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1. Introduction

The theory of fuzzy set was introduced by L.A Zadeh [12] in 1965. The idea of fuzzy norm was initiated by Katsaras
[6] in 1984. A satisfactory theory of 2-norm on a linear space has been introduced and developed by Gahler [5] in 1964.
The notion of 2-fuzzy 2-normed space was introduced by R.M. Somasundaram and Thangaraj Beaula [11]. In 2011 Reddy
[7, 8] studied fuzzy anti 2-norm and some results are established in fuzzy anti 2-normed linear space. Sinha, Mishra, Lal
[9] (2011) and Sinha, Mishra [10] (2012) introduced the concept of fuzzy anti 2-continuous linear operator and fuzzy anti
2-bounded linear operator on fuzzy anti 2-normed linear space. In 2003 Bag and Samanta [1-3] modified the definition of
fuzzy norm of Cheng-Moderson [4] and established the concept of continuity and boundedness of linear operator. In this
paper strong 2-fuzzy 2-anti continuity, weak 2-fuzzy 2-anti continuity, sequentially 2-fuzzy 2-anti continuity, strongly 2-fuzzy
2-anti boundedness, weakly 2-fuzzy 2-anti boundedness are defined. Further the relationships among the newly defined

concepts are established.

2. Preliminaries

Definition 2.1. A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm if it satisfies the following conditions
(1). % is commutative and associative

(2). * is continuous
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(3). ax1=a, for all a € [0,1]

(4). a*b=cx*d whenever ac and bd and a,b,c,d € [0,1].

Definition 2.2. A binary operation ¢ : [0,1] x [0,1] — [0, 1] is a continuous t-conorm if it satisfies the following conditions
(1). ¢ is commutative and associative

(2). ¢ is continuous

(3). a®0 = a, for all a € [0,1]

(4). aQb = cOd whenever a = c and b =d and a,b,c,d € [0,1].

Definition 2.3. Let X be the linear space over the real field K. A fuzzy subset N of F(X) x F(X) x R. (R, the set of all

real numbers) is called a 2-fuzzy 2-norm on X. (or fuzzy 2-norm on F(X)) if and only if

(N1) For allt € R with t <0, N(f1, f2,t) =0.

(N2) For allt € R with t > 0, N(f1, f2,t) =1 if and only if f and fo are linearly dependent.
(N8) N(f1, fa,t) is invariant under any permutation of fi, fa.

(N4) For allt € R witht <0, N(f1,cfa,t) = N (fl,f% ﬁ) ife£0, ce K (field).

(N5) For all s,t € R, N(f1, fa+ fs,s+t) > min{N(f1, f2,s), N(f1, f3,1)}.

(N6) N(f1,f2,-):(0,00) = [0,1] is continuous.

(N7) lim N(fi, fa,t) = 1.

Then (F(X), N) is a fuzzy 2-normed linear space or (X, N) is a 2-fuzzy 2-normed linear space.

3. Fuzzy 2-anti Contiuity and Boundedness

Definition 3.1. A mapping T : (A,N{) — (B,N3) where A and B are subsets of F(X) is said to be 2-fuzzy 2-anti
continuous at fo € A if for any given € > 0, a € (0,1) there exists § = d(a,e) > 0, 8 = B(a,e) € (0,1) such that for all
feA,

Ni(f — fo,9,8) < B which implies Ny (Tf — T fo,g,€) < a

Definition 3.2. A mapping T : (A, N{') — (B, N3) is said to be sequentially 2-fuzzy 2-anti continuous at fo € A if for any
sequence {fn} in A for all n with f, — fo implies T(fn) — T(fo) that is for all t > 0 lim Ny (fn — fo,9,t) = 0 implies
n—oo

Definition 3.3. If (A, N7) and (B, N3) be 2-fuzzy 2-anti normed linear spaces. A mapping T from (A, NT) and (B, N3) is

said to be strongly 2-fuzzy 2-anti continuous at fo € A given € > 0, there exist a 0 > 0 such that for all f € A,
N;(Tf - Tf07g75) S Nl*(f - f07g7 6)

If T is strongly 2-fuzzy 2-anti continuous at each point of A then it is said to be strongly 2-fuzzy 2-anti continuous on A.

114



Thangaraj Beaula and Beulah Mariya

Definition 3.4. T is a mapping from (A, N7) and (B, N3) is said to be weakly 2-fuzzy 2-anti continuous at fo € A, given

e > 0, there exist a §(,€) > 0 such that f € A.
N{(f — fo,9,0) < a which implies N5 (Tf —Tfo,g,¢) < a

If T is weakly 2-fuzzy 2-anti continuous at each point of A then it is said to be weakly 2-fuzzy 2-anti continuous on A.
Definition 3.5. A mapping T : (A, Ni) — (B, N3) is said to be strongly 2-fuzzy 2-anti bounded on A if and only if there

exist a positive real number M such that for all f € A andt € R,

Ni(T50.0 <N (fa 7 )

Definition 3.6. Let T is a mapping from (A, N7) and (B, N5), T is said to be weakly 2-fuzzy 2-anti bounded if and only if

there exist a positive real number M for all a € (0,1) such that for all f € A and t € R,
Ny (f,g, ﬁ) < o implies N3(Tf,0,) < a.

Theorem 3.7. Let T : (A, N7) — (B, N5) be a linear mapping then
(1). T is strongly 2-fuzzy 2-anti continuous on A if T is strongly 2-fuzzy 2-anti continuous at a point fo € A.
(2). T is strongly 2-fuzzy 2-anti continuous if and only if T is strongly 2-fuzzy 2-anti bounded.

Proof.

(1). By hypothesis, T is strongly 2 fuzzy 2-anti continuous at fo € A, so for each £ > 0 there exist § > 0 such that
N2*(Tf - Tfo,g,&) = N;(f - fO,g,é)
Taking h € A and replacing f = f + fo — h it follows that

NQ*(Tf_Tf()?gaE) :Nf(.f_f()?g’é-)
= N3 (T(f + fo—h) = Tfo,g,e) = N ((f + fo — h) — fo,9,)
:>N2*(Tf+Tf()7Th*Tf0,g,€) :Nik(f+f0 7h7f07g75)

= N;(Tf - Thvg7‘€) = Nl*(f - hag75)

Since h is arbitrary , T is strongly 2- fuzzy 2-anti continuous on A.

(2). Suppose that T is strongly 2-fuzzy 2-anti bounded there exist a positive real number M such that for all f € A and
e€eR.

N3 (Tf,9.¢) = Ni (£.9.77)
N3 (Tf—T6,g,¢) = Ni (f—@,g,%)

where d = 7. Thus T is strongly 2-fuzzy 2-anti continuous at § and so T is strongly 2-fuzzy 2-anti continuous on A.
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To prove the converse, Suppose T is strongly 2 fuzzy 2-anti continuous on A. Using 2-fuzzy 2-anti continuity of T at z = 6

for € = 1 there exist § > 0 such that for all f € A.
N;(Tf —T@,g, 1) = Nf(f - 979,6)
If f # 0 and t > 0 putting f = ht

N3 (Tf,g,t) = N3(t(Th), g,t)
= N3(Th,g,1)

*Nl <f7g75)

1
= N7 | f, g, >, WhereM—g S0

NZ*(vagvt) = Nl

N5 (Tf,g,t) = Ny <f,g ) If f #0 and ¢t = 0 then
(f,g, )

If f =0 and t € R. Therefore N5 (T'f,g,t) = Nt (f,g, ﬁ) O

Theorem 3.8. Let (X, N7) and (Y, N3) be 2-fuzzy 2-anti normed linear spaces, a linear mapping T : (X, N{') — (Y, N3) is

sequentially 2-fuzzy 2-anti continuous if and only if it is 2-fuzzy 2-anti continuous.

Proof. Let T be 2 fuzzy 2-anti continuous at fo € A. Suppose {f,} is a sequence in f such that f, — fo. Let € > 0
be given assume that a € (0,1). Since T is 2-fuzzy 2-anti continuous at fo there exist a 6 > 0 and 8 € (0,1) such that
f € F(X). Ni(f— fo,9,0) < B implies N5 (T'f — T fo,g9,€) < a since f, — fo there exist a positive integer N such that
Ni(fn — fo,9,0) < B for all n > N then N5 (Tfn —Tfo,9,¢) < a for all n > N. Hence nler;ONg(T(fn) —T(f0),9,6) =0
implies T is sequentially 2-fuzzy 2-anti continuous.

To prove the converse, Suppose T is sequentially 2-fuzzy 2-anti continuous, assume that T is not fuzzy 2-anti continuous at
fo there exist a e >0, § > 0 and «, 8 € (0,1) there exists h such that N{(fo — h, g,8) > 8 implies N3 (T'fo — Th,g,¢) > «
Thus S =1 — %4-1 and § = %_H there exist hy, such that Ny (hn. — fo,9,0) = 8 but N5 (Thn, — T fo,g,€) = « so there is a

sequence {hni} such that N5 (Thnr — T fo,g,) = « for all kK > 1. Hence klim N5 (T(fnr) —T(fo),g,€) # 0. Since h,, = fo
— 00

it follows that h,r — fo which is contradiction to our assumption. Thus T is 2-fuzzy 2-anti continuous at fo. O

Theorem 3.9. Let T : (A, Ny) — (B, N5) be a linear mapping, where (A, Ny) and (B, N3) are 2-fuzzy 2-anti normed linear

spaces. If T is strongly 2-fuzzy 2-anti bounded then it is weakly 2-fuzzy 2-anti bounded.

Proof. 1f T is strongly 2-fuzzy 2-anti bounded then there exists a positive integer M > 0 such that for f € A and
t € R; N5(Tf,g,t) = NY (f,g, %) For any « € (0,1) there exist a M > «a such that Ny (f,g7 ﬁ) = « which implies
N5(Tf,g,t) = afor all f € A and t € R This implies that T is weakly 2-fuzzy 2-anti bounded. O

Theorem 3.10. Let T : (X, N7) — (Y, N3) be a linear mapping. Then
(1). T is weakly 2 fuzzy 2-anti continuous on A if T is weakly 2-fuzzy 2-anti continuous at a point fo € A.
(2). T is weakly 2 fuzzy 2-anti continuous if and only if T is weakly 2-fuzzy 2-anti bounded.
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Proof.

(1). Suppose that T is weakly 2-fuzzy 2-anti continuous at fo for € > 0 and « € (0, 1) there exist § = d(a,t) > 0 such that

for all f € A.

Nik(f—f(),g76) <OZ:N2*(Tf—Tf07g,8) <o«

Taking h € A and replacing f = f + fo — h,
Nf((fﬁ’fo*h)*f(),g,(s) < O‘:}N;(T(f+f0 7h) 7Tf07ga€) <«
Nf(f—Ff()—h—f(),g,(s)<C¥:>N2*(Tf+Tf0—Th—Tf0,g,E)<CY

Nr(f_hhgva) <Ol:>N2*(Tf—Th,g,E) <a

since h is arbitrary it follows that T is weakly 2-fuzzy 2-anti continuous on A.

(2). Suppose that T is 2-fuzzy 2-anti bounded, for any « € (0,1) there exist M > 0 such that for all t € Rand f € A

NY (ﬁm%) <a= N3 (Tf,g,t) <«

Therefore

Nr (f_0797%> S a:>N;(Tf_T07gat) S «

Nik <f_97gvMi> S ajNZ*(Tf_T9797€) S (67
13

Ni(f-0,9,0) <a= N;(Tf—-T0,g,¢) < a, Whereézﬁ.

Thus T is weakly 2-fuzzy 2-anti continuous at fo and so from (1) weakly 2-fuzzy 2-anti continuous on A.

Conversely, suppose T is weakly 2 fuzzy 2-anti continuous on A. Using continuity of T at 6 and taking ¢ = 1, for all « € (0, 1)

there exist 6 > (@, 1) > 0 such that for all f € A.

Ni(f,9,0) <a= N5 (Tf,9,1) <«

if f=0,t> 0 putting f = 2,

Ny <%g76) <a= N <T (%) 79,1) <a

Ni(h,g,t0) < a= N3(T'(h),g,t) < @

WhereMa:ﬁiff;éOandtSO,

N{ (f,g7 > < N;(Tf,g,t) =1 for any My > 0if f = 6 then for My > 0

Nl*(

Ni (.37 ) = Mg =L ite <0

~ K[~

f’g’E) = N3 (Tf,g,t) =0 ift >0

Hence T is weakly 2-fuzzy 2-anti bounded.
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Theorem 3.11. Let T be a mapping from (A, Ny) to (B,N3). If T is strongly 2-fuzzy 2-anti continuous it is sequentially

2-fuzzy 2-anti continuous, but not converse.

Proof. Let T : (A, N{') — (B, N5) be strongly 2-fuzzy 2-anti continuous on A and fy € A then for each £ > 0, there exist

a d = 0(fo,e) > 0 such that for all f € U
N (Tf =T fo,g9,¢) < Ni(f — fo,9,9)
Let {fn} be a sequence in A such that f, — fo that is for all ¢ > 0.
Jim Ny (fn = fo,9,1) =0

Thus N5 (T fn — Tfo,9,2) < Ni(fn — fo,9,0) which implies lim N5 (Tf, — Tfo,g9,¢) = 0. That is T(fn) — T(fo) in
n—o0
(B, N3). O

Example 3.12. Let (U,||. .||) be a 2-fuzzy 2-anti normed linear spaces. Where || f|| = |f| for all f € U. Define a xb =

min{a, b} and aOb = max{a,b} for all a,b € [0,1] also define, Ny, N5 : F(X) x F(X) — [0,1] by N1 (f,g,t) = tJ‘rf"fgiﬂ and

N3 (f,9:t) = ity with k> 0. Let

A={(f,9,t),N7): (f,9,t) € F(X) x F(X) x R"} and

B ={(f,9:1),N2) : (f,9,t) € F(X) x F(X) x R"}

Then (F(X),N7) and (F(X),N3) are 2-fuzzy 2-anti norm linear space. Define a mapping T : A — B as T(f) = % for
all f € X. Let fo € X and {fn} be a sequence in F(X) such that fn, — fo in (F(X), Ny) that is for all t > 0.

lim Ny (fn — fo,9,t) =0

n— oo

That is

. * |fn_fovg| >
lim Ny [ —————— ] =0
n—oo ! (t+|f"7foag|

Now for allt >0

fa S5

T+/1 1+fg’9'

4
t+ k| Lay — o

T+ /2 1+f§’9’
k| £ (14£3) =15 (14£2) 9|
_ (1+£2)(1+15)
T t(2) (14 £3) R £ (14 £3) - £ (14 £2) 9
(1+£2)(1+£3)
k| fa(1453) =15 (14£2) 9]
(+72)(1+73)
t(1+£2) (14 18) +h| 13 (1413) = 18 (1+47) 9
(1+£2)(1+48)
_ B+ R — 2 (L4 £2) ]
L+ f2) A+ ) +ERIf (A + 8) — fo (L+ f2) gl
k|fa+ 13 fn— 10 — 1k,
tA+ ) A+ f3) +EIfd+ f5 14— fo — 215, 9l
k(2 + 13) (fa = f3) + £S5 (F2 = 1)+ 9]
L+ f2) A+ £3) + RI(f2 + f3) (f2 = 16) + f2 15 (f2 — 15) - gl

0

k

N2 (T(fn) = T(fo),9,1) =

lim N3 (T(fn) — T(fo),g,t)

n—00

Thus f is sequentially continuous on X follows that T is not strongly 2-fuzzy 2-anti continuous.
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Theorem 3.13. Let T be a mapping from the 2-fuzzy 2-anti normed linear space (F(X),N7) to (F(Y),N5) and A be the

compact subset of F(X). If T is fuzzy 2-anti continuous on F(X) then T(A) is a compact subset of F(Y).

Proof. Let {gn} be a sequence in T'(A). Then for each n, there exist f, € A such that T(f,) = gn. Since A is compact
there exist {fni} a subsequence of {f,} and fo € A such that f,r — fo in (F(X), N7). Since T is 2 fuzzy 2-anti continuous

at fo if for any given € > 0, a € (0, 1), there exist 6 = (e, &) > 0 and 5 = B(e, €) € (0,1) such that for all f € F(X).

Nl*(f_.foagvé) < /8:> N;(Tf_TfO,g,E) <a

Now fnr — fo in (F(X), N7) implies that there exists no € N such that for all k& > no

Nl*(.fnk: - f07ga§) < /8 = N;(T(f"k) - T(f0)7g76) <«

N3 (T(fnr) — T(f0),9,¢) < a for all k > no which implies T'(A) is a compact subset of F(Y). O
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