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1. Introduction

Interpolation is the method of finding the value of y for an argument say ‘x’ from a set of tabular values of y without knowing
the expression of y = f (x). There are different types of interpolation techniques. One method is to find an approximate
function corresponding to the given function. If the approximated function is a polynomial then the interpolation is known
as polynomial interpolation of the different types of polynomial interpolation, a cubic spline interpolation is considered
here. Cubic spline interpolation is most widely used due to their smoothness condition. Spline satisfying the conditions
s" (a) = s” (b) = 0 is called the natural spline. A two variable cubic spline interpolation of a function z = f (z,y) is the
fitting of a unique series of cubic splines for a given set of data points (z;,y;,zi;). The points (z,y) at which f(z,y) are
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known lie on a grid in the  — y plane. Two variable spline satisfying the conditions
is called two variable cubic spline interpolation. In order to derive a two variable natural cubic spline the existence of
continuity condition of the spline function and its partial derivatives at the edge of each grid are assumed. [1, 3, 4]. Natural

two variable cubic spline interpolation formula [6] is given by
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vV (z,y) € [Ii,xi+1] X [yjaijrl} , Vi=1,2,..., (n— 1), Vj=1,2,...,(m—1), where 2M; 1+ 3N; + p; M; + As Mi 12 = dsj,
1=1,2,...,(n—2)and 7 =1,2,...,(m—2). For two variable natural spline M1 = M,, = N1 = N,, = 0. Before establishing
the minimizing property of two variable natural cubic spline, the minimizing property of one variable natural cubic spline is

discussed below.

2. Main Result

Theorem 2.1 (Minimizing property of one variable natural cubic spline). Let I; = [a, b] be an interval with a = x1 < x2 <

o <an=b. Letz (z) be continuous in I; and if S(x) is the natural cubic spline interpolating z(x) at the knots then [2, 5],

/ab [z” (x)rdm > /ab [S” (m)]de
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Proof. Givena=xz1 <z <: <z, =b. Let z(z;) =y; Viand z (z) z (z) z (z) are continuous in I; = [a, b].

/a ' [z (m)] * o = /a ' [s” (2)+2 (z)- 8" (x)} * da

/ab [s" (@] Yz 42 /ab " (@) [ @)~ 8" @)] do+ /ab [+ @) - 5" @) * da (1)

Consider
/ab S (x) [z” (@) - 5" (:v)] de — "_1 /:Hl " (@) [z” ()~ 5" (x)] da
- nzl " (=) ([z, (@) - S (x)]):ﬂ B "Zl /:Hl " (z) [z' (x)— S (x)] dz (2)

Consider the first term of equation (2)
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since §” (zn) = s” (zo) = 0. Hence (2) reduces to
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(m)] dx  (Since S is a constant)

i

=0 (Since z (z) — S(z) =0,Vi=1,2,...,n)

Hence (1) reduces to

7 1"

Hence fab[z” (x)]?dz will be minimum iff f;[z” () — S (x)]*dx = 0. Hence Z () = S (z). Hence z(z) — S(z) is a
polynomial in [a, b] with degree at most three. For ¢ = 1,2, ..., n, the difference z (z) — S (z) vanishes. Hence z (z) = S (),

a<z<hbh m
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Theorem 2.2 (Minimizing property of two variable natural cubic spline). Let I, = [a,b] X [¢, d] be the rectangular grid with
a=zr1<z2<--<apn=bandc=y1 <y2 <--- < ym =d. Let %(m,y) be continuous in I, and if S(x,y) is the two

variable natural cubic spline interpolating u(x,y) at the knots then,
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Proof. Let S;; (z,y) be the two variable cubic spline. Givena =x1 <22 < - <zp=bandc=y1 < y2 < -+ < ym = d.
We have S;; (x:,y;) = zij. Assume u (x,y) be function such that v (z;,y;) = zi; V 4,5 and u (i, y5), % (zi,y5), 227’2‘ (zi,y5)

are continuous in /4. Then
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Hence (4) reduces to

b oS 8*u %5 i du s
Bz (& ¥i) [@ (@i,95) = 55 (a:i,yj)] de =3 Z/ s (@i Ys) (@ (@i,95) = 5 (Ii,’]Jj)) dx

=& il 95
:_ZZ xhy] Al (% (Ilvy])_%(xhyj)> dz

i=1 j=1

a

n—1 m

:—zza T (@) [u (e, ;) = S (@i, 9,)]50

=1 j=1

=0

Thus the middle term of (3) is zero and so
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Hence f Y (xi,y;)]?de will be minimum iff f (mz,yj) - gz (#s,y5)]dz = 0 ie., gz (zi,y;) = ng (z,y;). Hence
u(z,y)—S (x, y) is a polynomial in x and y of degree atmost 3 in [a, b] X [¢, d]. But the difference u (x,y) — S (z,y) vanishes

at the points i =1,2,...,nand j =1,2,...,m. Hence u (z,y) = S (z,y), a <z < b, c <y <d. O
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3. Conclusion

As in the case of one variable natural cubic spline, minimizing property exists for two variable natural cubic splines under

the smoothness conditions for natural two variable cubic spline interpolation.
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