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Abstract: A (p, q) graph G = (V,E) is said to be an odd-even sum graph if there exists an injective function f : V (G)→ {±1,±3±
5, ...,±(2p−1)} such that the induced mapping f∗ : E(G)→ {2, 4, 6, ..., 2q} defined by f∗(uv) = f(u)+f(v) ∀ uv ∈ E(G)

is bijective. The function f is called an odd-even sum labeling of G. In this paper, odd-even sum labeling of subdivision
of star K1,n(n ≥ 1),Subdivision of bistar Bm,n,and H-graphs are studied.
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1. Introduction

Graphs considered in this paper are finite, undirected and without loops or multiple edges. Let G = (V,E) be a graph with

p vertices and q edges. Terms not defined here are used in the sense of Harary [3]. For number theoretic terminology [1] is

followed.A graph labeling is an assignment of integers to the vertices or edges or both subject to certain conditions.

If the domain of the mapping is the set of vertices(edges/both) then the labeling is called a vertex(edge/total) labeling.

There are several types of graph labeling and a detailed survey is found in [6]. Harary [4] introduced the notion of a sum

graph. A graph G = (V,E) is called a sum graph if there is an bijection f from V to a set of +ve integers S such that xy ∈ E

if and only if (f(x)+f(y)) ∈ S. In 1991 Harary [5] defined a real sum graph. An injective function f : V (G)→ {0, 1, 2, ..., q}

is an odd sum labeling [2] if the induced edge labeling f∗ defined by f∗(uv) = f(u) + f(v) ∀ uv ∈ E(G) is bijective and

f∗ : E(G)→ {1, 3, 5, ..., 2q − 1}.

A graph is said to be an odd sum graph if it admits an odd sum labeling. D.Ramya et al. introduced Skolem Even-Vertex-odd

difference mean labeling in [10]. Ponraj et al. [9] defined pair sum labeling. An injective function f : V (G) → {±1,±3 ±

5, ...,±(2p−1)} is an odd-even sum labeling [7] if the induced edge labeling f∗ defined by f∗(uv) = f(u)+f(v) ∀ uv ∈ E(G)

is bijective and f∗ : E(G) → {2, 4, 6, ..., 2q}. A graph is said to be an odd-even sum graph if it admits an odd-even sum

labeling. In this paper, odd-even sum labeling of some other graphs are studied. The following definitions are used in the

subsequent section.
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Definition 1.1 ([3]). A complete bipartite graph K1,n(n ≥ 1) is called a star and it has n + 1 vertices and n edges.

Definition 1.2 ([3]). Bistar Bm,n is the graph obtained from a copy of star K1,m and a copy of star K1,n by joining the

vertices of maximum degree by an edge.

Definition 1.3 ([11]). A subdivision of a graph G is a graph that can be obtained from G by sequence of edge subdivisons.

Definition 1.4 ([8]). The H-graph of a path Pn is the graph obtained from two copies of Pn with vertices v1, v2, ..., vn and

u1, u2, ..., un by joining the vertices vn+1
2

and un+1
2

if n is odd vn
2

and un
2
+1 if n is even.

2. Main Results

Theorem 2.1. Subdivision of Star K1,n(n ≥ 1) is an odd-even sum graph.

Proof. Let S(K1,n) is a subdivision of star K1,n. Let v, v1, v2, ..., vn be the vertices of K1,n. Let v
′
1, v

′
2, ..., v

′
n be the

vertices obtained by subdivision of every edge exactly once. Let V (S(K1,n)) =
{
u, vi, v

′
i/1 ≤ i ≤ n

}
.

Let E(S(K1,n)) =
{
uv

′
i , v

′
ivi/1 ≤ i ≤ n

}
. Then |V (S(K1,n))| = 2n + 1, |E(S(K1,n))| = 2n. Let f : V (S(K1,n)) →

{±1,±3± 5, ...,±(4n + 1)} be defined as follows.

f(v) = 4n + 1

f(vi+1) = 4i + 3; 0 ≤ i ≤ n− 1

f(v
′
i+1) = −1− 2i; 0 ≤ i ≤ n− 1

Let f∗ be the induced edge labeling of f . Then

f∗(uv
′
i+1) = 4n− 2i, 0 ≤ i ≤ n− 1

f∗(v
′
i+1vi) = 2 + 2i, 0 ≤ i ≤ n− 1

The induced edge labels are 2, 4, 6, ..., 4n which are all distinct. Hence S(K1,n) is an odd-even sum graph.

Theorem 2.2. The graph obtained by subdiving central edge of Bistar Bm,n is an odd-even sum graph.

Proof. Let G be the graph obtained by subdiving central edge of Bm,n. Let v, w, v1, v2, ..., vn, w1, w2, ..., wn and u be

the vertices of G. Let V (G) = {v, w, u, vi, wj/1 ≤ i ≤ m, 1 ≤ j ≤ n} and E(G) = {vvi, wwj , vu, uw/1 ≤ i ≤ m, 1 ≤ j ≤ n}.

Then |V (G)| = m + n + 3, |E(G)| = m + n + 2. Let f : V (G)→ {±1,±3± 5, ...,±(2m + 2n + 5)} be defined as follows.

f(v) = 2m + 2n + 5

f(w) = 2m + 2n + 3

f(vi) = −1− 2i; 0 ≤ i ≤ m− 1

f(u) = f(vn)− 2

f(wj) = f(u)− 2j; 1 ≤ j ≤ n
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Let f∗ be the induced edge labeling of f . Then

f∗(vvi) = 2m + 2n + 4− 2i; 0 ≤ i ≤ m− 1

f∗(vu) = 2n + 4

f∗(uw) = 2n + 2

f∗(wwj) = 2n− 2j; 0 ≤ j ≤ n− 1

The induced edge labels are 2, 4, 6, ..., 2m + 2n + 4 which are all distinct. Hence G is an odd-even sum graph.

Theorem 2.3. The graph obtained by subdiving all the edges except central edge of Bistar Bm,n is an odd-even sum graph.

Proof. Let G be the graph obtained by subdiving all the edges except central edge of Bistar Bm,n. Let

v, w, v1, v2, ..., vn, w1, w2, ..., wn and v
′
1, v

′
2, ..., v

′
n, w

′
1, w

′
2, ..., w

′
n be the vertices of G.

Let V (G) =
{
v, w, vi, wj , v

′
i , w

′
j/1 ≤ i ≤ m, 1 ≤ j ≤ n

}
and E(G) =

{
vv

′
i , v

′
ivi, ww

′
j , w

′
jwj , vw/1 ≤ i ≤ m, 1 ≤ j ≤ n

}
. Then

|V (G)| = 2m + 2n + 2, |E(G)| = 2m + 2n + 1. Let f : V (G)→ {±1,±3± 5, ...,±(4m + 4n + 3)} be defined as follows.

f(v) = 4m + 4n + 3

f(v
′
i+1) = −1− 2i; 0 ≤ i ≤ m− 1

f(w) = f(v
′
n)− 2

f(vi+1) = 3 + 4i; 0 ≤ i ≤ m− 1

f(wj) = f(w)− 2j; 1 ≤ j ≤ n

f(w
′
j+1) = 4m + 3 + 4j; 0 ≤ j ≤ n− 1

Let f∗ be the induced edge labeling of f . Then

f∗(vv
′
i) = 4m + 4n + 2− 2i; 0 ≤ i ≤ m− 1

f∗(v
′
i+1vi+1) = 2 + 2i; 0 ≤ i ≤ m− 1

f∗(vw) = 2m + 4n + 2

f∗(ww
′
j+1) = 2m + 4n− 2j; 0 ≤ j ≤ n− 1

f∗(w
′
j+1wj+1) = 2m + 2j, 1 ≤ j ≤ n

The induced edge labels are 2, 4, 6, ..., 4m + 4n + 2 which are all distinct. Hence G is an odd-even sum graph.

Theorem 2.4. The graph obtained by subdiving all the edges of Bistar Bm,n is an odd-even sum graph.

Proof. Let G be the graph obtained by subdiving all the edges of Bistar Bm,n. Let v, w, u, v1, v2, ..., vn, w1, w2, ..., wn and

v
′
1, v

′
2, ..., v

′
n, w

′
1, w

′
2, ..., w

′
n be the vertices of G.

Let V (G) =
{
v, u, w, vi, wj , v

′
i , w

′
j/1 ≤ i ≤ m, 1 ≤ j ≤ n

}
and E(G) =

{
vv

′
i , v

′
ivi, ww

′
j , w

′
jwj , vu, uw/1 ≤ i ≤ m, 1 ≤ j ≤ n

}
.

Then |V (G)| = 2m+ 2n+ 3, |E(G)| = 2m+ 2n+ 2. Let f : V (G)→ {±1,±3± 5, ...,±(4m + 4n + 5)} be defined as follows.

f(v) = 4m + 4n + 5

f(v
′
i+1) = −1− 2i; 0 ≤ i ≤ m− 1

f(vi+1) = 3 + 4i; 0 ≤ i ≤ m− 1
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f(u) = f(v
′
n)− 2

f(w) = 4m + 4n + 3

f(w
′
j) = f(u)− 2j; 1 ≤ j ≤ n

f(wj+1) = 4m + 5 + 4j; 0 ≤ j ≤ n− 1

Let f∗ be the induced edge labeling of f . Then

f∗(vv
′
i) = 4m + 4n + 4− 2i; 0 ≤ i ≤ m− 1

f∗(v
′
i+1vi+1) = 2 + 2i; 0 ≤ i ≤ m− 1

f∗(vu) = 2m + 4n + 4

f∗(vu) = 2m + 4n + 2

f∗(ww
′
j+1) = 2m + 4n− 2j; 0 ≤ j ≤ n− 1

f∗(w
′
j+1wj+1) = 2m + 2j, 1 ≤ j ≤ n

The induced edge labels are 2, 4, 6, ..., 4m + 4n + 4 which are all distinct. Hence G is an odd-even sum graph.

Theorem 2.5. The H-graph of a path Pn is an odd-even sum graph.

Proof. Let G be the H-graph. Let u1, u2, ..., un, v1, v2, ..., vn be the vertices of G. Let V (G) = {vi, ui/1 ≤ i ≤ n} and

E(G) = {vivi+1, uiui+1/1 ≤ i ≤ n− 1} ∪ {un+1
2

vn+1
2

if n is odd un
2
vn

2
+1 if n is even }. Then |V (G)| = 2n, |E(G)| = 2n− 1.

Let f : V (G)→ {±1,±3± 5, ...,±(4n− 1)} be defined as follows.

Case(i): if n is odd

f(u2i+1) = (4n− 1)− 2i; 0 ≤ i ≤ n− 1

2

f(u2i+2) = −1− 2i; 0 ≤ i <
n− 1

2

f(v2i−1) = f(vn−1)− 2i; 1 ≤ i ≤ n + 1

2

f(v2i) = f(vn)− 2i; 1 ≤ i ≤ n− 1

2

Case(ii): if n is even

f(u2i+1) = (4n− 1)− 2i; 0 ≤ i <
n

2

f(u2i+2) = −1− 2i; 0 ≤ i <
n

2

f(v2i−1) = f(vn−1)− 2i; 1 ≤ i ≤ n

2

f(v2i) = f(vn)− 2i; 1 ≤ i ≤ n

2

Let f∗ be the induced edge labeling of f . Then, if n is odd

f∗(uiui+1) = 4n− 2i; 1 ≤ i ≤ n− 1

f∗(un+1
2

vn+1
2

) = 2n

f∗(vivi+1) = 2n− 2i; 1 ≤ i ≤ n− 1
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if n is even

f∗(uiui+1) = 4n− 2i; 1 ≤ i ≤ n− 1

f∗(vn
2
un

2
+1) = 2n

f∗(vivi+1) = 2n− 2i; 1 ≤ i ≤ n− 1

The induced edge labels are 2, 4, 6, ..., 4n− 2 which are all distinct. Hence G is an odd-even sum graph.
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