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Abstract: The paper presented a mathematical model to control unemployment using dynamic system. In this process we consider the
situation where job search is open for native unemployed and new migrant workers enter into the territory as unemployed.
So, government of that territory feels more burden of unemployment and make efforts for creating new vacancies with
the help of private sector. Also, we assume that native unemployed and new migrant workers both make efforts for
self-employment. We studied the local stability of the non-negative equilibrium point with and without delay. Numerical
simulation has been carried out to illustrate the analytical result.
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1. Introduction

Nowadays, world is facing so many burning problems like poverty, climate change, pollution, inequality, corruption etc.
Unemployment is one of the serious problem among them. Unemployment is an undemonstrative issue for whole world
because it effects directly or indirectly to other problems like poverty, inequality etc. Many people have to leave their own
territory and go to the other territory just to find the job. So, the government of that other territory has to faces more burden
of unemployment. In [6] Nikolopoulos and Tzanetis described a model for a housing allocation of homeless families due to
natural disaster. Based on some concept of this paper, in [1, 2] Misra and Singh developed a nonlinear mathematical model
for unemployment. In [2] the model considered three dynamic variables number of unemployed persons, employed persons
and newly created vacancies by government intervention. Using concept of this paper G.N.Pathan and P.H.Bhathawala [7]
developed a mathematical model for unemployment with effect of self-employment. M. Neamtu [4] presented a model for
unemployment using some concept of [2] with adding two new variables number of present jobs in the market and number of
immigrants. In [11, 12] G.N.Pathan and P.H.Bhathawala developed a mathematical model by adding a variable in [7] says
present jobs in the market [11] and number of migrant workers [12] and analyzed the result with and without time delay.
Using concept of above models we developed a new model to control unemployment with five dynamic variables: (i) Number
of unemployed persons U (t), (ii) Number of new migrant workers become part of labour workforce at territory denoted by
M (t), (iii) Number of Employed persons E(t), (iv) Number of present jobs in the market P(t) and (v) Number of newly

created vacancies by government and private sector V(t) and analyzed the result with delay and without delay. We assumed
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that available vacancies are equally open for native unemployed and new migrant workers. So, new migrant attracts to the
territory and government of that territory feels more burden of native unemployed workers and migrant workers. Therefore,
government of that territory tried to create new vacancies with the help of private sector. We assume the situation that at
some level native unemployed and migrant workers both try to become self-employed to survive.

The paper is organized as follows: Model for unemployment describes in Section 2.1, Section 2.2 describes an equilibrium
analysis, Section 2.3 describes the stability of equilibrium point, Numerical simulation describes in Section 2.4 and Conclusion

is given in Section 2.5.

2. Main Result
2.1. Mathematical Model

To develop a model we consider that all entrants of the category unemployment are fully qualified to do any job at any
time t. Number of unemployed persons U(t), increases with constant rate ai1. Present jobs in the market provided by
government and private sector is denoted by P(t) which is proportional to U(¢) with rate ¢1 and depreciation rate in
present jobs is cz. V/(t) is the new vacancies created by the efforts of government and private sector. Number of employed
persons is denoted by E(t). So, total available vacancies in the market are (P(t) + V(t) — E(t)). The rate of movement
from unemployed class to employed class is jointly proportional to U(¢) and number of available vacancies in the market
(P(t) + V(t) — E(t)). We assumed that job search is open for native unemployed as well as new migrant. So, new migrant
attracts to the territory and become part of the labor workforce of the territory denoted by M (t). Number of migrant
increases with constant rate mi. The rate of movement of migrant workers in employment class is jointly proportional to
M(t) and (P(t) + V(t) — E(t)). Native unemployed and migrant both make efforts for self-employment to survive which is
proportional to number of unemployed and migrant with the rate as and a7 respectively. Employed persons fired from their
job or leave the job and joint unemployed class with rate as. The death and retirement rate of employed person is ag. The
death rate of unemployed and migrant are az and ms respectively. The rate of migrant who registered as unemployed or

fired from their job is ae.

(fi—(t]=a1—agU(P—l—V—E)—a3U+a4E—a5U+a6M (1)
dM

W:mlfmgM(PJerE)faaM—mngcwM (2)
%:aQU(PJerE)erQM(PJerE)fa4E+a5U+a7MfagE (3)
dP

E261U—62P (4)
%/ —aU(t—7)+ BM(t — ) — 6V )

Here, o and 8 are the rate of newly created vacancies by government and Private sector proportional to U(t) and M (¢)

respectively. § is the diminution rate of newly created vacancies. T describes the delay in creating new vacancies.

Lemma 2.1. The set Q = {(U,M,E,P,V) 0SU+M+E<utm o< pgalatm) gy o %} where
~ = min(as, ms,as) is a region of attraction for the system (1)-(5) and it attracts all solutions initiating in the interior of

the positive octant.

Proof.  From equation (1)-(3) we get,

%(U(t) + M(t) + E(t)) = a1 +m1 — asU(t) — msM(t) — as ()
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‘Which gives

dt

Where v = min(as, ms, ag). By taking limit supremum

From equation (4) we get

Which gives

By taking limit supremum

from (5) we have

By taking limit supremum which leads to,

This proves the lemma.

2.2. Equilibrium Analysis

lim sup(U(t) + M(t) + E(t)) <

t— o0 Yy

dP
E = ClU(t) — Czp(t)

dP _ ci(ar +ma)
— == 7 P
dt — ¥ c2P(t)

Jim sup P(t) < @ Fm)
t—o0 Cg’y

% = aU(t) + BM(t) — 6V (1)
% < (a+B)U) -6V (1)

(a+ B)(a1 +m1)

i <
Jim supv ) < S

ai +my

LUty + M) + EQ)) < a1 +m1 —y(U(t) + M(t) + E(0))

The model system (1)-(5) has only one non negative equilibrium point Eo(U*, M™, E*, P*, V™) which obtained by solving

the following set of algebraic equations.

a1fagU(PJerE)fa3U+a4Efa5U+a6M:0

mi1 —moM(P+V — E)—asM —msM —azM =0

aUP+V —E)+moM(P+V —E)—asFE +asU+arM —asE =0

Taking addition of equation (6), (7) and (8)

Therefore

ClU_C2P:O

aU+ M -6V =0

a1 +m1 —asU —msM —asE =0

E:al—i—ml—agU—mgM

as

(11)
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From equation (9) and (10) we have

p=aU (12)
C2
V= aU + M (13)
0
Therefore
P+V_E:a8aU+bagM—(a1+m1) (14)
as
Where a = ¢+ G + 22, b= g + %2. Put values of equations (11) and (14) in (6) and (7) we get,
AU + A\ UM — AU — AsM — Ay =0 (15)
BoM? + ByUM — BoM — B3 =0 (16)
Where,
Ao = aaz2asg, B() = bagmz,
Al = azagb, B1 = aagmsa,
Az = [az(a1 +m1) — az(as + as) — asas], By = [ma(a1 + ma) — as(as + m3 + ar)],
A3 = [a6a8 — m3a4], B3 = mias.
Ay = [a1as + as(ar + ma)],
Equation (15) and (16) represent the equation of hyperbolas. From equation (15)
Ay + AU — A0U2
M = 1
AU — Az (17)
put value of equation (17) in (16) we get,
HoU® + HiU? — HoU — Hy = 0 (18)

Where

Hy = A2AoBo — Ao(A3sB1 + A1Bs2),
Hy = AgBoAs — BoA3 + As(A2B1 4+ AoB2) + A1 AsBs + B3 A3,
Hy; = 2A32A4Bo — A4(A3B1 + A1B2) + A2 A3Ba + 2A1 A3 B3,

Hs = BoAi + A3A4By — A§B3

Since all H;, i = 0,1, 2, 3 are positive and number of changes in signs of equation (18) is only one. By Descart’s rule equation
(18) has only one positive solution say U*. So, we get the non-negative equilibrium point of model with coordinates:

_ A4+A2U*7A0(U*)2’ o +m17a3U*fm3M*’ P _ CIU*’ V= aU* + pM™

M*
A U* — Az as C2 )

So, Eo(U*, M™*, E*, P*, V") is required non negative solution of the Model.
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2.3. Stability Analysis

Stability of equilibrium point without any delay: To check the local stability for 7 = 0 i.e. in absence of delay at

equilibrium point FEo(U*, M*, E*, P*,V*) we calculate the variational matrix T of the model system (1)-(5) corresponding
to Eo(U*, M*, E*, P*, V™).

11 a6 Ti3 —P3 —P3
0 722 ps —ps —pa

T=|r3 732 r33 T34 T35

Where
1 =a2(P+V—E), pzzmz(P-l-V—E), p3 = a2U, pa = maoM,
r11 = —p1—as —as, T31 =p1+as, Tog = —p2 —ae — M3 — a7, T32 = p2 + ar,
r13 = p3 + a4, 733 = —P3 — P4 — G4 — A8, T34 = P3 + P4, 735 = P3 + P4

The characteristic equation of above matrix is
N+ di A 4 do X+ ds A+ dad+ds =0 (19)
Where

di =0+ co —ri1 —ra2 —Tas,
d2 = pa(B + as + ms + 9) + psa + agd + ri3(as + §) — r11(as + pa + 0) — ro2(r13 — r11 + as + 9)
+ c2(6 — r11 — 122 — r33) + C1p3,
ds = (o + c1)(pa(as — as) + psas) — raa{ps(a + 1) + asris — asrin + c26 + (ris — r11 + as) (8 + c2) }
—r11{pa(B + m3) + (as + pa) (8 + c2) + c20} + pa{d(as + m3) + B(as + as) + agms
+ c2(8 + as +ms + )} + 0{asriz + ceas + c1p3 + cari3} + c2(aps + r13a3)
ds = ps(acas — msas)(a + c1) — reo{aPs(c2 + ag) + (c2 + 0)(asriz — agri1) + c20(ri3 — r11 + as)
+ cips(as + )} — rii{pama(d + c2) 4 ca(Bpa + 6(as + pa))} + {pa(as — aa) + paas}(acs 4 c16)
+ Bpa(as + as)(ps + c2) + pamsas(d + c2) + c20{pa(as + ms) + asriz} + Bpaasrsi,
ds = pa(acas — msaq)(acs + c18) — raa{psas(ace + c1) + c20(asrizs — asri1)}

+ copa{dms(as — r11) + B(asrs1 + ps(as + as))}

Since, d1, d2, ds, d4, ds are positive then all coefficients of equation (19) are positive and some algebraic manipulation convey
that dids > ds and didads > d3 + d3ds and (did2 — d3)(d3da — dads) > (dida — d5)2. So, by Routh Hurwitz criteria all
roots of equation (19) are negative or having a negative real part. Therefore equilibrium point Ey = (U, M*, E*, P*, V™)
is locally asymptotically stable.

Stability of equilibrium point with delay: To check the local stability for 7 # 0 (in presence of delay) at equilibrium

point Eg = (U*, M™, E*, P*, V™) we calculate the variational matrix 77 and T3 of the model system (1)-(5) corresponding
to By = (U*, M*, E*, P*, V™).

dr _ Tvz(t) + Tox(t — 1) (20)

dt
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Where x(t) = [ u(t) m(t) e(t) pt) v(t) 17, u(t), m(t), e(t), p(t) and v(t) are small perturbations around the equilibrium

point Ej.

i1 a6 Ti3 —PpP3 —P3
0 722 pa —ps —pa
Tyv = | rs1 T32 T3z Tsa T35
ct O 0 —c2 O
0 0 O 0 -9

[0 0000
00000
T:=100000

00000
@ 8000
The characteristic equation of system (20) is
O+ 1t 200 ) A+ Gatp s - (k1 ket kst + ka)e VT =0 (21)

Where

Jj1 =0+ c2 —r11 —T22 — 733,

j2 = pa(as + ms + 6) + asd + riz(az + 0) — r11(as + pa + §) — ro2(riz — ri1 + as + 9)
+ c2(6 — m11 — T22 — T33) + C1p3,

js = c1{pa(as — aa) + psas} — rea{asriz — asrin + (r1i3 — ri1 + as)(0 + c2) + c20 + c1ps}
—r11{pams + (as + pa)(ca + 0) + c20} + (c2 + 8){pa(as + m3) + asriz} + paagms
+ c1p3d + c20{ps + as + 13},

Jja = cipa(asag — maas) — raaf{(c2 + 6)(asriz — agri1) + c20(riz — r11 + as) + cips(as + 6)}
— r11{pam3(d + c2) + cad(as + ps)} + c16{pa(as — as) + psas} + pamszas(d + c2)
+ c20{pa(as + m3) + asris},

Jjs = c16pa(acas — mzaa) — raa{cipsas + c26(aszriz — asri1)} + capadms(as — r11)

k1 = paB + psa, k2 = a{ps(as — as) + p3(ag — ro2 + c2)} + paf{as + as + c2 — r11},

ks = aps(asas — mzas) — re2aps(c2 + as) — r11c28pa + aca{pa(ac — as) + p3as}
+ Bpa(as + as)(ps + c2) + Bpaasra,

ks = acops(asas — msas) — rooacapsas + feapa{asrs: + ps(as + as)}.

Now to check the stability of Equation (21) we should not directly use Routh-Hurwitz criterion. We should check that

Hopf-bifurcation occurs and for that we have to show that Equation (21) has a pair of purely imaginary roots. For this we

substitute ¢ = iw in Equation (21) and we get

iw® 4 jrw* —ijow® — jaw® 4 ijaw + js + (—ikiw® — kaw® + iksw 4+ ka)e T =0 (22)
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iw® + jrw® —ijow® — jsw? + ijaw + js + (—ik1w® — kaw® + iksw + ka)(coswT — isinwr) = 0

j1w4 - j3w2 + j5 — (kzw2 — k4) coswT — (klwg — ksw) sinwt + i(w5 — j2w3

+ juw — (k1w® — ksw) coswr + (kaw?® — k4) sinwr) =0 (23)
Separating real and imaginary part of Equation (23) we get

j1w4 - jgw2 +js = (k2w2 — k4) coswT + (k1w3 — ksw) sinwt (24)

W’ — j2w3 + jaw = (k1w3 — ksw) coswT — (k2w2 — k4) sinwr (25)

By squaring and adding Equation (24) and Equation (25)
(e = jsw® +j5)” + (W7 = fow® + jaw)? = (kow® — ka)® + (k1 — kaw)® (26)
By taking expansion of this

W 4 e1w® + eaw® +esw? +eqw? tes = 0, (27)

where

er = (ji — 2j2), e2 = (3 + 241 — 2175 — k),
es = (ji + 2j1js — 2j2ja + 2kiks — k3), es = (ji — k3 — 2j3js + 2kaka),

es = (js — ki)-
Substituting w? = ¢ in Equation (27) then we have
f(0) =0" + e10” + e20” + e30” + a0 +e5 =0 (28)

Ifall e; > 0 (i = 1,2,3,4,5) and satisfies the Routh-Hurwitz criterion then there is no positive root of Equation (28) i.e.
Equation (21) has not pair of purely imaginary root. So, by Routh-Hurwitz criterion equilibrium Ey is asymptotically stable
for all delay 7 > 0. Contrary assume that e; in Equation (28) does not satisfy the Routh-Hurwitz criterion then there is
at least one positive root wp exists of Equation (28) for es < 0. From this we get that (j2 — k3) < 0. Since js + ks > 0
$0, j5 — ka < 0. Which gives the condition for the existence of pair of purely imaginary roots (+iwo) of Equation (21) is

js — ks < 0 ie.

pa(asas — maaq)(c1d — aca) — roa{psag(c1 — ac2) + c26(asris — asrin)}

+ copa{dms(as — r11) — B(asrs1 + ps(as + as))} <0 (29)

From Equation (24) and Equation (25) we get

(k1w® — kaw) (jiw" — jiaw? + js) — (k2w® — ka)(W® — jow® + jaw)
(kw3 — kaw)(w® — jow? + Jaw) + (kow? — ka)(Jrw? — Jaw? + js)

tan wr =

For positive wp we have corresponding 7y is given by

=" 1 tan_l((klwg — kaw) (jiw? — jiaw?® + js) — (k2w® — ka)(w® — jow® + jaw)

wo | wo (k1w3 — ksw) (w5 — jaw? + jaw) + (kaw? — ka) (j1w* — jaw? + Jjs)

); n=0,1,2,3,... (30)

By Butler’s lemma we can say that equilibrium Fy remains stable for 7 < 79. Now to check that Hopf- bifurcation occurs

as 7 increases through 79. For this we have to check that 7o satisfies the transversality condition.
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Lemma 2.2. Transversality condit,ion is

o [E] o

Proof. By differentiating Equation (21) with respect to 7, we have

<@> T 5t 451”4 352 + 20a0) + s + (Bkat)® + 2k + hs)e T T
N (k13 + kop? + kstp + ka)e=¥T P

dr

Now,

o[ 181

= sgn | Re <%> )

Y=iwg
— son [5wf + derws + 3eaws + 2esw? + 64]
=39 (klwg’ — k3w0)2 + (kgwg — k4)2
h (wi)
= sgn 3 2 2 2
| (k1w§ — k3wo)? + (kawf — ka)

Here, h'(wd) > 0 if the condition (29) is satisfied. This shows that if condition (29) satisfies then equilibrium Ep of the
model system (1)-(5) is asymptotically stable for 7 < 79 ( i.e. 7 € [0,70)) and unstable for 7 > 7. The condition of

Hopf-bifurcation is satisfied so, periodic solution occurs when 7 passes the 7y for equilibrium pointEj. O
2.4. Numerical Simulation

For the Numerical simulation using MATLAB 7.6.0 we consider the following data, a1 = 5000, a2 = 0.00004, as = 0.04,
as = 0.004, a5 = 0.03, ag = 0.1, ar = 0.01, as = 0.07, m1 = 3000, mz = 0.00002, mz = 0.05, a = 0.2, 8 = 0.001,
6 = 0.08, ¢; = 0.08, c2 = 0.3. The equilibrium values of the model are: U* = 32387, M* = 13164, E* = 86376, P* = 8637,
V* = 81132. The eigenvalues of the variational matrix corresponding to the equilibrium point Ey = (U*, M*, E*, P* V™)
of model system (1)-(5) are —1.5228, —0.3923 + 0.088z, —0.3923 — 0.088i, —0.0694 + 0.0965¢ and —0.0694 — 0.0965¢. All
eigenvalues are negative or having negative real part. So, equilibrium Ey = (U*, M™*, E*, P*, V™) is locally asymptotically

stable. Using above parameter in equation (27) and (30) we get wo = 0.16 and 79 = 11.

Unemployment U(t) (Number of Persons)

2. 74 —=—— a2=0.00002 N
= a2=0.00004
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Time (t) (Year)

Figure 1.
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Unemployment U(t) (Number of Persons)
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Figure 5.
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Figure 6.

3. Conclusion

In this paper, the dynamical system presented a nonlinear mathematical model to control unemployment with five variables.
Theoretical calculation is compared with numerical simulation using MATLAB 7.6.0. Figure 1 indicates that if rate of as
goes higher then unemployment rate goes lower. That is if maximum unemployed persons joined employment class then
unemployment rate goes lower. Similarly, Fig.3 shows that for higher value of ms the rate of unemployment of migrant
worker become lower. From Figure 2 and Figure 4 we observe that for higher value of as and a7 the rate of unemployment
for native unemployed as well as migrant workers become lower. Which is show that if rate of self- employment varies then
rate of unemployment of native unemployed and migrant workers varies according to it. Figure 5 and Figure 6 indicates
that variation of ¢; effects to rate of unemployment. If ¢; posses bigger value then rate of unemployment decreases. That
is variation in present jobs inversely related to unemployment.

From the analysis of the model it can be seen that if maximum persons joined employment class then rate of unemployment
goes lower. Also, it can be observe that variation in present jobs effects to the unemployment rate of native unemployed and

also migrant workers. Therefore If number of present jobs is good then unemployment can control at some level. We can
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see that attempt of government and private sector for creating new vacancies is very important. Because Equilibrium point
is stable without any condition in absence of delay. But in presence of delay if the condition given by Equation (29) satisfies
then equilibrium is stable for 7 < 79 and unstable for 7 > 79. Where 7 is critical value which can be find by the Equation
(30). From Figure 2 and Figure 3 it can be observe that Self-employment is very important tool to control unemployment.
By making the efforts for self-employment native unemployed and migrant worker both can create chances for employment.

By attempt of self-employment unemployment can control at some level.
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