >0

(3). A((a ANb)*,a* vV b*) > 0.

(4). A(@* AV, (aAb)*™) >0 and A((aV b)*™,a™ V™) >0

(5). An element a € [0,0%] is complemented if and only if A(a,b*) = A(b*,a) =1, for some b € R.
Proof.

(1). Let (R, A) be an ADFL. Then for a € R and from definition of ADL 0 Aa = 0 = A0 A a,0) > 0 = A(a,0) >
0, since a < a VvV O0* = (a A0*) V0" =0".

Hence A(a,0%) > 0.

(2). Let a € R. Since (R, A) is pseudo-complemented.

A(a*, @) = A(a", (@)")
= A(a*,(a™ Va)*), since a™ =a""Va
= A(a*,a" AN a")
=A(a*,a*)=1>0 sincea™ Aa*=0=a"" Aa* =a".
Hence A(a*,a*) = 1. Similarly A(a***,a*) = 1. Therefore A(a*,a™*) = A(a™*,a*) = 1. Again from stone ADL we
have a* V a*™ = 0* and a A a* = 0. Now,A(0**,0) = ((0")*,0) = A((a* V a**)*,0) = A(a*™* ANa™™*,0) = A(0,0) =1

since a** A a™* = 0. Similarly A(0,0**) = 1. Hence A(0**,0) = A(0,0") = 1. Hence A(0**,0) > 0.
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3). A((anb)*,a* vb*) = A(a* Vb ,a* Vb*) =1 since (a Ab)* = a* Vb* from pseudo-complemented ADL. Hence A((a A
b)*,a* Vb*) >0
(4). A)A@* AV, (a AD)) = A(a™ AD™, ((a AD)*)")
= A(a™ AD™, (a* VD)), since (a Ab)* =a* Vb*

=A@ A, 0™ AD™)=1>0, since (a* Vb)) =a™ Ab™.

Hence A(a™* A V™, (a Ab)*™) > 0 and

A((avb)™,a”™ vb™) = A(((aV b)), a™ V™)
= A((a* Ab*)",a™ V™), since (aVb)* =a* Ab".

=A@ AD,a™ AD) =1>0, since (a* Ab*)* =a*™ AL

Hence A((a V b)**,a* V™) > 0.

(5). Suppose a € [0,0%] is a complement element of (R, A). Then there exist b € R such that A(a A b,0) > 0 and
A(0%,aVb)>0.

AbAa,0)=ADbA (aA(aVb),0)=A((bAa)A (aVb),0)
=A((bAa)Aa)V ((bAa) AD),0), sincebAaAc=aAbAc
=A((bAa)V (aAbAD),0), sincebAb=1b
=A(aA((bAa)Vb),0)=A((aA(bAa)V (aAb),0)
=A(((aAb)ANa)V (aAb),0)

= A((0 Aa) V0,0) = A(0,0) =1 > 0.

Hence A(bAa,0) > 0. Since 0 is the least element 0 < bAa = A(0,bAa) > 0. So that we get b A a = 0. Which implies
A" Na,a) = A(a,b* Aa) = 1. Now,

A(b*,a) = A((bV 0)*,a), since b=DbV 0
= A(b* A0%,a)
= A(b* A(aVb),a), since aVb=0"
= A((b* Aa) V (b AD),a)
= A((b* Aa) V0,a)
= A(aV0,a)

= A(a,a) =1, since a V0 =a.

We have A(b*,a) = 1. Similarly A(a,b*) = 1. Hence A(b*,a) = A(a,b*) = 1. Conversely,assume that A(b*,a) =
A(a,b*) =1 for some b € R. Then

Ala Ab*,0) = A(a A (b7)%,0)
= A(a A a*,0)

= A(0,0) =1, sinceaAa” =0
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Similarly A(0,a A b**) = 1. Hence A(a Ab**,0) = A(0,a Ab*™) = 1.

AlaVb™,0") = A" Vb™,0") since a =b"

= A(0*,0") =1 since b* V™ =0".

Similarly ,A(0*,a Vv b**) = 1. Hence A(a V b**,0%) = A(0*,a V b**) = 1. Therefore b** is the complement of a in [0, 0*].
O

In generalif (R, A) is an ADFL with a maximal element,then an element a € R is called a complemented element if there
exists an element b € R such that A(aAb,0) > 0 and A((aVb)Vz,aVb) >0 forall z € R. Here b is called a complement
of a.Unlike in the distributive fuzzy lattice ,a complemented element in an ADFL (R, A) need not have a unique element. If

a is a complemented element in R,then we denote the set of all complements of a by Ba(a).

Definition 3.7. Let (R, A) be an ADFL with mazimal element. Then the center of (R, A) is defined by Ba(R) = {a €
R|A(a Ab,0) > 0 and A(z, (aVb) Axz) > 0 for someb € R, for all x € R} and it is denoted by Ba(R). So that Ba(R) is
called Birkhoff center of an ADFL (R, A).

Lemma 3.8. If (R, A) is an ADFL with a mazimal element and a is a complemented element in (R, A),then Ba(a) is a

sub-ADFL of (R, A).

Lemma 3.9. Let (R, A) be a pseudo-complemented ADFL with centerBa(R) and a € R.Then a € Ba(R) if and only if

A((aVa*)Vz,aVa*)>0 foralzeR.

Proof. Let (R,A) be a pseudo-complemented ADFL and a € Ba(R).Then there exists an element b € R such that
A(anb,0)>0and A((aVb)Vz,aVb)>0. Since 0 <aAb= A(0,aAb) > 0. Hence a A b= 0 by anti symmetry property

of A. SoaAb=0= A(b,a* Ab) > 0 by Definition 3.1. Then

A((ava*)A(aVvb),avbd)=A([(aVa*)Aa]V[aVa*)Ab,aVb)
=A([(ana)V(a" Aa)]V[(aAb)V (a* Ab)],aVb)
=A(flavO]Vv[0Vb],aVb) sincea* ANa=0,aAb=0and a* ANb=0>

=A(aVb,aVb)=1>0 sinceaVO=aand0Vb=hb.

Hence A((aV a*) A (aVb),aVb)=1. Similarly A(aVb,(aVa*)A(aVb))=1>0. So that (aVa*) A (aVb)=aVbwhich
implies that a V a* is maximal element. Therefor A((aV a*)V z,aV a*) > 0 for all z € R.
Conversely, suppose A((aV a*) A (aVb),aVb) >0 forallz=aVbe R. Clearly A(a Aa*,0) > 0 and 0 < a A a*,we have

A(0,a A a*) > 0. Hence a A a* = 0 by antisymmetry property of A.

AlaVvb,(aVa*)A(aVb))=A(aVblaVa)AalVaVa)Ab)
=A(aVvb,[(ana)V (a* Aa)]V[(aAb)V (a* AD)])
= A(aVb,[(aVv0)V (0VDb)]) since a* A\a=0and aAb=0

=A(aVbaVb)=1>0sinceaV0O=aand 0Vb=hb.

Hence A(a Vb, (aVa*)A(aVb))>0. Which implies that (a Va*) A (aVb) = a Vb by antisymmetry property of A. So that

we have a V a* is maximal element of (R, A). Therefore a € Ba(R). O
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Theorem 3.10. Let (R, A) be a stone-ADFL. Then the center Ba(R) of (R,A) coincides with the center of the distributive

fuzzy lattice ([0,0%], A) and hence (Ba(R),V,A) is a Fuzzy Boolean Algebra.

Proof.  Let C be the center of [0,0"] and a € Ba(R).Then there exists b € R such that A(aAb,0) > 0 and A(x, (aVb)Az) > 0
for all z € R. Now, A(aAb,0) > 0= A(b,a* Ab) >0

= A(a™ AD,0) = A(a™ ANa* AD,0) since a* ANb=b
= A((a™* Aa*) AD,0)
— A0 AB,0)

= A(0,0) =1

Similarly A(0,a** Ab) = 1. Hence A(a™ A b,0) = A(0,a™ Ab) = 1.

A(a™,a) = A((aV b) Aa*™*,a)
=A({(aNa™)V (bAa™),a)
=A(lana™)V (bAa™),a)
= A(aV0,a)
= A(a,a) =1 since bAa** = 0.

A(a,a™) = A(a, (aV b) A a*)
= A(a,(aANa™™)V (bAa*™))

= A(a,aVv0) = A(a,a) =1 sinceaAa*=0and bAa™ =0.

Hence A(a**,a) = A(a,a™) = 1. Since (R, A) is a stone ADFL, we have A(0*,a* V a**) > 0. A(a* V a,0%) = A(a* V
a™*,0%) since @ = a™* and a* V @™ = 0" in stone ADL.= A(0*,0") = 1. Hence A(a*Va,0*) = 1. Similarly A(0*,a* Va) = 1.
So that we have A(a* V a,0%) = A(0*,a* Va) = 1. Hence a* Va = 0" by antisymmetry property A.Therefore a* V a
is maximal. Thus a € Cand hence Ba(R) C C. Let a € C. Then there exist b € [0,0*] such thatA(a A b,0) > 0 and
A(a Vv b,0") = A(0*,a V b) = 1 which implythat a V b = 0" is maximal. Thus a € B4(R).We have B4(R) = C. Since C is a

Boolean algebra. We get (Ba(R),V, A) is a Fuzzy Boolean algebra. O
Corollary 3.11. Let (R, A) be a stone ADFL with center Bao(R).Then Bao(R) = {a € R: A(a™,a) = A(a,a™) = 1}.
Corollary 3.12. If (R, A) is a stone ADFL and a € R is complemented,then Ba(a) = {a*}.

Proof. Let a be a complemented element of (R, A).Then a € Ba(a) and hence A(a,b*) = A(b*,a) =1 for some b € R by
Corollary 3.11 A(aAa*,0) > 0 and A(aVa*,0") = A(b* Vb*™,0*) = A(0*,0%) =1 since a = b*. Similarly A(0*,aVa*)=1.
Hence A(aV a*,0%) = A(0*,aVa*) =1= A(0*,aVa*) >0 and A(aV a*,0) > 0. Hence a V a* = 0* by antisymmetry
property of A. So that we have a V a* is maximal. Therefore a* € Ba(a). Let ¢ € Ba(a).Then a*,c € Ba(a),so that

A(a*Ne,ena™) = A(eNa®,a* Ac) = 1. Again since ¢ € Ba(a), we have A(aAc,0) > 0and A(z, (aVc)Az) >0 forallz € R

Ale,a”) = A(0" Ac,a”) since 0 is maximal.
= A((aV a*) Ac,a*)since a V a* = 0*.
=A({(aNc)V (a* Ac),a”)

= A0V (a* Ac),a”) since a Ac=0.
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= A(a* Ac,a®) = A(cAa®,a”)
=A((ana®)V(cAha*),a")=A((aVc)Aa*,a")

= A(a",a*) =1 since a V c is maximal.

As a result we have A(c,a*) = 1. Similarly A(a*,c) = 1. Implies that A(a*,c) = A(¢,a*) = 1. Therefore Ba(a) = {a*}. O
Theorem 3.13. R is a stone ADL with 0 if and only if (R, A) is a stone ADFL with 0.

Proof. Assume R be a stone ADL with 0.Then * is a pseudo-complementation on R. Let (R, A) be an ADFL. For any

a € R, we have

(1). A(aNa*,0) >0 since aAa* =0.

(2). Let a,b € R and A(a Ab,0) > 0 implies that A(b,a* Ab) >0 sinceaANb=0=a*Ab=0.
(3). A((aVvb)*,a* ANb*) = A(a* ANb*,a* AD*) =1, since (a V b)* = a* Ab*.

Hence A((aVb)*,a* Ab*) = 1. Similarly A(a*Ab*, (aVb)*) = 1. So that we have A((aVb)*,a* Ab*) = A(a* Ab*, (aVD)*) = 1.
Implies A(a* A b*,(aV b)*) > 0. Thus x is a pseudo-complement on (R, A). Let a € R.Then a* V a** = 0* by definition of

stone ADL. Now,

A(0*,a* Va™) = A(0*,a* v (0" Aa™™))
= A(0*,(a" VO*) A (a* V a*))
= A(0%,(a* VO*) AO*) since a* Va** = 0*

= A(0*,0") =1 >0.

Hence A(0*,a* V a**) > 0. Therefore (R, A) is a stone ADFL.
Conversely,Suppose (R, A) is a stone ADFL and a € R. Then * is a pseudo- complementation on (R, A). Now, for any

a€R,
(1). A(aAa*,0) > 0. Since 0 < a A a* implies that A(0,a A a*) > 0. Hence a A a* = 0 by antisymmetry property of A.

(2). A(anbd,0) > 0 implies that A(b,a* Ab) > 0. Since 0 < aAb. We have A(0,aAb) > 0. So that aAb = 0 by antisymmetry

property of A and a* Ab=b.

(3). A((aVb)*,a* AD*) = A(a® Ab*,(aV b)*) =1 > 0 imply that A((a Vv b)*,a* Ab*) >0 and A(a* Ab*,(aV b)*) > 0. So

that we have (a V b)* = a* A b* by antisymmetry property of A. Hence % is a pseudo complementation on R.

(4). A(0*,a*Va*) > 0 by definition of stone Almost distributive fuzzy lattice(stone ADFL). Since 0* is a maximal element,
we have a* V a** < 0*. Implies A(a* V a**,0*) > 0. Hence a* V a** = 0* by antisymmetry property of A. Therefore R

is a stone ADL.

In this paper (a]a represents a principal ideal of an ADFL (R, A) generated by a.

Definition 3.14. Let (PI(R),A) be the principal ideal of an ADFL (R, A). Then (aJa = {z € R|A(z,aNz) >0}
for all (a] € PI(R).
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Lemma 3.15. Let (PI(R),A) be a principal ideal of an ADFL (R, A). Then A(y,za) > 0 if and only if (yla C (za]a

for all a € T. For the family of sets {zo : « € T'} elements of (R, A).

Definition 3.16. Let (R, A) be an ADFL.Then (R, A) is said to be complete if (PI(R),A) is a complete fuzzy sub lattice
of (I(R),A). That is for any family {x« : o € T} of elements of (R, A), there exist y,z € R such that \/ (za]a = (y]aand
Ao (ala = (2]a. Where\  (za]a is the least upper bound and )\ (xa]a is the greatest lower bound of the family {za : o € T'}
in PI((R,A)).

Lemma 3.17. Let (R, A) be a complete ADFL and y,z,2o € R for alla € T. Then

(1). V (xala = (y]a if and only if there exist elements a1, @z, ..., 0n € T such that A(y, (Tay, V Tay V...V Za, ) Ay) >0 and
A(za,y) >0 forallaeT.

(2). N, (xala = (2]a if and only if
(i). A(z,za) >0 forallaeT. and

(). © € R and A(z,xz) >0 for all o € T implies that A(z,z) > 0.
Proof.

(1). Assume \/_(za]a = (y]la. Then y € (y]a implies that y € (za]a = A(y,za Ay) > 0. Since x4 Ay < y implies that
A(za ANy,y) > 0. Hence we get o Ay = y. So that we get y < zo, foralla € T since y € (o] = y < zo . Hence

Y < Zqo,, for 1 <i<n.

Ay, (Tay V Zag VooV Za, ) NY) = Ay, (Tay ANY)V (Tay ANY) V... V (Ta,, Ay)) by RDA

=Aly,yVyVy..Vy) =A(y,y) =1>0, sincey < zq,, 1 <i<n.

Hence A(y, (a; VZay V...VZa, )Ay) > 0. Now,let & € T. Then x4 € \/_ (2a]a imply that 4 € (y]a = A(za,yAza) > 0.
As yANza < o = A(Y A o, Za) > 0 and hence we get y A zo = zo by antisymmetry property of A. Hence zo < y

for all @ € T. Therefore A(za,y) >0 foral aeT.

Conversely, assume that there exist a1, ag, ..., @, € T such that A(y, (a; V Zay V... V2o, ) Ay) > 0 and A(zq,y) > 0,
for all & € T. We need to show that \/_(za]a = (y]a. Now,since A(za,y) > 0, for every o € T and hence we get za €
(y]a, for every a € T. Hence (zo]a C (y]a for every a € T. Therefore (y]a is an upper bound of {(za]a :a €T} in
the fuzzy lattice (PI(R), A). Let J € I((R, A)) be any upper bound of {(za]a : &« € T'}. Sothat x4 € J, for any a € T'.
By our assumption,there exists a1, az,...,an € T such that Ay, (Tay V Tay V ... V Za, ) Ay) > 0. Now,for 1 < i <
N Tay s Tagy - Tay € J and (Ta; VZay V... VTa, )AY < Ta;, 1 <4< n. Therefore (a; VZasVTazV...VZa,) Ay € J and

hence we get (yla € J. Thus (y]a is the least upper bound of {(za]a : @« € T} in (I(R), A). That is \/_(za]a = (y]a.
(2). Assume that A_(za]a = (2]a. Then we need to show A(zx,z) > 0.

(i). Now,(z]la € A (za]a, forall o € T and z € (2]Ja € A, (za]a which implies that z € (zo]a = A(z,za A 2) > 0.
Since zq A z < 2= A(za A z,2z) > 0 and hence we get x4 A z = z by antisymmetry property of A. Hence we get
z < zo sincez € (za] = z < . Therefore A(z,z4) >0, foralla € T.

(ii). Since A, (za]a C (z]a,x € A (za]az € (2]Ja = A(z,zAx) > 0. Since zAz < 2 = A(z Az,xz) > 0. Hence
z Az =z and we get < z.Therefore A(z,z) > 0. On the other hand, from (i), A(z,zo) > 0 implies z € (za]a.
Hence we get (z]a C A, (za]a. Let ¢ € A (za]a = x € (za]a = A(z,2a Az) > 0 and A(z,z) > 0 implies

x € (z]a. Hence A\ (ra]a C (2]a’. Therefore A _(za]a = (2]a.
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Definition 3.18. An ADFL (R, A) is said to be relatively complemented if ([a,b], A) is a complemented fuzzy lattice for any
a,b € R with A(a,b) > 0.

Definition 3.19. Let (R, A) be an ADFL.Then a pseudo-complemented distributive fuzzy lattice with 0 is called a stone

fuzzy lattice if,for any a € R,A(1,a* V a*™*) > 0.

Theorem 3.20. Let (R, A) be an ADFL and (R, A) is a complete relatively complemented ADFL with mazimal element m.

Then the following condition holds:

(1). The set (I(R),A) of all ideals of (R, A) is a stone fuzzy lattice.

(2). The center of (I(R), A) = (PI(R), A).

Lemma 3.21. Let (R, A) be an ADFL and a € R. Then (Rq, A) is a sub-ADFL of (R, A). Where R, = {a Az : z € R}.

Theorem 3.22. Let (R, A) be a stone-ADFL and a € R. Then the map f : (R,A) — (Rq X Rq, A1 X A1) defined by
(A1 x A (f(z), (a ANz,a* ANx)) = (AL x A1)((a Az,a* Ax), f(z)) =1, forallz € R is an isomorphism if and only if
a € Bao(R). Where (Ra, A1) is a sub-ADFL of (R, A).

Proof. Let (R, A) be a stone-ADFL and a € R. Suppose the map f : (R, A) = (Ra X Ra, A1 X A1) defined by (A4; x

A (f(z), (aNz,a* ANx)) = (A1 X A1)((a Ax,a* Ax), f(x)) =1, for all x € R is an isomorphism. Now,

(A1 x A1) (f(a), (a Aa,a* Aa)) = (A1 X A1)((a A a,a” Aa),(a,0))
= (A1 x A1)((a,0), (a,0))
= min {4 (a,a), A1(0,0)}
=min{1,1} = 1, since a Aa = a and a* Aa = 0.
(A1 x AD(F(@), (@ Aa™,a* Aa™)) = (A1 x A1) ((a Aa*™,a* Aa™),(a,0))
= (A1 x 41)((a,0), (a,0)
= min {4 (a, a), A;(0,0)}

=min{l,1} = 1,since a Aa™ = a and a* Aa™* = 0.

Hence (A1 x A1)(f(a), (a,0)) = A1 x A1)(f(a*™), (a,0)) = 1. Again,

(A1 x A1) (f(a), f(@™™)) = (A1 x A1)((@a Aa,a” Aa),(aAa™,a" Aa™))
= (A1 x A1)((a,0), (a,0))

= min {Al(a, a): Ay (07 O)}

=min{1,1} = 1.

Hence (A1 x A1)(f(a), f(a™)) > 0. Similarly (A1 x A1)((f(a™™), f(a)) > 0. Implies f(a) = f(a**) by antisymetry property
of A1 x A;. Hence a = o™ since f is one-to-one. Thus a € B4(R) by Corollary 3.11.

Conversely, assume a € B4(R). We need to show f is an isomorphism. Let =,y € R. Then
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(). (A1 x A)(f(x Ay), f(@) A fy) = (A1 x AD)((a A (z Ay),a” Az Ay)), (aAz,a” Az) A(aAy,a” Ay))
= (A1 x A)((ana) Az Ay), (@ Aa*)A(zAy),((aAnz)AlaAy), (@ Ax)A(a Ay))
= (A1 x A1)((an(zAy), (@ Az Ay)), ((anz)Aany), (@ Ax) A" Ay))
=min{A1((a A (z Ay),(aAx)A(aAy)),Ai(a* A (z Ay), (@ Az)A(a* Ay))}
=min{Ai1(a A (zAy),aA(xAYy)),A1(a" A(zAy),a” A(xAy))}
=min{1,1} = 1.
Hence (A1 x A)(f(z A y),f(x) A f(y)) = 1. Similarly (41 x A)(f(x) A f@), flz Ay)) = 1. We get
(Ar x A)(f(z Ay), fx) A f(Y) = (A x A)(f (@) A f(y), flmAy)) =1.
(ii). (A1 x A)(f(zVy), f(@)V [(y) = (A1 x A)((aA(zVy),a” A(xVy) (aAzd Az)V(aAy,a” Ay))
= (A1 x A)(((@n (zVy), (@ A(zVy)),((arhz)V(aAny), (@ Az)V(a" Ay))
=min {(A1((@ A (zVy),(aAz)V(aAy)), Ai(a” A(z Vy), (" Az) V(0" Ay))}
=min{Ai1(a A (xVy),aA(xzVy),Ai(a* A(xVy),a* A(xVy))}

=min{1,1} = 1.
Hence (A1 x A1)(f(z V y),f(z) V f(y)) = 1. Similarly (A1 x A1)(f(z) V f(y),f(x V y)) = 1. Implies
(A x A1) (f(zVy), f(2)V f(y) = (AL x A)(f(2) V f(y), flzVy)) =1

(iii). If 0 € R,

(A1 x A1)(f(0),(0,0)) = (A1 x A1)((a A 0,a" A0), (0,0))
= min {4,((0,0), A:(0,0)}

=min{l,1} =1> 0.

Hence (A1 x A1)(f(0),(0,0)) > 0. Therefore f is a fuzzy lattice homomorphism.

Let 2,y € R and (A1 x A1)(F(2), f(y)) = (A1 x A1)(f(y), f(2)) = 1. Now,

(A1 x A1)(2,y) = (A1 x A1)(0* A z,y) since 0* is maximal.
= (A1 x A)((@Va*) Az,y) = (A1 x A))((aAz)V (a* Az),y)
= (A1 x A1)((a Ay) V (a* Ay),y),replace x by y.
= (A1 x A1)((aVa™) Ay,y)

= (A1 x A1)(y,y) =1>0.

Hence (A x A1)(z,y) > 0. Similarly (A; x A1)(y,z) > 0. Implies z = y by antisymmetry property of A; x A;. Hence f is

one-to-one. To show f is onto. Suppose (a A z,a* Ay) € Ry X R, for some z,y € R. Write w = (a Az) V (a* Ay). Then

(A1 x A (f(w), (aAz,a* Ay)) = (A1 x A1)((a Aw,a* Aw), (a Az,a* Ay))
= (A1 x A1)(aA[(aAz)V (a* Ay),a" AlaAz)V (a* Ay)],(aAz,a” Ay))
= (A1 x A)([(a~nx)Vanr(a Ay, [(a*Aa)AzV (a* Ay)],(aAz,a” Ay))
= (A1 x A1)([(aAz) V0,0V (a* Ay)], (aAz,a” Ay))
=min{Ai1((aAz,aAz),A1(a* ANy,a* ANy)}

=min{l,1} =1> 0.
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Hence (A1 x A1)(f(w), (a Az,a* Ay)) > 0. Similarly (A1 X A1)((a Az, a* Ay), f(w)) > 0. We get f(w) = (aAz,a* Ay) by

antisymmetry property of A; x A;. Hence f is onto. Therefore f is an isomorphism. O

Definition 3.23. Let (R, A) be an ADFL with 0 and a € R. Then an element b in (R, A) is said to be a semi-complement

of the element a if, A(a Ab,0) > 0. We denote the set of all semi-complement of the element a by S(a).

Definition 3.24. Let (R, A) be an ADFL with a pseudo-complementation and a € R. Then S(a) = (a*]a and S(a) is also
an ideal of (R, A).

An ideal I'in an ADFL (R, A) is called a direct factor if there exists an ideal J of (R, A) such that IAJ = (0Ja and R C IV J.
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