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Abstract: Let G = (V, E) be a graph. The total graph T(G) of G is that graph whose vertex set is V U E, and two vertices are
adjacent if and only if they are adjacent or incident in G. For a graph G = (V, E), the graph G.Sy, is obtained by
identifying each vertex of G by a root vertex of Sy, and the graph S,,.G is obtained by identifying each vertex of Sy,
except root vertex by any vertex of G, where Sy, is a star graph with m vertices. In this paper, we consider G as the
cycle graph C,, with n vertices and investigate the Wiener index of the total graphs of Cy .Sy, and Sy,.Cp,.
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1. Introduction

For a graph G = (V, E) if u, v € V(G), then the distance d(u,v) between u and v is defined as the length of a shortest
u-v path in G. A topological indez is a numerical quantity mathematically derived from the graph structure. It is a graph
invariant i.e., it does not depend on the labeling or pictorial representation of the graph. The topological indices of molecular
graphs are widely used for establishing association between the structure of a molecular compound and its physico-chemical
properties or biological activity (e.g., pharmacology). Some topological indices are Wiener index, Schultz index etc. The

Wiener indez of a graph G = (V, E) is defined as

W(G) = > duv).
{u,v}CV
It is the oldest topological index and its mathematical properties and chemical applications have been extensively studied.
The Wiener index was introduced by the chemist Harold Wiener in 1947 for explaining the correlation between the boiling
points of paraffins and the structure of their molecules. It is a graph invariant much studied in both mathematical and
chemical literature (see [11], [12], [13] and [18]). The concept of graph operator has found various applications in chemical
research (see [7], [8], [9], [10], [15] and [17]). The total graph T(G) of G is that graph whose vertex set is V(G) U E(G),
and two vertices are adjacent if and only if they are adjacent or incident in G. The notion of total graph was introduced
by Behzad & Chartrand [4]. Several properties of total graphs are investigated in the literature (see [1], [2], [5] and [6]).
Behzad obtained a characterization of total graphs [3]. Gavril established a linear time algorithm for the recognition of the

total graphs in [14]. The total graph H = T'(G) of G is shown in Figure 1.
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Figure 1. A graph G and its total graph H = T(G)
We define two new graph operators G.Sy, and S,.G defined as follows: For a graph G = (V, E), the graph G.S,, is obtained

by identifying each vertex of G by a root vertex of S,, and the graph S,,.G is obtained by identifying each vertex of Sy,

except root vertex by any vertex of GG, where Sy, is a star graph with m vertices. Now we consider G as the cycle graph C,,

.

with n vertices. The graphs C4.S5 and S5.C4 are shown in Figure 2.

S5
G
Ss.C4
C4.55
Figure 2. The graphs Cy, S5, C4.S5 and S5.Cy
2. Main Section
2.1. Wiener index of total graph of C,,.5,,
Lemma 2.1 ([16]). The Wiener index of the graph G = Cy,
3 o
= if n is even

W(G) =

3_ o
=5 if nois odd.
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Theorem 2.2. The Wiener index of the graph G = T(Ch),

Proof.  Since,

W(T(Cn) = > d(uv)

u,veV(T(Cn))

Sooodwo)+ D dle )+ > dlue)

uw,veV(Cp) e,fEE(Cyp) ueee‘l/-:ign)),
n

= W(C)+W(C)+ > d(ue).

u€EV (Cn),
e€E(Cp)

To calculate >  d(u,e), we consider two cases:

u€V(Cn),
e€E(Cn)

Case 1: Suppose n is even. Then,

Z d(u,e)z?n(1+2+...+g).

ueV(Cn),
e€E(Cn)

Thus,

W(T(Cn)) = W(Cn) + W(Cn) +2n (1 T N %) .

Now using Lemma 2.1, we have

W(T(Crn)) = 2 (%) +2n (1 +24+ ..+ g)

3
o

3

+
=

2

Case 2: Suppose n is odd. Then,

- 1
E d(u,e):2n<1+2+...+(n21))+n(n2+ ).
uweV(Cn),
e€E(Cn)

Therefore,

W(T(Crn)) = W(Cpn) +W(Cy) +2n (1 ot 4 ; U) At 5

Now using Lemma 2.1, we have

W(T(Cn)) = 2<n3_”) +2n <1+2+...+ (”51)> L e t+1)

Hence,

Note: Let V(S;) denotes the set of vertices of star graph S, except root vertex.

n+1)



Wiener Index of Total Graph of Some Graphs

Theorem 2.3. The Wiener index of the graph G = C,,.Sm,

%B(m +1)2 4+ mn(n(l +m) —1); if n is even
W(G) =
%S(m +1)* = 2(m® + 10m + 1) + mn*(m +1); ifn is odd.
Proof.  Since,
W(Cn.Sm) = > d(uv)
u, €V (Crn.Sm)
= Z d(u,v) + Z d(u,v) + Z d(u,v)
u,veV(Cyp) u,weV(S}) ueV(Cn),
veV(SE,)
= W(Cn)+ Z d(u,v) + Z d(u,v)
u,veEV(SH) u€EV(Cn),
veV(SE)
To calculate > d(u,v)and Y. d(u,v), we consider two cases:
u,vEV(SH) u€EV (Cn),

veV(SH,)
Case 1: Suppose n is even. Then,

> dw,w) = n("C2).24nm® B+4+ .+ (n+1))+ nm? + (ﬁ +2)

uwEV(SE) 2 2
X dm) = (125200 +2(5) + (5 +1)-
veV(SE)

Thus,

WS = WCarn" O (144t O D)5 (5 2 (1420200 +-2(3) + (§+1)).

Now using Lemma 2.1, we have

3 2

W (Cn.Sm) = % +n("Co)24nm> B+4+ ...+ (n+1)) + m; + (g + 2) +nm (1 +2(2) +2(3) + .2 (g) + (g + 1))

TL3

5 (

m+1)° + mn(n(l +m) —1).
Case 2: Suppose n is odd. Then,

Z d(u,v) = n(™Cs).2+ nm? (3 +4+ ...+ (% + 2))

u,wEV(SH,)
Z d(u,v) = nm+2nm(2+3+... (g—f—l)) .

wev (Cp),

veV(SE)

Thus,

W (Co-Sm) = W(C) +n("Ca) 2+ nm? (3+4+ ... + (% +2)) +nm+20m (243 4. (5 +1)) .

Now using Lemma 2.1, we have

W(Co.Sm) = n38_n +n("C).2 + nm? (3+4+...+ (% +2)) + nm + 2nm (2+3+... (g +1))

3

= %(m—&— 1)° — g(m2 +10m + 1) + mn®(m +1).

Hence,

"8—3(m + 12 4+ mn(n(l +m) —1); if n is even

W(Cpn.Sm) =
%a(m +1)? = 2(m® + 10m + 1) + mn*(m + 1); if n is odd.
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Theorem 2.4. The Wiener index of the graph G = T'(C5.Sm),

L [mn®(2 4+ m)(4+ n) + mn(3mn — 5) + n*(n + 1)] ; if n is even
w(G) =

L[mn®(24+ m)(4 4 n) + mn(3mn —m —5) +n*(n+1)]; if n is odd.

Proof.  Since,

W(T(Cy.Sm))

Z d(u,v)

u,v€EV(T(Cr.Sm))

S dwv)+ > de, )+ > d(ue)

w,0EV (Cr-Sim) e,f€E(Cn.Sm) uEV (Cn.-Sm),
¢€B(Cn.5m)
= W(Cn.Sm)+ >, de, )+ > d(ue).
e, fEE(Cn.Sm) weV(Cn-Sm),
e€E(Cn.Sm)
To calculate > d(e, f) and > d(u, e) we consider two cases:
e,fEE(Cn-Sm) wEV(Cn-Sm),

e€E(Cn.Sm)
Case 1: Suppose n is even. Then,

2

ST dlef) = W(Cy)+2nm (1 +2+ g) + ™ Cy + nm? (2 +34 .+ g) + m;
e,fEE(Cpn.Sm)

Z d(u,e) = 2nm(2+3+---+(ﬁ+1))+nm+nm(m71).2+2nm2(3+4

2
uEV(Cn.Sm),
e€E(Cn-Sm)

+ ---+(g+1>)+nm2(g+2)+2n(1+2+...+g)+nm

+ 2nm(2+3+...+g)+nm(g+1).

Thus,

W(T(Cpn.Sm)) = W(Cn.Sm) + W(Cn) 4+ 2nm(1 + 2+ ..n) + "Ca + nm? (2 +34...+ ﬁ)

2

n;n (g—i—l) + 2nm (2—1—3—&—...(%—!—1))—|—nm—|—nm(m—1).2

(s () o (52

+ 2n(1+2—|—...+g>+nm+2nm(2+3+...+g)—&—nm(%—f—l).

Now using Theorem 2.3 and Lemma 2.1, we have

3 3
W(T(Cn.Sm)) = %(m+1)2+mn(n(1+m)—1)+%
2
m 2 n nm- /n
+ 2nm(14+2+..n)+"C2 +nm (2+3+,..+§)+ 3 (§+1)
+ 2nm(2+3+... (g+1))+nm+nm(m71).2+2nm2(3+4
n PAL n
+ ~~~+(§—|—1)>—|—nm (§—|—2)+2n(1+2+...+§)+nm
n n
2 (2 ot 2 (f 1)
+ 2nm (2+3+ +2)+nm 5t

% [mn2(2 +m)(4 4 n) +mn(3mn — 5) +n*(n + 1].

2

n

(5+1

2

)
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Case 2: Suppose n is odd. Then,

Z dle, f) = W(C’n)+2nm(1+2+...n_l>+nm(n—2’—1)+n(m6’2)+nm2< n;—l)
e, fEE(Cn -Sm)

ST dlue) = 2n< ”; 1) +n (”;1> +am (1+2(2)+2(3) +...
weV (Cp.Sm),

e€E(Cn.Sm)

+

2(";1)) +nm (2(2)+2(3)+...+2<”;r1) + (";3))

2

+ nm+nm(m — 1).2 + 2nm? (3+4+...+"+3),

Thus,

W (T(Cn.Sm)) = W(Cn.Sm) + W (Ch) + 2nm <1+2+

+ n("C2) 4+ nm? (

+ nm (2(2) +2(3) 4 ... + 2 (

Now using Theorem 2.3 and Lemma 2.1, we have

3

+n(n;1)+nm(l+2(2)+2 +. +2(
n+1> ( +3

2
+ nm(m —1).2 + 2nm* (3+4+,..+ )

)

o) (
) s

)
) om

3

W(T(Cn-Sm)) = %(m+1)2_g(m2+10m+1)+mn2(m+1)+n 8_n
+ 2nm (1+2+...”T_1) +nm (”;1> +n("Cy)
+ nm2(2+3+...+"‘;1>+2n< ”;1)

+ n(”;l) +nm (1+2(2)+2(3)+...+2(”;1)>

+ nm (2(2) +203)+...+2 (

n+1 n+3
! )+< : >)+nm

+ nm(m —1).2 4+ 2nm? (3+4+ +n+3)

_ 1 [mn2(2 +m)(4 +n) +mn3mn —m —5) +n’(n+ 1].

2

Hence,

L [mn®(2 4+ m)(4+ n) + mn(3mn — 5) + n*(n + 1)] ; if n is even

L [mn*(24 m)(4+n) + mn(3mn —m —5) + n*(n+1)]; if nis odd.

2.2. Wiener index of total graph of S,,.C,,

Note: Let V(S;*) denotes the set of root vertex of star graph S,.

Theorem 2.5. The Wiener index of the graph G = Sy,.Cp,

2L [m?(2n — 3) + 2m°(4n — 7) + 8m] ;

wW(G) =

2L [m?(2n — 3) + 2m*(4n — 7) — 2] —

if n is even

2 (2n* — 15n + 11); if n is odd.



Proof.  Since,

W (Sn.Crn) = > duv)

u,veEV(Sy.Cm)

Z d(u,v) + Z d(u,v) + Z d(u,v)

u,veV (SE*) w,wEV (Crn) nev(sin),
= 0+ Z d(u,v) + Z d(u,v).
W wEV (Com) e;(/((sc )
To calculate > d(u,v)and Y.  d(u,v), we consider two cases:
u,vEV (Cim) uevisi).
Case 1: Suppose n is even. Then, -
S dluw) = (n—1).W(Cn) + "V [(2 F2(3) +2(4) 4+ 2 (%) n (% n 1))
u,wEV (Cim)
+ (Brew+2e) + w2 (T )+ (2 2))++ (5 +2)
+ 2(Z+3)+2(T+a)+ 2T+ 2+ + (B +T+2))].
and
S dwv) = (-1 [1+2@)+2@) ++2(0) + (5 +1)]
pRCER
Thus,
W(Sn.Cp) = (n—1). )+ "TH [(24— Y+23) + 42 (%) + (% + 1))
¢ foeseane s (£e9) e (309
+ 2(%+3)+2(% +4)+ 2 (T T 1)+ (T + T +2))]

F (n-1) [1+2(2)+2(3)+~~+2(2)+(@+1)].

Now using Lemma 2.2 we have,

W (Sn.Cm) = (n—l)( )+<” Rlex [(2 2(2)+2(3)+...+2(%)+(%+1))
v () () e (2

+o2(gas)ra(Gra) 2 (G )+ (T 45 +2))]
+ (n—l)[1+2(2)+2(3)+'~~+2(%)-l—(%—&-l)]
n—1

= 3 [m®(2n — 3) +2m*(4n — 7) + 8m] .

Case 2: Suppose n is odd. Then,

ST duw) = (n—1).W(Cw)+ "V Kz+2(3)+2(4)+--~+2<m—+3>ﬂ

2
u,vEV (Cm)

+ 2 (("*”02) {(3+2(4) F2(5) - +2 (mTJ“r’)) +(4+2(5)

+ 2(6)+...+2(mT+7>)+...+<(mT+3>+2(mT+5>

(227 e
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and
1
S d(ww) = (n-1) {1+2(2)+2(3)+~-+2(m;r )]
wEV(SEF),
vEV(Cm)
Thus,

W(Sn.Crm) = (n—1).W(Cm) + Py [(2+2(3)+2(4)+ +2<L+3)ﬂ

+2(e) [ (sraw a2+ r2 (M) )+ a6
+ 2(6) + - +2< 7>)+...+<<m;3>+2<m;5>

(m;7>+ 1))}+(n—1)[1+2(2)+2(3)+--'+2<m7+1>]-

m—+ 3

W (80.Con) :(n*U<Tj}@)+“”Vb[@+28%+%®+-~+2(—5—

)]

+2("Ve) {<3+2(4)+2(5)+~--+2(m7+5)>+(4+2(5)
o (=) e (252) ()
+ 2(’”T”>+.~+2(m+1)>]+(n—1)[1+2(2)+2(3)+-~~+2<’”T+1
_ ”gl m (2n73)+2m2(4n77)72]f%(2n2715n+11).
Hence,
551 (20— ) + 2m2(4n —7) + 8] ; it is even

W (Sn.Con) =

8

Theorem 2.6. The Wiener indez of the graph G = T(S,.Cw,),

anl [m3(2n -1+ m2(10n —17)+m(™n — 6) + n] :

W(G) =

221 [m?(8n — 13) + m*(19n — 26) + m(128n — 223) — (75n — 158)] ;

Proof.  Since,

W(T(Sn.Cm))

Z d(u,v)

u,v€EV(T(Sn.Cm))

= Z d(ua ’U) + Z d(e7 f) + Z

2l [m®(2n — 3) 4+ 2m*(4n — 7) — 2] — 2(2n® — 150+ 11);  if n is odd.

)

if n is even

if n is odd.

d(u,e)

w,vEV (Sn.Cm) e, fEE(Sn.Cm) u€V(Sn.Cm),

e€E(Sn.Cm)

W(Sn.Co)+ > dle, )+ > due).

e,fEE(Sn.Cm) wEV(Sn.Cm),
e€E(Sp.-Cm)
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To calculate

>

e,fEE(Sn.Cm)

d(e, f) and

>

wEV(Sn.-Cm),
e€E(Sn.Cm)

d(u, e) we consider two cases:

Case 1: Suppose n is even. Then,

>

e, fEE(Sn.Cm)

and
Z d(u,e) =
€V (Sn.Cm),
c€E(Sn -Com)
Thus,

W (T(Sn.Cn)) =

d(evf) =

+ o+ o+ o+ o+ o+

+ o+ + + 4+ o+ o+ o+ o+

(n—2)(%+2>+(n—2)(2<§+3>

(n—1)W(C) + ™ Do+ (n—1) [1 (2(1) F22) 442 (%))
+ (an)(2(2)+2(3)+~~-+2(%+1))]+[2(n72)+2(n73)+...
+ 20— (n—1))] [ (23 +2(4)+---+2(%+2))+(2(4)+2(5)+...

)
+ 2(F+3))++ (2(F+2) +2(5+3) ++2(m+1)].

(n—1)+ (n—1) 2(2)+2(3)+~~+2(%+1))+m(n—1)(2(1)

2(2)+~~-+2(%))+(nf1)(1+2(n72)+(n72)(2(3)+2(4)
~+2(%+2)))+2(nf1)[(2+3(n72)+(n72)(2(4)+2(5)
..+2(%+3 ))+(3+4(n—2)—|—(n—2)(2(5)+2(6)—|—

25 4 (500 (3 1)+ o5 42
25 4) v w25+ 3] e (50
(n—2)(§+2)+(n—2)(2(%+3)+2(%+4>+ o+ 2(—+—+2))].

1)+(n72)(2(%+2)

(5 )]+ e-n[(5+1)

Now using Theorem 2.5 and Lemma 2.2, we have

W(T(S,.Cm))

= ”g ! [m®(2n — 3) + 2m*(4n — 7) + 8m]

m3

+ (n—1) (?> + 0y + (n-1) [1 (2(1)

n (n—2)(2(2)+2(3)+---+2(

3+1))
+ Q(n—(n—l))][(2(3)+2(4)+---+2(2 +2))+(2(4)
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+ 2(%+3))+ +(2(%+2)+2( +3) +2(m+1))]

—|—(n—l)+(n—1)(2(2)+2(3)+~~~—|—2( +1))+m(n 1) (2(1)
+ 29+ +2(F)) + (- DL +2n—2) + (1—2) (263) +2(4)

+ --+2(%+2)))+2(n D2+ 3(n—2) + (n— 2) (2(4) + 2(5)
+ ~~+2(%+3 )) +B+40—2) + (n = 2) (2(5) +2(6) + ...

+ 244+ (Fre-2 (1) + -2 (2(5 +2)
+ 2(Z+3)++2(T+2+1)))]+e-D[(F+1)

n (n—2)(%+2)+(n—2)(2(%+3)+2(%+4)+... +2(m

n—1
——

m®(2n — 1) + m*(10n — 17) + m(7n — 6) +n] .

Case 2: Suppose n is odd. Now,

> dle,f) = " V0O + (n—1)W(C) + (n — 1) [(2(1) +2(2) 442 (T)

e, f€E(Sn.Cm)

+ mTH)Jr(n—z) (2(2)+2(3)+.,.+2(mTH>+mT+3)]

(
+ 2(m—+3>+m;5>+(()+2()+ 42

_|_

+

E(m”) (559 samce)

(1 =2)+ (0= 3) 4+ (0 (n >))<2(’%5)+2(’%7)

+ o 2(m 1)+ (m+2).

and

E%ng)) d(u,e) = (n—1)+(n—1) (2(2)+2(3)+ +2<mT+1>+mT+3>
¢ 2 () + B ) s -

T 22+ (n- 2)(()+2<)+ 2 () mE2)
’ K““ 2) (2<4>+2<5>+ *2(”%5)
’ m;7>)+(3+4” 2)+(n- 2)(2(5)+2(6>+ +2 mT”
i m2+9>)+ (mH >(m2+3>+(n—2) 2(7”7“’)
- Q(m;7>+ 2(m+1)+ m+2)))}

Thus,

W(T(5r.Cm))

W(S,.C) + 004 (0= DW(Ca) + (0= 1) | (200 +22) 442 (25

m

m—+ 3

+ m;1>+(n72) (2(2)”(3”“‘”(%“)*7)]+(2("*2)
+ 2(n—3)+~~~+2(n—(n—1))){(2(3)—!—2(4)—!—"-—!—2(

+ (2(4)+2<5)+--~+2(m;5)+m—+7>+---+(2(

+3 m—+5
T)+T>

2

m+3> +2(m;—5)



+ e 2m) 4 kD] (=2 + (=3t - (1) (275

n 2<L+7>+ .

3 2(m+1)+(m+2))—|—(n—1)+(n—1)(2(2)+2(3)+...
+ 2(%“)+
(1

et
mT”>+m(n—1) (2(1)+2(2>+"'+2(mT_1) +mT+1)

L (e (+2(n72)+(n,2)(2(3)+2(4)+...+2(m;3)+m7+5)>
+ z(n_n[ 2+3(n—2) + (n—2) (2<4)+2(5)+"'+2<m2+5>+m7+7)>
+ (3ram-240-2 (2642042 (PE) £ 1) ) g

¢ (E (55 o ((257) (25

+ 2(m+1)+(m+2)))].

Now using Theorem 2.5 and Lemma 2.2, we have

W(T(SCn) = "5 L m(2n = 3) +2m?(4n —7) — 2] — " (2n® ~ 15 + 11)

m+1> +mT+3>] +(2(n—2)

+ 2(n73)+---+2(nf(n71))){(2(3)+2(4)+“'+2(m;3)+mT+5)

+ (2(4)+2(5)+---+2<m7+5)+mT”>+---+<2<mT+3>+2<mT+5>

b2+ b D] (=2 + (=3 - - 1) (275

mTH)+(n—2) (2(2)+2(3)+“'+2( 2

+ 2<L+7>+~~+2(m+1)+(m+2)>+(n—1)+(n—1)(2(2)+2(3)+...

2
+ 2(%“)+mT+3>+m(n71)(2(1)+2(2)+~~+2(m71)+m;_1)
+ (n—l)<1+2(n—2)+(n—2)(2(3)+2<4)+---+2(m7+3 G m ))
4 2(n—1)[ 243(n—2)+ (n—2) <2(4)+2(5)+---+2<m;5)+m+7)>
<3+4n 2) + (n — 2)(2(5)+2(6)+---+2(m2+7>+mT+9)>+...

<m+1 (m+3>+(n72)(2(m7+5)+2(m7+7)+...
2(

(m+1) + (m+2)))]

o+ +

S —1 [m®(8n — 13) +m*(19n — 26) +m(128n — 223) — (75n — 158)] .

221 Im3(2n — 1) + m?(10n — 17) + m(Tn — 6) +n] ; if n is even
W(T(8n.Cr)) =

221 [m?(8n — 13) + m*(19n — 26) 4+ m(128n — 223) — (75n — 158)]; if n is odd.
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3. Conclusion

In this article, we have investigated the results related to the Wiener index of the total graphs of two particular graphs,

namely, C\,.Sp, and S,,.Ch,.
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