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1. Introduction

In an ecological system members of same or different species interact with each other. These interactions depend upon
climatic conditions, amount of resources present in the given region, population density of both the species, ability to
consume resources and reproduce. These biological interactions are broadly classified into the following categories wviz.
predation, competition, mutualism, commensalism and parasitism. A biological interaction may have positive, negative or
no impact on interacting species. Competition is a biological interaction which has a negative impact on both the species.
In competition, two or more different species compete for the same resource in a given geographical region. Many research
work have been done in this area to study competition between both related and unrelated species some of the work we
can find in [1], [2], [3]. In this paper, we shall consider two different animal species competing for same resources in the
geographical area under consideration. We shall study and investigate competition on the basis of relative efficiency of
consuming resources and reproducing to leave more progeny by a particular species over the other, further immigration and
emigration of members to and from the considered region respectively are also acknowledged.

In this paper, we shall formulate a mathematical model to discuss competition between two species. The main objective of
this model is to study the nature of species in the competition. Further we design two different test models to discuss our
abstract formulated model. The importance of this model is that with the known constants we can easily predict the nature
of species in competition. Moreover, we can predict the asymptotic nature of a species, i.e., the nature of species as time

tends to infinity which may be helpful to decide the existence of a species in a long run. In this mathematical model we are
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neglecting intra-specific competition and existence of any other species competing for the same resources other then those
two species considered for the study that clearly indicates the scope of extension of this mathematical model where we can
remove these assumptions and possibly include them in our future studies. Further we can use the solution of dynamical
system defined in [5] to discuss the competition parameter although in that case we have to reduce the factors involved to

represent intra-specific competition.

1.1. Nature of Species in Competition

In competition, participating species can be classified into three categories on the basis of their ability to consume resources

and reproductive ability (for details see [4]);

(1). Competitively Superior Species: A species in competition is said to be competitively superior if it can consume
resources more efficiently than other species competing for the same resource and can leave more progeny in the region

in a given interval of time.

(2). Competitively Inferior Species: A species in competition is said to be competitively inferior species if it can consume

resource least efficiently than other species competing for the same resource and is reproductively inferior.

(3). Competitively Analogous Species: Two species are said to be competitively analogous if both of them can consume

resource and reproduce with comparable efficiency.

1.2. Assumptions
Let us assume the following;

(1). There are only two species competing for the same resource. And if there is any other species competing for the same

resource it should be neglected.
(2). At a given period of competition, resources are enough so as to avoid intra-specific competition.
(3). There will be no resource and other ecological adjustments partitioning between the species.
(4). Every individual in a given species can consume resource with equal efficiency.
(5). At every instant of time total consumption of resources must not exceed to total resource.

(6). Competition is based on efficiency of individuals of a species to consume resources and their population density with

respect to the other species.

(7). There is no affect in competition due to climatic change.

2. Formulation of Mathematical Model on Competition
2.1. Mathematical Parameters

‘We shall define some mathematical parameters with which we can describe the situation of competition between two species

in a given region R and in a given period of time.

Notation 2.1. T = period of competition

|R| = total amount of resources available in the region in the time interval [0,T]
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ip = number of individual of species P enters the region in unit time

ig = number of individual of species Q) enters the region in unit time

ep = number of individual of species P migrates from the region in unit time
eq = number of individual of species () migrates from the region in unit time
Bp = number of individual of species P born in unit time

Bg = number of individual of species Q) born in unit time

Dp = number of individual of species P died in unit time

Dg = number of individual of species P died in unit time

Ny = initial population of species P at t=0

Ny = initial population of species Q at t=0

N

x(t) = population density of species P at time t

y(t) = population density of species @ at time t

Now we shall define the following mathematical parameters with which we could describe the competition between two
species.

Natural Growth factor(NG): The change in population of a given species in a given region per unit time due to natural
breeding and death is defined as Natural Growth factor. Mathematically NG is defined as follows; A(t) = B(t) — D(t),
where B(t) and D(t) are Birth Function and Death Function respectively.

A-Factor: The change in population size due to immigration and emigration is said to be A-factor and is defined as
A(t) = i(t) — e(t) which is a function of time, where i(t) and e(t) are function of time representing immigration and
emigration.

Total Population (TP): Total number of population of a species participated in competition is said to be total population
TP and is defined as TP(T) = initial population + fOT[A(t) + A(t)]dt, where A(t) = i(t) — e(t) and A(t) = B(t) — D(¢),
Consumption Factor: The amount of resources consumed by an individual of a given species in unit time is denoted by
-

Total Consumption(TC): The amount of resources consumed by total population of a given species in a given interval

of time. It is defined by, TC = TuTP(T), and T is time upto which resource has been consumed.

2.2. Mathematical Model on Competition

Let z(0) and y(0) be the population density of two species P and Q respectively at time ¢ = 0. The growth in population
due to NG is defined by the function Ag(t) = [Bi(t) — Di(t)] for k = P,Q at time ¢t. The change in population due to
immigration and emigration is defined by Ax(t) = [ix(t) — ex(¢)] for kK = P, Q. The Population density of both the species at
time t is defined as follows;

z(t) = x(0) + Ap(t) + Ap (1)

y(t) = y(0) + Aq(t) + Ao(?)

The functions of ¢ representing birth rate B, death rate D, immigration ¢ and emigration e for both the species are assumed

to be a continuous in the interval [0,7]. Then Total consumption made by both the species is in the time interval [0, T7.
T
TC(P) = T1o(0) + | (Ap(®) + Ar (et
0

TO(Q) = py T[x(0) + / (Aa(t) + Ao (t))di
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where p, and u, are the consumption factors for species P and Q respectively.

2.3. Superiority Factor(SF):

The superiority factor is defined by the ratio of total consumption of one species to the total consumption of other in a given
interval [0, 7] of competition and is denoted by 7.

Remark 2.2. We define n as follows; n = %, where TC(P) and TC(Q) are the total consumption of resources by

species P and Q) respectively. There are three possible values of n
(1). If TC(P) > TC(Q) thenn > 1 and in this case species P is competitively superior than species Q.
(2). If TC(P) < TC(Q) thenn < 1 and in this case species P is competitively inferior than species Q.

(3). If TC(P) =TC(Q) thenn =1 and in this case we say both the species are competitively analogous.

2.4. Relation between TC, 1 and |R|:

Since |R| is the total resource available in the region then the total consumption made by both the species must not exceed

|R|. That is TC(P) +TC(Q) < |R| by above definition of n (see remark 2.2) TC(P) = nT'C(Q). And so TC(Q) < (nlfll)
Similarly, TC(P) < % And the sum of total population TP of both the species in the region R that participates in

|R| (e + npty)

the competition must not exceed the limit .
papyT(n + 1)

3. Competition Parameter
3.1. Asymptotic Nature of Species in a Competition

As discussed in section 1.1 for a period of competition between two species either one of them is superior or they are
analogous. But if the resource is plenty and competition between these two species continues as time increases, i.e., if
competition lasts for a long time, i.e., as time tends to infinity the superiority factor defined in section 2.3 is unable to
predict the nature of competition between the species defined in section 1.1. To overcome the problem we introduce a
parameter that describes the relation between the species at infinity. Further the nature of competition defined in section
1.1 is for finite period of time so we define a new set of terminology to indicate the nature of competition at infinity. There

are two levels of asymptotic nature;

(1). Asymptotically Superior: A species is said to be asymptotically superior if it can consume resources more efficiently

than the other species participated in the competition for every T' € [0, oc]

(2). Asymptotically Inferior: A species which is not competitively superior but it exists in the competition for every

period of competition T' € [0, o00] is said to be asymptotically inferior

3.2. Competition Parameter

A competition parameter compares the competition between two species and is defined by a positive real number ¢ € [0, o0]
Pz (t)
Hyy(t)

Theorem 3.1. If { is the competition parameter then;

such that ( = limi— o

, where p, and p, are consumption factor of population P and @ respectively

(1). If ¢ > 1, then population P is asymptotically superior than @Q andn > 1 and TC(P) > TC(Q). Further both the species

exist in the region throughout the period of competition.
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(2). If ¢ < 1, then population Q is asymptotically superior and n < 1 and TC(Q) > TC(P). Further both the species exist

in the region throughout the period of competition.

(3). If ¢ = 1, then either the species are competitively analogous for some time T or the case is doubtful and needs further

investigation.

(4). If ¢ = 0, then no more competition between species P and Q. Species Q is asymptotically superior than species P.

Moreover, Population of P get diminished after a time t and might get extinct from region R.

(5). If ¢ = oo,then no more competition between species P and Q. Species P is asymptotically superior than species Q.

Moreover, Population of Q get diminished after a time t and might get extinct from region R.

Proof. There are several cases to be considered (for details of real analysis involved in this proof we suggest [6]).

p(t) (1)
pyy(t) vy(t)
fOT pex(t)dt > (1 —€) fOT pyy(t)dt for each T € (0,00). Andson>1—ecforal T € (0, oo) Since, € > 0 is arbitrary

Case I: Let € > 0 be such that, > 1 — e it follows that

> ( —¢€, where e — 0 as t — oo. Let ¢ > 1, thn

small positive number and therefore 7 > 1. Thus the species P is asymptotically superior to species Q).

o (t)
pyy ()

for all T € [0,00). Since, § is any small positive number it follows that n < 1. Thus, species @ is asymptotically

Case II: Let § > 0 be such that < (+ 9, where § — 0 as t —> oco. Let ¢ < 1 then as Case I we see that n <1+ 4

superior than species P.

Case III: Let ¢ = 1 them there exist € > 0 such that Haz(?) <1+ € and Haz(?) > 1 —e€. Then by Case I and Case II it
Hyy(t) Hyy(t)

follows that n > 1 and n < 1. If n = 1 for some time T then species are competitively analogous at time 7. And if

1 # 1 then we have n > 1 and 7 < 1 which is impossible and so the case is doubtful and needs further investigation

that is we shall consider the other factors.

Case I'V: Let ( = 0. Let 0 < € < 1 be given, then there exist M > 0 such that ‘pmm(t)‘ < € for all ¢t > M and by Case

Hyy (T
II, ¢ < e < 1 follows that population @ is competitively superior than popul;ti(or)l P. Also z(t) < %y( )e and so
f tydt < = fo t)dt for each T € [0,00). It follows that, n < € where, ¢ — 0 as T — oco. Thus, n — 0
for sufﬁmently large T, ie., TC(Q) >>> TC(P) for sufficiently large T'. Hence, the consumption of resources by the
species @ is increasing with time on the other hand consumption of resources by the species P is either constant or

decreases with the increase of time and so this leads to a situation in which species P no longer remain in competition

with species Q.

2T (t
Case V: Let ( = oo then for every positive real number M however large there exist G > 0 such that, = zgt; ‘ > M for
HyY
/Lyy (®)

1
every t > G. And for every such M there exist € > 0 such that Vi < € whenever t > G. Thus, < € whenever

x(t)

t > G and so by Case IV we conclude that species () no longer remain in competition with spemes P.

Hence, we see that competition parameter ¢ alone is sufficient to discuss all the parameters TC, TP, n of the interaction
between two species due to competition. Further, analysis of ¢ can predict the asymptotic nature of competition that we

have defined in definition- |

Now we shall discuss two model of the biological interaction between two species due to competition.
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4. Mathematical Model on Competition-I
4.1. Introduction

Let us consider two species P and ) with initial population N; and Na respectively at time t = 0. Suppose the change in

population of species P and @ due to NG is given by;

Ap(t) = at® — bt and

Ag(t) = ht® — kt.

Again the change in population due to A;

At any time ¢, the population density of both the species is given by;

z(t) = Ny + at® — bt + [i(P) — e(P)]t

y(t) = No + ht* — kt + [i(Q) — e(Q)]t

Where N1, Na, a, b, h, k, i(P), i(Q), e(P), e(Q) are all constants and not all zero. Let T be the period of competition and

consumption factor p, = p and p,y = g units per individual per unit time, then T'P for both the species is given by;

TP(T)p = N1 + /T[azt2 + (i(P) — e(P) — b)t]dt

TP(T)p = N1 + {%Td 4 i) = 6(213) —b)1°

TP(T)p = %[2aT3 + (i(P) — e(P) = B)T? + 6N
Similarly,
TP(T)g = é[fthi" +(i(Q) — e(Q) — k)T? + 6N]

And Total Consumption is defined as;
TO(P) = %pT[2aT3 + (i(P) — e(P) — B)T? + 6N,

Similarly,

TO(Q) = ZaT(2hT* + (i(Q) — (@) — W)T* +6Na]

Thus, the superiority factor SF is given by;

TC(P) _ p[2aT® +3(i(P) —
TC(Q)  q[2hT3 +3(i(Q) —

(P) —b)T? 4 6N1]
(Q) — k)T? 4 6N]

€
n=
€

Theorem 4.1. Ifn is the SF defined above between two species P and QQ under competition then;

(1). n>1, if%<%<§(P)*€(P)fb

(@ —e(@) —k ™

9. M
p~ No
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a i(P)— (P)fb}cmdg %

h*i(Q) —e(Q) — k p

Proof. Let T € [0,00) and let us consider the function,

(2). n<1,if = <m1n{

F(T) = 2(ap — hg)T® + 3[p(i(P) — e(P) — b) — q(i(Q) — e(Q) — k)IT* + 6(pN1 — gN2)

Clearly F(T') is a cubic polynomial in 7. It is sufficient to show the conditions under which either F(T') > 0 or F(T') < 0.
Let F(T) = LT?*+ MT? + N, where L = 2(ap — hq), M = 3[p(i(P) — e(P) — b) — q(i(Q) — e(Q) — k)] and N = 6(pN1 — ¢N>)

_2M
are all constants. F'(T) = 3LT? 4+ 2MT and so T = BT Since T' > 0 so either M >0 and L <0or M <0 and L > 0.

3
iP)—e(P)=b q a And for 0 a g i(P)—e(P)—b
—i(Q)—e(Q)—k<p<h d fo M<OadL>Owehaveh<p<—i(Q)_e(Q)_k.

Thus for the existence of monotonicity of function F(T") we must have either

For M > 0 and L < 0 we have

i(P)—e(P)—b g q_ i(P)—e(P)-b
0 =)k <p <7 " h<, i a0 %
i(Q) —e(Q) —k h h p Q) —e(Q) —k
. . , . . ..a _q i(P)—eP)-0
Suppose the constants satisfies the above condition. Now, F'(T) > 0if M <0and L >0 ie,if - < 2 < ——<— 2.
h"p Q) —e(Q) —k
Therefore, F' is strictly increasing if ¢ < =< UP) = e(P) = b for T > 0. Also F(0) = N >0if N > 0 i.e,, 4 > &
PR P
q q Ny . . .
Thus F >0forallT>()1ff<7<—adf>—. But F(T) > 0 implies n > 1. Hence, n > 1 if
()() o h < p S Q) —e@ —k A (T) plies 7 n
a q P) —e(P)— g M
<L =< d > —. Similarly, we can prove the other part. O
hop S iAQ—e@—k " Ny’ Y P P

Lemma 4.2. The condition for which the cubic polynomial F(T) = LT® + MT? + N has a positive root is that

L\" o [20 -1) 2
M N
Proof. Consider the cubic equation LT? + MT? + N = 0 then by Cardan’s method the nature nature of roots for this

cubic equation is real positive, if

2 2\ 2 2\ 3 9
(M) +4(,%) <0 and - M _o.

L2 L2 L2
(L?N +2M?)? — 4M" M?
76 <0 and — ﬁ <0

(LN +2M?)* —4M® >0
(L’N +2M°)* > 4M°®
L°N >2M*(M —1) or L’N < —2M*(M —1)

L*N? > 4M*(M —1)*
L\* o [20 - 1) 2
M N
Hence the required condition. O

2(ap — ha) )' > [ =R =)= a@ (@ =)=’
3[p(i(P) — e(P) — b) — q(i(Q) — e(Q) — k)] 6(pN1 — gN2)
then there exists Ty € (0,00) such that n = 1.

Theorem 4.3. If (

Proof. Consider F(T) = 2(ap — hq)T? 4 3[p(i(P) — e(P) — b) — q(i(Q) — e(Q) — k)]T? + 6(pN1 — gN2) for all T € [0, 00)
which is a cubic polynomial function in 7" such that the constants satisfies the given condition then by Lemma 4.2 there

exist Tp € [0, 00) such that F(Tp) =0or n =1 for T =Ty O
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4.2. Analysis of Competition Parameter

The value of competition parameter for this model is given by;

o opx(t) . p[Ni+at® —bt+[i(P) —e
C= I ) T g [No ¢ 2 Rt Q) e

(P _ pa
@1t ~ ah

Given that a, h, p and q are all positive constants and so we have several cases to discuss regarding the competition between

the species P and Q.

Case I: The value ¢ exceeds 1, when pa > gh as t — oo. It follows that birth rate and consumption factor of species P
are sufficiently large than birth rate and consumption factor of species Q). Although both the species exist throughout
the period of competition but species P is considered to be asymptotically superior than species Q i.e., species P
is competitively superior than species ) and there may be a time when both the species shows analogous nature of

competition provided the total resource |R| — 07 as t — oo.

Case II: The value of ( is less than 1, when pa < ¢gh and similarly as Case I we can see that in this case species @Q is

asymptotically superior than species P.

1
= ——. Thus ratio of birth rate is inversely proportional to ratio of their

(5)

consumption factor that is, the species under competition are competitively analogous if the species with greater birth

Case III: If { = 1 then pa = ¢h i.e., a

q
= =or
h p

e

rate have smaller consumption factor and vice versa. But in nature every species does not satisfies this condition so
the case remains doubtful and need further investigation to predict the nature species under competition for a finite

time 7' by considering the other factors like death rate, immigration rate and migration rate.

Case IV: If ( =0 then pa = 0 but in a competition one has to consume resources and so p # 0 it follows that a = 0. So we
can conclude that there will be no contribution to the population P due to breeding between two individuals of same
species and therefore population of species P exists in the region R at any time ¢, whenever i(P) > e(P) +b. Further,
TC(Q) >>> TC(P) as t —» oo which clearly follows that species @ is asymptotically competitively superior species

and as t increases n — 0 i.e., there will be no competition left between these two species for the same resource.

h

Case V: IF ¢ = oo, then I — 0 or gh = 0 and similarly as Case IV, we can conclude that species P is asymptotically
pa

competitively superior than species ). Further, as ¢ increases there will be no competition left between these two

species for the same resources.

The analysis of competition parameter provides a clear picture of the nature of competition between two species as t increases

indefinitely except the case when ¢ = 1.

4.3. Conclusion

In this bio-mathematical model we have study and investigate the competition between two different species in a region
competing for the same resource may be light, water, space or food. It should be noted that, the functions Bp(t) = at® and
B(t)o = ht? representing number of individuals born in time ¢ is quadratic in nature and choice of this function to represent
the number of individuals introduced to the population of both the species due to interbreeding has considerable impact to
the level of competition i.e., in the long run only the comparative study of birth rate of these two species is enough to predict
the asymptotic nature of competition. Further the consumption factor also plays an important role to study the asymptotic

nature of competition. In theorem 4.1, it should be noted that either :(P) > e(P)+b and i(Q) > e(Q) —k or i(P) < e(P)+b
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and i(Q) < e(Q) — k as consumption factor is a positive quantity and it is clear that if ratio of consumption factor satisfies
the following relation then we can conclude the nature of competition. In theorem 4.3 we have stated a condition under

which there exist a period Ty at which both the species shows analogous nature of competition.

5. Mathematical Model on Competition-I1
5.1. Introduction

Let us consider a natural ecosystem covering a geogriphical region R consisting of two species P and @) with population N;
and N2 at time t = 0. We shall consider all the assumptions made in section 1.2. Suppose population density of P and @
increases exponentially due to interbreeding and decreases arithmetically due to death of individuals. Then birth function

and death function are defined bys;

Bp(t) = Nid', a >0 Bo(t) = Nob*, b >0 and

Dp(t) = N7 + td1 DQ(t):N2+td2

where di and d> may be positive, negative or zero. Thus, the natural growth factor NG for this competition model is
defined by; Ap = N1a® — (N1 +td1) and Ag = Nab® — (N3 + tda). The immigration and migration of individuals in a given
species differs by a constant and so we define the A-factor as follows; Ap(t) = ael and A\g(t) = Bes, where a = ip — ep and
B =1ig —eq, the numerical values of o and [ are integers may be positive, negative or zero. And e; and ez are the geometric
ratios that represents the rate at which population size of a species changes with respect to immigration and emigration

rate. The total population of speciesP is given by;

TPp(T) = Ny + / CAn(D) + ro(O)]dt

T
TPp(T) = N, +/ [Nia" — (N1 + tdy) + celldt
0

Nyat 2 t 1T
TPp(T) = Ny + |9 _ - B o
loga 2 logei |,
T 2 T
TPp(T) = Ny + Nia N T di T n aej B Ny «
loga 2 loge:1 loga = loge:
Similarly the total population of species @Q is given by;
T 2 T
TPT) = No + [X22 _ hpp— 2T Bea | [ N, B
logb 2 log es logb  loges

5.2. Superiority Factor SF

Let p and ¢ be the consumption factor of the population P and @ respectively. In this section we shall discuss the superiority
factor SF, though we have consider the similar NG and A-factor for both the species so the superiority factor SF is perfectly
depends on the constants involved wiz, a, b, o, 8 and d; (¢ = 1,2). In a natural ecosystem we can observe that, species
with similar NG and A-factors participating in the competition for consuming resources placed in different hierarchy level
of nature of competition defined in the section 1.1. This is due to the variation of breeding procedure, support from other
environmental factors, natural and physical constraints which either support or hinders the immigration or emigration from
one place to another. Thus, instead of having similar functional structure, the constants involved have a considerable role

in deciding the final gradation or degradation of population size of a species. Thus, we cannot neglect the superiority factor
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SF that decides the hierarchy of nature of competition for a species on the basis of constants. The superiority factor for this

model is given by;

T 2 T
Nyt Nia N di T + ael B N; «
loga 2 log e1
NobT doT? 565 N2 B
+ —
logb  loge>

loga + log e1

— N,T —
logd ? 2 log e2

p[N1+ﬂ(aT—1)+ @ (T 1) - NT -
g a log e1

B

log es

leQ]

(ef —1) — NoT —

Theorem 5.1. Ifn is the SF as defined above for a given time such that constants satisfies the following conditions;

p_MN_B
(U-a*NQ*a

(2). a>band0< ez < ey
(8). the constants are related by; aP™1e?™ = byn,el” exp(pdi — qds)
Then SF, n > 1

Proof. Let the constants in the expression of SF, eta satisfies all the conditions. Consider the function;

2

N N. T
F(T) = (22T - £27) o (P2 T B r — (pds — qda) — — (pN1 — qN2)T + M
loga logb log e log e2 2

N- N:
for all T € [0,00), where M =p [ Ny — L —q| No— 2 __P . At T =0, F(0) =0 by condition 1. We
loga loge: logb loges

shall apply the idea of monotonicity to prove our result.
F'(T) = (pNia" — gN3b") + (paei — qBey) — (pdi — qd2)T — (pN1 — gN2)
At T =0, F'(0) = 0 by condition 1. Again

F'(T) = (pN1a" log a — gN2b" log b) + (pae] loger — qfBes loges) — (pdi — qds)

At T =0, F"(0) = pN1loga — ¢N2logb + paloge; — qBloges — (pdi — qdz)
Now by condition 3., a?N'eP® = b,n,e2” exp(pdi — qdz). Taking log on both side we get;
pN1loga + paloger = gN2logb + gBloges + (pdi — qd2)
It follows that,

pNiloga + paloger — gN2logh — gBloges — (pdy — qd2) =0 or,

pNiloga — qgN2logb + paloger — gBloges — (pdi — gd2) =0
and so F”/(0) = 0. Finally,
F'"(T) = (pN1aT(log a)2 — qNng(log b)2) + (pozelT(log 61)2 — qﬁeQT(log 62)2)

And clearly by condition 2. F"’/(T) > 0. Retracing each step to the beginning we conclude that F(T) is strictly increasing

function on [0, 00) also F(0) =0 and so F(T) > 0 for all T € (0, c0). Hence, for any T € (0,0), n > 1. O
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Theorem 5.2. If 7 is the SF as defined above for a given time such that constants satisfies the following conditions;

(1).13_&_5

q_NQ_Oé
(2). a<band 0 < e <e2

(3). the constants are related by; a?N'e?™ = byn, e’ exp(pdi — qda)
Then SF, n <1

Proof.  Proof of the theorem is same as Theorem 5.1 O

5.3. Analysis of Competition Parameter

To study the hierarchal of nature of competition in a long run i.e., to investigate the asymptotic nature of competi-
tion as time t tends to infinity we need to define the population density of species at any time ¢ is defined as follows;
x(t) = N1 + Nia' — (N1 + td1) + ael x(t) = N1a® — td1 + ael
. On simplification, . The competition parameter for
y(t) = N2+ Ngbt — (NQ + tdg) + ﬁe§ y(t) = Ngbt —tds + ﬁeé

this model is;

= lim pz(t)
t—roo qy(t)
¢= lim p[N1a® — tdi + ael]
t—oo q[N2b' — tdz + Bef]
plae) [Nieyt — tdi(aer) ™ + aa™ "]

C = tgnoo q(beg)t[Nge;t - tdg(b€2)_t + Bb_t] (3)

There are several possible cases
(1). f a=b =1 and e; = ez then equation (3) becomes;

(= tm ANiEL —terval _pa
t—oo g[Naey ' —te; ' + B8] B

This case is equivalent to the situation when the growth rate due to interbreeding is a multiple of initial population and
the ratio with which population size of both the species changes due to A-factor are same. For this case the hierarchal
of nature of competition depends upon four constants viz, p, ¢, @ and 5. It is to be noted that a and S are of same
sign otherwise ¢ becomes negative which is against the definition of competition parameter, i.e., either both a and
are positive or negative i.e., the population density of both the species either increase or decrease due to A-factor. In
reality this situation arise when either in the geographical region R resources are not sufficient to meet the requirement
of species and to avoid intra-specific competition individuals of the respective species move on to some other region and
due to lack of resources individuals from other region avoid to immigrate in this region or due to plenty of resource
in the region R attracts the individuals of respective species immigrate from different to R and there are very rare
situation in which individuals of respective species migrate from R. But as per our assumptions resources are enough
to avoid intra-specific competition i.e., for any time ¢, 0 < t < oo, there exist positive real numbers Wi and Wy with
[ TC(P)| > W1, |TC(Q)| > Wy and |[TC(P) +TC(Q)| > Wa such that W1 < |R| < W5 it follows that o and 8 must be
positive. Now to discuss this case we need to subdivide it into several sub-cases;

a
B

with low consumption rate can be superior in a long run if the population size increases considerably due to

(). If = > 4 then ¢ > 1 that is species P is asymptotically superior than species Q. It is to be noted that, species
p

M-factor as in Case 1 NG-factor directly depends on initial population so it does not play any considerable role in

a long run except when di << dz and N; >> Na.
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a
B

(iii). If p = g then superiority and inferiority of a species in a long run directly depends on « and 3 that is, if 0 < a < 8

(i)). If = < 9 then ¢ < 1 and similarly as Case (a), species @ is asymptotically superior than species P.
p

then, species ) is asymptotically superior than species P and if 0 < 8 < « then, species P is asymptotically

superior than species Q.

(iv). If @ = S8 then a species is asymptotically superior than other if and only if its consumption factor is greater then

the other.

(v). If p=q and o = B then ¢ = 1 and the case is doubtful and needs further investigation. In this case population of

ZC(t) = N1 — tdl —+ k‘(t)
species at any time ¢ is given by; where k(t) = ael = Bef is a function of t. Now at

y(t) = No — tds + k(t)
any time t > 0;

z(t) — y(t) = (N1 — N2) — t(d1 — d2) (4)

without loss of generality we assume N1 > Ny then there exist a time Ty such that form Equation (4), z(t) > y(t)
for all ¢ > Ty if di < d2 i.e., species P is asymptotically superior than species @ or z(t) < y(¢) for all ¢ > Tp if
d1 > dg i.e., that is species Q) is asymptotically superior than species P. If N3 < N3, we proceed similarly. Thus

in this case asymptotic nature of competition depends on death rate.

(vi). If p # q, a # B and pa = ¢f8 then ¢ = 1 and again the case is doubtful and needs further investigation.

x(t) = N1 — td1 + el
At any time t; . Now at any time ¢t > 0;

y(t) = Ny — tds + /Beﬁ

px(t) — qy(t) = (pN1 — qN2) — t(pd1 — qda)

pr(t) —qy(t) =U -tV

. d .
Similarly, as case (e) species P is asymptotically superior than species @, if V < 0 i.e., d—l < % and species Q
2 p

. d . .
is asymptotically superior than species P, if V > 0 i.e., d—l > a. Thus, in this case also death rate plays an
2 p

important role in deciding the asymptotic nature of competition.

(2). If e1 = e2 = 1 and a = b then equation (3) becomes

¢ = lim p[N1 — tdia™" + aa™"] _ pNy

Tt 00 q[NQ — tdab—t + ﬂb_t} - qu
This case is similar to the situation when ratio with which population density changes due to birth is same for the
two species P and (). Also population change due to A-factor is independent of time further it does not have any

considerable role in the investigation of asymptotic nature. There are several case that needs to be investigated.

N
!> 9 then ¢ and species P is asymptotically superior than species @

(ii). If < 9 then ¢ > 1 and species @Q is asymptotically superior than species P
p

(iii). If p = g, then a species in a long run is asymptotically superior if it has greater population size at t = 0

(iv). If N1 = Ny, then a species in a long run is asymptotically superior if its consumption rate is larger.
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(v). If N1 = N2 and p = ¢ then { = 1 and so the case is doubtful and needs further investigation; At any time ¢ > 0

z(t) = Nia' —tdi + a
. Now, z(t) — y(t) = —t(d1 — d2) + (o — B3). Thus, in this case asymptotic nature of

y(t) = Nlat —tda + B

competition depends on death rate of population i.e., a population with low death rate is asymptotically superior

than the other.

(vi). If N1 # Na, p # q and pN1 = ¢qN> then ¢ = 1 and the case is doubtful and needs further investigation. At any

z(t) = Nia' — tdy +
time t > 0; . Now, at any time ¢ > 0O;

y(t) = Nzat —tds +

px(t) — qy(t) = (pN1 — gN2)a" — t(pdr — qdz2) + (po — gP3)

pz(t) — qy(t) = Uy — tWy

where U1 = pa — ¢f and Vi = pd1 — qdz are constants. This case is same as Case 1(f).

(3). f a=b=1 and e; = e1 = 1 then equation (2) becomes;

Ny —td d
(= tim PNitdtal  pd
t—o0 q[N2 —td2 + 8] qd2
This case is equivalent to the situation when birth ratio and the ratio with which A-factor changes does not play any
considerable role in changing population of both the species and in that case death rate plays an important role to
investigate asymptotic nature of competition between species P and ). It is to be noted that, either d; > 0 and d2 > 0

or di < 0 and dz < 0 otherwise ¢ becomes negative. And so we have two possible case for death rate to be considered.

(i). If d1 > 0 and d2 > 0 then there exist a time Ty € [0, 00) such that, z(¢) < 0 and y(t) < 0 for all ¢ > Ty which is

impossible as population density of a species at any instant of time is either positive or zero. Thus in this case

d d
period of competition is atmost Ty. Moreover, ¢ > 1 if = 4 and ¢ < 1if =< g
d2 " p d2 " p
L d
n>1, if ch >4
Thus by the theory of competition parameter, d2 P But, this case is impossible as it does not
n<i, if L <?
d2 P

satisfy equation (1)

(ii). If d1 < 0 and d2 < 0 then the situation is like that, number of death of individuals in respective species decreases
as time increases. So, there exist a time Ty such that, Dy (t) = 0 for all t > Ty and k = P, Q that is NG-factor,

LL‘(t) =2N; +«
Ap(t) = Ny and Ag(t) = N» for all t > Tp then for all t > Ty. Which is a constant and this

y(t) =2N2 + f

does not provide any satisfactory conclusion regarding asymptotic nature of competition.

Thus, this case does not exist as in a long run population density of a species cannot be independent of time as a whole.
Further, change in population density due other reasons are considered to be constant except death rate and in that
case both the species will not survive for a long period of time and so the question of superiority in long run for a given

competition does not arise.
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(4). If e1 < 1 and ez < 1 then from equation (2),

0, ifa<b
. p[Nia® — tdy + ael] pN:
= 1 =4 = 3 =
¢ 25 q[Na2bt — tda + Beb)] qN2’ Fa=b
oo, ifa>b

Thus we have three possible cases;

(i). If a < b then ¢ = 0 and by the theory of competition parameter species @ is asymptotically superior than species
P. Further as t — oo population density of species P tends to zero that is no competition exist between species

P and @ for the given resource.

(ii). If a = b, then ¢ = p]]zl and this case is similar to case 2 except the doubtful cases which we shall discuss here
qiv2

px(t) — qy(t) = —(pdi — qda)t + (poel — qfBeb)

and for that we have two possible cases;

(a). If 0 < e1 < ez < 1, then we have;

px(t) — qy(t) <0 for sufficiently large t, if % > gnd
2 p
px(t) — qy(t) > 0 for sufficiently large t, if % < %
2

Thus, a species is asymptotically inferior if it has greater death rate and low consumption rate and it is clear
that this case is feasible as in a natural ecosystem a species having greater death rate and low consumption
rate get together with equal birth rate and negligible A-factor wiped out of the competition in a long run by

a competitively superior species. Further, this result satisfies superiority factor n for large t.

(b). If 0 < e2 < e1 < 1, then we have;

and

A\

px(t) — qy(t) <0 for sufficiently large t, if —

px(t) — qy(t) > 0 for sufficiently large t, if —

Y
B DI

This case is not feasible and conditions does not satisfies superiority factor SF in equation (1) for sufficiently

large t.

(iii). If @ > b then ¢ = 0o and by the theory of competition parameter species P is asymptotically superior than species
Q. Further as t — oo, population density of species P tends to zero that is no competition exists between species

P and Q for the given resource.

In the above discussion we have investigated several cases to study the asymptotic nature of competition and it is found
that under continuous time functions A(t) and A(¢) the constants involved plays a considerable role to decide the hierarchal
of nature of competition. The functions considered here are assumed to be continuous so in that case constants involved in
the function plays a very role e.g., D(t) is considered to be linear and B(t) is considered to be exponential and so any point
of time ¢, the sign of A(t) depends on the constants involved as time changes continuously. The discussion follows that, by
studying the relation between constants we are able get a glance of the nature of competition between two species in a long

run.
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5.4. Conclusion

In this bio-mathematical model on competition we have considered a natural ecosystem consisting of two species Pand @ in
a region R. The functions considered here to represent birth rate and death rate are exponential and arithmetic in nature
respectively. Further the population change due to A-factor is an exponential function of time. In this competition model,
our main objective is to get the relation between the two species competing for the same resource in a natural ecosystem in
terms of competitive superiority and study the relation we calculate superiority factor SF. In section 5.2, we have proposed
Theorems 5.1 and 5.2 to discuss SF and found that under certain conditions and in a given period of competition species
attains different level of hierarchal of nature of competition i.e., one species is competitively superior and other one is
competitively inferior and on some occasion they may be competitively analogous. The main part of our discussion is the
analysis of competition parameter ¢ that allows us to see the nature of species in a long run, i.e., under what condition a
species remain competitively superior when time tends to infinity. This analysis produces very interesting results such as if
the change in population density with time solely depends on death rate and other factors are constant then this situation
does not arise in reality for a long run competition. There are many possibilities to improve the model such as to include
intra-specific competition and continuous time dynamical system to get the population density at any time as a solution of

autonomous dynamical system use it to obtain the value of (.

References

[1] J.H.Connell, The influence of interspecific competition and other factors on the distribution of the barnacle Chthamalus
stellatus, JSTOR, 42(4)(1961).

[2] P.L.Munday, G.P.Jones and M.J.Caley, Interspecific Competition and Coezistence in a guild of Coral-Dwelling Fishes,
Ecological Society of America, 82(8)(2001), 2177-2189.

[3] D.E.Goldberg and A.M.Barton, Patterns and Consequences of Interspecific Competition in Natural Communities: A
Review of Field Experiments with Plants, The American Naturalist, 139(4)(1992), 771-801.

[4] E.P.Odum and G.W.Barrett, Fundamentals of Ecology, Brooks/Cole, 5th Revised edition edition, (2004).

[5] Ford J.Neville, Lumb M.Patrica and Ekaka-a enu, Mathematical modelling of plant species interations in a harsh climate,
Journal of Computational and Applied Mathematics, 234(2010), 2732-2744.

[6] Walter Rudin, Principles of Mathematical Analysis, Tata McGraw-Hill, (2013).



	Introduction
	Formulation of Mathematical Model on Competition
	Competition Parameter
	Mathematical Model on Competition-I
	Mathematical Model on Competition-II
	References

