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Abstract

This paper is concerned with the approximate analytical solution of non-linear time-fractional
generalized Hirota-Satsuma Coupled Korteweg-de Vries equation (GHS-cKdV) using an efficient
analytical approach, namely the Sumudu transform iterative approach. The proposed approach is
an elegant amalgam of the Sumudu transform method and the Iterative method. The
time-fractional derivative are described in Caputo sense. The results obtained are graphically
shown and demonstrate that the approach is simple to apply and highly efficient to analyze the

behavior of non-linear coupled fractional differential equations.
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1. Introduction

Fractional calculus is a branch of mathematical study concerning derivatives and integrals of arbitrary
orders. In recent years, it has been found very helpful in several fields such as rheology, viscoelasticity,
biomedicine, diffusion, statistics, engineering and other fields of science ( [2,11,21]). It is always
challenging to find the exact and approximate solutions of the fractional differential equations(FDEs).
Therefore it is needed to find some efficient and effective methods to solve FDEs. As a result, many
different methods and approaches have been adopted so far. The Korteweg-de Vries (KdV) equations
are the important equations which plays great role in different fields of science and engineering. It
occures in the study of nonlinear dispersive waves. This equation was introduced by Kortweg and
de Vries for modelling of shallow water waves in canal in 1895. Firstly, Gardner et al. derived

an analytical approach to solve this equation, which describes interactions of two long waves with
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different dispersion relations. Later, Hirota and Satsuma proposed a coupled Korteweg-de Vries

(cKdV) equation

ur — a(ugee + 6uug) = 2bpge, (1)

¢t + ¢peze + 3upz =0, )

where a and b are arbitrary constants ( [15,16,24]). In equation (1) 2b¢¢: acts as a force term on the
KdV wave system with the linear dispersion relation w = ak®. In absence of the effect of ¢, equation

(1) reduced to the ordinary KdV equation
ur — 6uug + ug = 0. 3)
with soliton solution
u = 2P%sech®P(x + 4aP?t). (4)

Consider the Generalized Hirota-Satsuma Coupled Korteweg-de Vries (GHS-cKdV) equations

1
Uy = Qué{gg — 3141/!,: + 3(07/0)5,

Ut = —Ugge + 31’[06’

Wy = —Weee + 3uwe.

which was introduced by Wu et al. [22]. Recently, using an extended tanh-function method, Fan [6]
constructed different solition solutions for GHS-cKdV. In this study , we solve the GHS-cKdV of time-

fractional order

U _ 183—“ —3ua—u+3va—w —|—3wa—v
otr  29¢3 o¢ a¢ ag’
otr 9z’ ag’ )
ro _ du o
ot 9z ag’
O<a< 1,)
subject to initial conditions
_ B

u(¢,0) = 3 + 2k*tanh? (k¢),

—4k%co(B+ k%) 4k*(B + k*)tanh(kE)
+ ,
3C% 361

w(¢&,0) = cg + crtanh(kg),

v(&,0) = (6)

where k,co,c1 # 0 and B are the arbitrary constants. A lot of analytical or numerical methods have

been developed to solve generalised cKdV equations such as Adomian Decomposition Method (ADM)
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[4], Variational Iteration Method (VIM) [10], Reduced Differential Transform Method (RDTM) [14],
Homotopy Analysis Method (HAM) [17], Homotopy Pertubation Method (HPM) [3] and many others
( [5,9,23]). Recently, Wang and Liu used Sumudu transform (ST) in conjunction with the iterative
method and became a well-known approach known as the Sumudu transform iterative method (STIM)
to find approximate analytical solutions for time-fractional Cauchy reaction-diffusion equations. More
recent, STIM approach was successfully implemented by Kumar and Daftardar- Gejji [13] to obtain
solutions for various time and space fractional partial differential equations as well as their systems.
The main objective of this study is to extand the application of Sumudu transform iterative method

(STIM) to derive the approximate analytical solution of GHS-cKdV.

2. Preliminaries and Notations

In this portion, some fundamental definitions and properties related to fractional calculus and sumudu

transform are given which are used further.

Definition 2.1. A fractional integral of Riemann-Liouville’s order w > 0 of the real value function w(¢,t) is

defined as [8]

1

Ble,t) = gy [ (=9 @ s)as )

where I'(.) is known as the Gamma function.

Definition 2.2. The Caputo fractional derivative of function w(¢, t) of order w is defined as ( [12,18])

0" o
ww(gl t) = Itm_a [WW(C, t):|
1 ¢ w"(E, 1)
_ ) I(m—a) o (C—T)“—m+1dprm—1<ﬂé§m,me]N, o
%ZU(C, t) , X =Mm

Definition 2.3. The Sumudu transform over the set of functions A = {f(t)|3M,p1 > 0,p2 > 0 such that
If(£)] < Mel/piift € (—=1)/ x [0,00),j = 1,2} is defined as [7]

(D] = F(w) = [~ e flwndt, @ e (=py,p2) ©)

One of the basic property of Sumudu transform is given by

t* N
The inverse Sumudu transform of w* is defined as
tDé
S = =———, a> —1. (11)
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Definition 2.4. The Sumudu transform of Caputo time fractional derivative of w({,t) of order a > 0 is defined
as [20]

Y , . m—1 . ak i
S[Zg(tft)]:w S[W(C,t)]_kzg)[w +kwa(§o)},m—1<oc§m,m€]N. (12)

3. Basic Concept of STIM

In this section, the basic idea of Sumudu transform iterative method (STIM) to solve system of time
and space fractional PDEs has been given. Consider the following system of general time and space

fractional differential equations

Yig. Po B
Polet) (60,28, ) mi—1 <y <m,

at% /U/ @/-"/agilﬁ 7

(13)
i=12.,9n-1<pB<n, mylnqecN,
with initial conditions '
d/v;(¢,0 )
la(té].’> = gl](é)/ ] = 0/ 1/21 e Mi — ]-; (14)
_ofs 9lhp

where 7 = (v1,0y, ..., vq) and (; (C, () ) is a linear/ nonlinear operator. Taking the Sumudu

7 @, ceey agil‘B
transform on both sides of equation (13) and using equation (14), we have
m;—1 - .
d ; ofs 0P
, — jo.. iglt(E s — 2 °
Sloi@, 0] = X Wgy(@)] + s 6:(20 555 5275 (15)
On taking inverse Sumudu transform of equation (15) ,we get following system of equations
m;—1 = =
J , s 9P
) — g1 Jo.. =1|.,7i . 5 = bl —
0i(& ) =57 ];O [wgy(@)]) +57 [wrs(ai(e 7, S aglﬁ))} 1,2,...4. (16)
Equation (16) can be written in following form
_ofo b0
Ui(grt) —f:(g; t) +Ml (szz @l"-l @)/ (17)
where
fi(@ ( Z [/ gi(& )
=0 (18)

M(2o g; g;;;) —s1[wns (22,0, ggﬁ ggg))]

Here f; is known function and M; is a linear/nonlinear operator. Equation (17) can be solved by

the DJM decomposition technique introduced by Daftardar-Gejji and Jafari [19], which represents the
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solution as an infinite series

0; = 200) 1<i<g, (19)

where the terms vfj ) are calculated recursively. Here, following abbreviations are used

o) = (o), o), o),

Y ol) = (Z o,y ol Y vS{)) , reNU{oo},
=0 ‘ j=0 j=0

j=0
kB < z;(]')) ok (i vl(f)> ok ( U2<f>> ok ( vqm)
j=0 o j=0 j=0 j=0 k eN
ockp N ozkp ’ ozkp T ockp ’ '

The operator M; can be decomposed as

P < z;(]‘)) o8 (
() J J

77@) 0 b5
0ppl0)  9lF5(0))
o\, =M; | &0,
. PY oclp ( ocP oclp

o (f 50)) 5B (f 5(;))
+ Y vy e, N J=0 (20)

Ite
It

e

M; | ¢,

]

Therefore
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Using equations (19) and (21) in equation (17), we get

o (st o iy 9P QlB5(0)
Yol =s 1(2 [wfgij@)]) +5 s (a <¢,v<0>, T ))

j=0

p=1 j=0 (22)

p=1 . p=1 .
) 0P o) LAY o)
pP— - -
—§~1yig T 5,2—(1') /=0 J=0

The recurrence relation are defined as follows

mi—1
o =571 ( Y [wjgij(‘f)]> ,

j=0
B50)  glB50)
W) _ o1 mc 7 [ # 0 97 0
Ui S w S<gl (g/v ’ agnB VAAAY4 aglﬁ >>/
98 (ﬁ 50’)) I8 ( 5 z;(j))

(1) _ o1 mc | 7 | 2 Vs VO j=0 23
v; STlw"is | g; (j,];]v , 27 L oGt (23)
R (”El@m) olf ( 3 50))

Iy N ) N0 j0
ST wliS | C,]:Ov , 37P Ly 8(;"/3 ,m>1

Therefore, the m-term approximate analytical solution of equations (13) and (14) is given by

(m—1)

(S v(o) + 0(1) + ...+ 7, or v; X Ujg+0j1 + ... + Vi(m—1)-

4. The STIM Solution of the GHS-cKdV

Considering system (5), we use the application of Sumudu transform iterative method (STIM) for
solving this system with initial condition (6). Now, taking the sumudu transform on the both sides of

the equation (5), we obtain

0“u (1% ou ow v
S|:at0‘_ —S _2853_3”85—’_308(;—}_31065}’
%0 [ 9% v
_ o[ v, 00 24
[at“_ 5| ag3+3“ag]' 4)
0w ]| [ Pw Jw
|G| =5 -5 %)
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Using formula (12), we get

N L o [10%u u v
Su(g,t)]—p*u(¢,0) =S 208 3u P —H%va—(,Dr + 3w C}
T3
“S[ole, 0]~ p 0l 0) =S |~ 5 +3udg |, @)
[P 2
presto(E ) - pw(e,0) =5 |~ 35 + gy
so the equations become
v [10%u ou ow v
S[u(g,t)] = u(,0) + p*sS {2863 3u % +3»va—g +3wa€} ,
3
S[o(¢, 1] = o(6,0) + 5 | -5 + 3z |, 2
. Pw ow
S[w(E,t)] = w(&,0)+ p*S [ Pl +3uag} .
Taking the inverse sumudu transform of above equations, we obtain
3,
u(&t) = S Hu(&,0)] + 51 {p“S (;ggg 3u gg +3v%? + 3w gg)}
-1 -1 « 83 dv
6,1 =5 olg,0)]+57 s (~ 55 + g7 ) |, @)
30
w(¢,t) = S Hw(E0)] + 571 [p“S <_?9§3 +3uaazg>} :
In the view of recurrence relations
uy = S u(¢,0)] = P 32k2 + 2k*tanh? (kE), (28)
" _ AKPco(B+K*) | 4K*(B + K*)tanh(kE)
vy = S [v(&,0)] = 3 - 30, , (29)
wo = S w(E& 0)] = co + citanh(kE), (30)

Therefore we determine the other components of the STIM solutions as follows:

First order solutions

1.« 1a3u0 auo a aUO
=57 (55— 3+ )

=S 1p*s (—16k5tanh(k§)sech4(k§) + 8k tanh® (k&)sech? (k¢)
— 4(B — 2k*) K tanh (k&)sech? (k&) — 24k tanh® (k&)sech? (kE)
- 4k3%°(/5 + K2)sech? (k&) + 4K3 (B + k) tanh (k¢)sech? (k&)

1

3 2
PB+E) .
C1

+(co + crtanh(kg))( hz(ké))>
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_ 4ﬁk3mnh(k§)sech2(k§)r(0f:_1)

%v v
_ c—1_« o 0 0
’01—5 p S< 7863 +3uoag),

— 51 <8k5 (B ;kZ) sech?(kz) + 48(8 — 212 P ; 1"2) sechZ(k§)>

th
F(a+1)
3w ow
_c¢ 1l - 0 0
w1 =S pS< I +3u08§>

=S51p*s (—4c1k3sech2(k@)tanhz(ké) + 2c1k3sech* (k&) 4 c1k(B — 2k)sech? (k)

= 4pK° (,334;1k2) sech? (k¢)

+6k3cysech? (k&) tanh? (kZ))
t(x
T(a+1)

= c1Bksech? (k¢)

Second order solutions

Cetac (1o +ur) d(uo + uy) d(wo + wy)
up=S"'p S<2 25 3(uo + uq) o o

d(vg+ v _ 19%u ou ow ov
+3<w0 + W]_)(Oagl)) -85 1pa5 (28630 — 3“08760 +3U()87€0 +3W()aé,0)

—5ipes <4k3<ﬁ )€ tanh(I€) -+ 4fPK sech (€)7o

— 16k°sech?® (k&)tanh (k&) — 16B°k>sech* (k&) tanh (kE)

+3(vg +v1)

— 8p%k*sech? (k&)
tZIX

(F(a+1))
20 o

m -+ 16,5k6sech4(k§)tanh2(k§) r(lX T 1)

0 o th

Fat1) + 16Bkbsech* (k&) NCESY + 32Bkbsech? (k&) tanh* (k) NOESY

tanhz(kg) 1_‘(;:_1)

— 168%K sech* (k&) tanh (k¢)

— 16pk®sech® (k¢)
t2¢x
(T(a+1))2

tﬂ(
W) - 4ﬁk3tanh(k§)sech2(k§‘)r(a 1)

= AKAsecl? (KE) (sech?(KE) = 26an1E(K0)) 3,5
P T(2a+1)
(Ba+1) (T(a+1))2

o
I'(a+1)
tZDc

— 32BkSsech? (k&) tanh? (k¢) + 96B82k” sech* (k&) tanh® (k¢)

—48B%k” sech® (k&) tanh (k¢)

tZD(

— 16B%K>sech* (k&) tanh (kE) T

B T(2a+1)
IFBa+1) (T'(a+1))2

3 3
vy = S [pas <_W+3(u0+ul)a<vo+vl>ﬂ e [pas (_aw)+3uoaw)]

+ 16p%k”sech* (k&) tanh(kg) (5tanh® (k&) — 4sech®(kE))

a3 o¢ ag3 9
= S‘lp"‘S <W[2k356ch4(k§) — 2k3sech? (k&) tanh? (k) + 8ﬁk4sech2(kéj)tanh(k§)
1
(tanh? (k) — ZSechz(kC))r(;:_l) + (B — 2k*)ksech? (k&) — 2Bk*(B — 2k?)sech? (k¢ ) tanh (k)

tﬂ(
I'(a+1)

tDé

+ 6k3sech? (k&) tanh? (k&) — 12Bk*sech® (k&) tanh® (k¢) T(a+1)

(31)

(32)

(33)

(34)

+ 12Bk*sech* (k&) tanh (k¢)
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t(X
F(a+1)
= —Wtunh(ké)sechz(ké)

1

24 4BI3 (B + k?) e
<r<a+1>>2]>‘ ol sy

t21x
T(2a+1)

T (20 + 1)
FBa+1)(T'(a+1))?
0? d 03 0

wy =S7" [p“s (—(wgg ) +3(uo +u1)(woaj§— wl))] -5 [p”‘s (— agéo +3up ;?H
st [p”‘S (2c1k3sech4(k§) — derK3sech? (k) tanh? (k&) — 8k*c1 Bsech? (k&) tanh(kE)

t“
I'(a+1)
+ 6k>cysech? (k&) tanh? (k&) + 12k*cy Bsech? (k&) tanh (kE)

— 24p%Ksech* (k&) tanh? (k)

?Zz BK7 (B + K?)sech (k) tanh® (kE)
1

(2sech?® (k&) — tanh?(kE)) + (B — 2k?)kcysech® (k&) — 2c1 Bk (B — 2k?)

tD(
I'(a+1)
(sech® (k&) — tanhz(k(f))

F(a+1)

= — 2c1 B2k tanh (k¢ )sech? (k&)

tanh(k&)sech? (k)

tDL

g R a2 00) )

(T(a +1))?
— c1Bksech? (k¢)
t21x
T(2a+1)

T (20 + 1)

— e psech (ko) tanlt* (K)o = e

(35)

(36)

Similarly more iterations can be obtained. The STIM vyields the solution u(¢, t), v(&, t), w(¢, t) as follows

M((Z,t) =ug+u+ux+..

_pk 2 + 2k*tanh? (k&) + 4,Bk3tanh(k§)sech2(k§) "
3 F(a+1)
20
+ 4k*BZsech? (kE) (sech? (k&) — 2tanh?(kE)) I“(21i¢+1)

£ T(a+1)
IFBa+1) (T(a+1))2

+ 1682k sech* (k&) tanh(kE) (Stanh® (k&) — 4sech? (k¢))

— 16B%K>sech* (k&) tanh (kE)

3 T(2a+1)
IFBa+1)(T(a+1))2

v(¢,t) =vp+v1+ 02+ ...

412 K2) 4B+ K)tanh(k e
_ Coé‘f%—}— ) I (,3 + 3C)1 an ( C) 4‘Bk3 (:B +k )sechz(ké) ( " 1)
_ BB (B+K?)
3

tZtX

I'(2a+1)
3T (20 + 1)
I(Ba+1)(T(a+1))?

tanh(k&)sech? (k)

= 2GR (B + K )sech () ramh (K7
1

w(E, t) = wo+ wy +wy + ...
tZIX

T(20+1)

t[X
F'(a+1)
T (20 + 1)
IFBa+1)(T(a+1))2

= co + crtanh(kE) + c1 Bksech? (k¢) — 2¢1 BKPtanh(k&)sech?® (k)

— 24c¢, B2k sech* (k&) tanh?® (k) + ...

(37)

(38)

(39)
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Special case: fora =1

B — 2k?

+ 2k tanh® (k&) + 4Bk tanh (k) sech? (k&)t + 2k* B?sech® (k&) (sech® (kE) — 2tanh*(kE)) t*

— 13—6[33k556ch4(k§)tanh(k§)t3 - 13—6[32k7sech4(k§)tanh(k§) (Stanh?®(kg) — 4sech® (k&)) £ + ...

(40)
_ B K)  HEBHE), e+ ape P ey
3¢ 3¢y 3¢y
- Wmnh(kg)sechz(kg)tz - ;’czl B2K” (B + K*)sech* (k&) tanh® (k&) + ... (41)
w = co + crtanh (k) + c Bksech® (k&)t — c1 B2k tanh (k&)sech? (k&)
— 8¢1B2K>sech™ (k&) tanh? (k&) t3 + ... (42)

0.51

0505

0.5

x|

0.495

;/

; '
\\ - 40
(a) (b)

0.51 0.51

0.505

£

0.505

u(
u(gt)

0.5 0.5

0.495 0.495

(c) (d)

Figure 1: The surface shows the solution u(¢, t), when g = 1.5, k = 0.1, : (a) Approximate solution for

« =1, (b) Approximate solution for a« = 0.75, (c) Approximate solution for & = 0.50, (d) Approximate
solution for & = 0.25
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v(gt)
V(g

ll II’

gl
:: il i
',.i"&':o;":

I
la"ll: 'lll'f"'ll:',',’}m,,

""o'/ "I'
0,@"

40 3
20 2

1

o,
"'

40

20

-0.005 _ -0.005

-0.01 i ) -0.01
-0.015 -0.015
-0.02 -0.02

-0.025 -0.025

() (d)

Figure 2: The surface shows the solution v({,t), when g = 15, k = 0.1, co = 1.5, = 15 : (a)
Approximate solution for « = 1, (b) Approximate solution for & = 0.75, (c) Approximate solution for
« = 0.50, (d) Approximate solution for & = 0.25

1'll 'II

20
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il
o

40

(c) (d)

Figure 3: The surface shows the solution w(¢,t), when B = 15, k = 0.1, ¢¢ = 151 = 1.5 : (a)
Approximate solution for « = 1, (b) Approximate solution for « = 0.75, (c) Approximate solution for
« = 0.50, (d) Approximate solution for &« = 0.25

5. Conclusion

In this paper, the time-fractional generalised Hirota-Satsuma coupled Kortweg-de Vries (GHS-cKdV)
equations were solved by new approach namely Sumudu Transform Iterative Method (STIM) within

Caputo operator. By increasing the number of iteration , the accuracy of STIM can be further improved.
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