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Abstract

Biswas [11] introduced the idea of (p, g)-th relative ritt order and (p, g)-th relative ritt type. In this

paper, we establish some results of the growth analysis of entire function represented by vector

valued Dirichlat series f(s) = Y a,e® on the basis of (p,q)-th relative ritt L-order and (p, q)-th
=1

n=
relative ritt L-lower order of an entire function represented by vector valued Dirichlat series.
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1. Introduction

Let f(s) be an entire function of the complex variable s = ¢ + it (0 and t are real variables) defined by

everywhere absolutely convergent vector valued Dirichlet series in brief known as VVDS,

£5)= Y ane™, W
n=1

where a,,’s belong to a Banach space (E, ||.||) and A,,’s are non-negative real numbers such that 0 < A1 <
Ay <o <Ay <Ayyr (n>1), Ay — +0c0as n — 400 and satisfy the condition lim sup l‘;% =D < 4

n——+00

and limsup % = —oo. If 0, and 0, denote respectively abscissa of convergence and absolute
n——+00
convergence of (1), then in this case clearly ¢; = 0. = 4o00. The function M f(a) known as maximum

modulus function corresponding to an entire function f(s) defined by (1), is written as follows,

Mg(o) = sup [If(c+it)]].

—oo<t< 400

K x = log(log*~Y x) and exp! = exp(expli=11)x, where k € N

For x € [0,00) and k € IN, we define log
is the set of positive integers are also denote log[o] x = x, expl”) = x. Juneja and Kapoor [4] introduced
the definition of (p, q)th-Ritt order and (p, g)th-Ritt lower order of an entire function f(s) represented

by VVDS are defined as follows:
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Definition 1.1. [4] Let f be an entire function represented by VVDS, (p, q)th-Ritt order and (p, q)th-Ritt lower
order of an entire function f(s) represented by VVDS are respectively defined as,

log” M [p]
700 logl® o rco loglfl Mj?l (0)
and
log!”! M¢(0) logl” &
Apa) (f) =liminf ————— = liminf —2———,
T—>00 log[‘i] o T—00 log[ﬂ ijl(a-)

where p and q are integers p > q+1 > 1.

Definition 1.2. [10] An entire function f is said to be index pair (p,q) if b < pj(rp " < oo and p}p_l’q_l) is not

a non-zero finite number , where b =1, if p = q and b = 0 otherwise. Moreover, if 0 < pj(fp ) < o, then

(p—n.q)

o =00, forn<p;
p](f"q_") =0, forn<g;

pj(f’%’ﬁ”) =1, forn=1,2,...

Similarly for 0 < AP < oo,

Aj(f’_"’”) =00, forn<p;
A}p'q_n) =0, forn < g;

Aj(f’%’ﬁ”) =1, form=1,2,...

An entire function f (represented by VVDS) for which (p, g)th-Ritt order and (p, g)th-Ritt lower order
are equal, is said to be of regular (p, g)th-Ritt growth, otherwise f is said to be of irregular (p, )th-Ritt
growth. R. Thamizharasi and D. Somasundaram [7] introduced the notions of ritt L-order and ritt L-
lower order of an entire function, where L = L(0) in a positive continuous function increasing slowly
ie. L(ac) ~ L(0) as ¢ — oo for every positive constants ‘a’. S. Sarkar [9] introduce the definition of

(p,q)th Ritt L-order for an entire function represented by VVDS in the following manner:

Definition 1.3. [7] Let f be an entire function represented by VVDS. The (p, q)th-Ritt L-order of f and denoted
by pj(,p (L) is defined as,

loglP! M (o)
L(pa) (£) = Ii o AT
) i loglt) (¢L(c))’

similarly, (p, q)th Ritt L-lower order of f /\ij(p ) in the following way:
looPl M
ALPA)(£) = liminf Og—f(g)_
o= Jogltl (cL(0))

Datta and Biswas [8], introduced the concepts of (p, q)th relative Ritt L-order and (p, q)th relative Ritt
L-lower order of an entire function f (represented as VVDS) with respect to an other entire function g

which is also represented by VVDS, in the following way:
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Definition 1.4. [8] Let f and g be any two entire functions represented by VVDS with index-pair (m,q) and
(m, p), respectively, where p, q, m are integers such that m > q+1 > land m > p+1 > 1. Then the
(p, q)th-relative Ritt L-order and (p, q)th-relative Ritt L- lower order of f with respect to g are defined as,

log!P! M T Mg (o)
Lpa) ( ¢y — 1 8§ Mg Vf
Og (f)—llgfogp 103" (¢ L(7))

and . )
loeP!M_ M« (0
/\é(p’q)(f) = liminf g7 M My(o)
T—00 log[”ﬂ (cL(0))

Definition 1.5. [10] Let f and g be any two entire functions represented by VVDS with index-pairs (m,q) and
(m, p) respectively where p, q, m are integers such that m > q+1 > 1and m > p +1 > 1. Then the entire
function f is said to be relative index-pair (p,q) with respect to another entire function g, if b < pg[p"ﬂ (f) < o0
and pé(p 71#71)( f) is not a non-zero finite number, where b = 1, if p = q and b = 0 otherwise. Moreover, if
0< pg(p’q) (f) < oo, then

o' (f) = oo, forn <p;

" (f) =0, forn<g;

o PEI (6 1, forn=1,2,...

Similarly for 0 < )\?(p’q) < oo,

L(p—n,
/\g(;ﬂ ) (f)
AZPATI (£) =
/\g(p—i-n,q—&—n) (f) =1, fOI’ n=12,...

o, forn <p;
4

forn <g;

An entire function f (represented by VVDS) for which (p, g)th-relative Ritt L-order and (p, q)th-relative
Ritt L-lower order with respect to another entire function g (represented by VVDS) are same, is said
to be function f of regular relative (p, q)th-Ritt L-growth with respect to g. Otherwise, f is said to be
irregular relative (p, q)th-Ritt L-growth with respect to g.

During the past decades, the several authors [1-3, 5, 6, 8] made closed investigation the growth
properties of entire funtions represented by vector valued Dirichlet series related to (p, g)th Ritt order.
In this paper, we want to establish some results related to the growth rates of entire functions
represented by vector valued Dirichlet series (1) on the basis of (p,q)th-relative Ritt L-order and

(p, q)th-relative Ritt L-lower order.
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2. Main Results

Theorem 2.1. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < A,S(m’q) (f) <
pi(m’q) (f) < +o0,and 0 < A,f(n’q) (g) < p,f(”’q) () < +oo, where q, m, are all positive integers then

log" M My () _ A" (f)
~ ()

Proof. From the definition of /\i(m’q) (f) and p,f(”’q) (g), we get for arbitrary positive € > 0, for all large
values of o,

log!"! My, "My (0) = (A" (f) =€) 10g!" (oL (), @

and

log") My My (0) < (o "7 (3) +€) log" (7L(0). ®)
Now from (2) and (3), it follows that for all sufficiently large values of ¢.

log"IM; *My(o) _ A" (f) e
ZOg[”]Mk_lMg(O') - pé(”rq)(g) +€.

As € > 0 is arbitrary, we get

log[m} M;Tle(U’) . /\L(m,q) (f)

B g MMM (o) — PZ("’” = @
Again for a sequence of values of ¢ tending to infinity, we get
log"! M, ! My (0) < (4, (£) + €) log ¥ (01 (), ©)
and for all sufficiently large values of o
log!"! M ' My (0) > (AL (g) — €) Tog? (oL(c)). 6)

Now from (5) and (6), we obtain for a sequence of values of ¢ tending to infinity

log"! M "M(0) _ 1" (f) +e
log" M ' Mg(e) ~ A["(g) — e
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Since € > 0 is arbitrary, it follows that

[m] -1 L(m,q)
Lo 0" M My (o) A ()

< : @)
7 log! M Mg (0) T A" (g)

Also for a sequence of values of ¢ tending to infinity, we get
log!" M *Mg(0) < (A,f(”’q) (g) + €)logl (s L(0r)). (8)

Combining (2) and (8), we obtain for a sequence of values of ¢ tending to infinity

log" M;'My(0) _ A" (f) — e

log["] Mk_lMg((T) B A,f("’q) () + e

Since € > 0 is arbitrary, we get

loe™ M1 M /\L(m,q)
lim sup °8 h f(a) > h (f)

. 9
oo logh M Mg(e) — A" (g) v

Also for a sequence of values of ¢ tending to infinity, we get
log"! M, "M (0) < (0" (f) + €) log" (¢ L()). (10)

Now, it follows that (6) and (10), we obtain for a sequence of values of ¢ tending to infinity

log[m} Mh_le(O') < p,Ll(m’q) (f)+e
logl"! M Mg(0) ~ A" (g) — e

Since € > 0 is arbitrary, we get

o 108 My Mi(0) g™ (f)
1m sup ] 1 = L) .
oo logt™ M, Mg(O') Ay (g)

(11)

O]

Thus, the theorem follows from (4), (7), (9) and (11). Now, we state the following three Theorems
without proof which can be easily carried out from the definitions of (p, g)th relative ritt L-order and

(p, q)th relative ritt L-lower order with the help of Theorem 2.1.

Theorem 2.2. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < )L,i(m’p ) (f) <

p;Ll(m’p) (f) < +o0,and 0 < A,f(”’p) (g) < p,f("’p)(g) < 400, where p, m, n are all positive integers then,

logl] A1 L(mp)
< liminf g™ My My(0) < Ay (f)

i "(g) ~ 7 log" M Mg(o) T A" (g)
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log"I M, ' My(0) _ ;" (f)
(”P)(g)

= fimsup log"l M "M, ()
© g k g(a) A

k

Theorem 2.3. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < Ai(p’m) (f) <
pi(p’m)(f) < +o0, and 0 < A,I;(q’m)(g) < p,lg(q’m)(g) < oo, where p, g, m, are all positive integers then,

/\}LZ(P m) f < limin log[P] M;le(O') Ai(l’ ") (f)
plf(q ) (g) ) log[”l] M;lMg((T) A}f(q ) (g)
< limsa log[f’] M; 1Mf<‘7) pﬁ(lﬂfm) (f) |
T—00 log[‘ﬂ Mlleg (0) /\é(q,m) (2)

. . . L(pn
Theorem 2.4. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < Ah(p )( f) <
pi(p’")(f) < 400, and 0 < )\,f(q’") (g) < p,f(q’")(g) < +oo, where p, q, n, are all positive integers then,

Aﬁ(l’/”)(f) < limin log[l’] —1Mf(0.) _ Aﬁ(l’/”)(f)
pk( ”)(g) T—v00 log[fﬂ 1Mg(g) - L(q:”)(g)
logl"M; ' My < P n)(f)
o) i('ir”)(g)'

o)

< limsu
aaoop log 1Mg

(
(

Theorem 2.5. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < p,i(m’q) (f) <

+00, and 0 < p,f(n’q) (g) < oo, where q, m, n are all positive integers then,

log!™ M‘lM L(m,q) loe™ M=1M
lim inf ©8 f<0) < Pn (f) < lim sup 08 h f(0>

T loglIMIMg(0) T g (g) T o Logl M T Mg (o).

Proof. From the definition plf("’q) (g), we get for a sequence of values of ¢ tending to infinity,

log" My Mg () > (pi" () — €) logl" (L (). (12
Now from (10) and (12), we get for a sequence of values of ¢ tending to infinity,

log"™ M, ' My(0) _ p, " (f) +e

log!"! M \Mg (@)~ " (g) — e

As € > 0 is arbitrary, we get

log!"! M, 'Mf(0) _ o, (f)
liminf < Uh .
700 log[”]M 1Mg(0') - pi("ﬂ)(g)

(13)
Also for a sequence of values of ¢ tending ti infinity, we get

log"! M ' My(e) < (0" (8) + €) log!" (7L (0)). (14)
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Now from (3) and (14), we get for a sequence of values of ¢ tending to infinity,

log" M, "My (o) _ 0,7 (f) —e
log["] Mk_lMg(U') B pi(n,q) (¢) +e€

As € > 0 is arbitrary, we get

log!™ MM L(ng)
fimsup 98 My M) " ()

. 15
coo logl" My Mg (o) — p,f““”(g) (15)

O

Thus the theorem follows from (13) and (15). Now we state the following three theorems without proof
which can easily be carried out from the definitions of (p, q)th relative ritt L-order and (p, g)th relative

ritt L-lower order and with the help of Theorem 2.5.

Theorem 2.6. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < pi(m’p ) (f) <

~+o00, and 0 < p,f(n’p ) () < oo, where p, m, n are all positive integers then,

m — L(m, m —
lim inf log[ ]Mh 1Mf<a) < ph( " (f) < limsu log[ }Mh 1Mf(a).
=0 Jogl] M, "Mg(o) — pi(”’p)(g) T oo logl M, "M, (o)

Theorem 2.7. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < pi(p ) (f) <

+o0, and 0 < pé(q’m) () < oo, where p, q, m are all positive integers then,

lim inf log[”] Mﬁle(U) < pﬁ(p,m) ) < limsup log[p]thle(U) .
T—00 log[q] Mk—lMg(O') - pi(q,m)(g) T oo log[q] Mk—lMg(U_)

Theorem 2.8. Let f, g, h and k be any four entire function VVDS defined by (1) such that 0 < pi(p ) (f) <

+o00,and 0 < p,f(q’n) () < oo, where p, q, n are all positive integers then,

— L(pn _
lim inf log[”] M, 1Mf(a) < ph(p )(f) < limsup log[P] M, 1Mf(‘7>.
T—00 ]Og[‘ﬂ M}:lMg(o') - pi(q,n)(g) T oo 10g[q] Ml;lMg(O’)
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