
Int. J. Math. And Appl., 6(1–A)(2018), 171–177

ISSN: 2347-1557

Available Online: http://ijmaa.in/
A
p
p
lications•ISSN:234

7-
15

57
•
In

te
r
n
a
ti
o
n
a
l
Jo

ur
na

l of Mathematics
A
n
d

its

International Journal ofMathematics And its Applications

Fuzzy Topological Fuzzy Ordered Spaces

Vinayak Eknath Nikumbh1, ∗

1 Department of Mathematics, P.V.P.College, Pravaranagar, Ahmednagar, Maharashtra, India.

Abstract: In this paper by combining the notions of certain types of fuzzy order and fuzzy topology we introduce fuzzy topological

fuzzy ordered spaces. Its various properties are analyzed. We also develop and study order separation axioms called fT i
separation axioms for ‘fuzzy topological fuzzy ordered spaces’. The relationships between some of these fT i separation
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1. Introduction

L.Nachbin in his famous book ‘Topology and Order’ published in 1965 [6] studied the relationship between topological and

ordered structures. Mc Cartan [5] introduced Ti order separation axioms (i = 1, 2, 3, 4) in topological ordered spaces. To

study of the interdependence between fuzzy topology and order, Katsaras [3] inroduced fuzzy topological ordered spaces in

1981. Here fuzzy topological ordered space is a triplet (X, T ,≤) where T is a fuzzy topology on X and ≤ is a crisp order

on X. We think that we will get better result on relationship between fuzzy topology and order if the order defined on X

is a fuzzy order. So, we define a fuzzy topological fuzzy ordered space, as a triple (X, T , ρ), wher T is a fuzzy topology on

X and ρ is a fuzzy order on X. This space is a generalization of Katsars’s fuzzy topological ordered spaces as well as fuzzy

topological spaces.

2. Preliminaries

Definition 2.1 ([9]). A fuzzy relation ρ on X is defined as a map ρ : X ×X → I where I = [0, 1], ρ is called

(1). reflexive, if ρ(x, x) = 1, for all x ∈ X.

(2). symmetric, if ρ(x, y) = ρ(y, x), for all x, y ∈ X.

(3). antisymmetric, if ρ(x, y) ∧ ρ(y, x) = 0 whenever x 6= y, for all x, y ∈ X.

(4). transitive, if ρ(x, z) ∧ ρ(z, y) ≤ ρ(x, y) for all x, y, z ∈ X.

∗ E-mail: vinayaknikumbh@yahoo.co.in

171

http://ijmaa.in/


Fuzzy Topological Fuzzy Ordered Spaces

A reflexive and transitive fuzzy relation is called a fuzzy preorder. Moreover a preorder which is antisymmetric is called a

fuzzy partial order (fuzzy order). A fuzzy symmetric fuzzy preorder is called a fuzzy equivalence (fuzzy similarity).

A set X equipped with fuzzy order relation ρ is called a fuzzy ordered set(foset), we denote it as (X, ρ).

Definition 2.2. If Y is a subset of a foset (X, ρ), then the fuzzy order ρ is also a fuzzy order on Y, called the induced fuzzy

order.

Definition 2.3. A fuzzy order ρ is linear(or total)on X if ρ(x, y) > 0 or ρ(y, x) > 0 for every x, y ∈ X. A fuzzy ordered

set (X, ρ) in which ρ is total is called a ρ -fuzzy chain. Conversely, if for x, y ∈ X, ρ(x, y) > 0 iff x = y , then (X, ρ)

is called a ρ-fuzzy antichain. Given a fuzzy preorder ρ on X , we define ρop : X × X → I by ρop(x, y) = ρ(y, x). Then,

ρop is also a preorder on X, called the opposite of ρ. ρ is a fuzzy partial order (fuzzy equivalence) iff ρop is a fuzzy partial

order(fuzzy equivalence). Suppose that (ρi)i∈∆ is a collection of fuzzy preorders on X. Then, the pointwise intersection

ρ(x, y) =
∧
i∈∆ ρi(x, y) is also a fuzzy preorder on X. If ρ is a fuzzy order on X then ρ ∧ ρop is a fuzzy equivalence on X.

Definition 2.4. A fuzzy set µ : X → I in a fuzzy preordered set (X, ρ) is called an upper set if ρ(x, y) > 0⇒ µ(x) ≤ µ(y)

for any x, y ∈ X. Dually, µ is called a lower set if ρ(x, y) > 0⇒ µ(y) ≤ µ(x) for any x, y ∈ X.

A fuzzy set µ is an upper set in (X, ρ) iff it is a lower set in (X, ρop). In particular, if ρ is a fuzzy equivalence relation then

a fuzzy set µ is an upper set in (X, ρ) iff it is an lower set in (X, ρop).

Definition 2.5. Let (X, ρ) be a fuzzy preordered set and z ∈ X then the fuzzy set u(z)(x) = ρ(z, x) is an upper set, called

the principal upper set generated by z. Similarly, the fuzzy set l(z)(x) = ρ(x, z) is a down set, called the principal down set

generated by z.

Definition 2.6. Let (X, ρ) and (Y, σ) be preordered fuzzy sets.We say that h : X → Y

(1). order preserving, if ρ(x, y) ≤ σ(h(x), h(y)), for all x, y ∈ X.

(2). order homomorphism, if ρ(x, y) = σ(h(x), h(y)), for all x, y ∈ X.

(3). order isomorphism, if h is an injective order homomorphism.

3. Fuzzy Topological Fuzzy Ordered Space

Definition 3.1. A fuzzy set µ on a fuzzy preordered space X is called

(1). f-increasing if ρ(x, y) > 0⇒ µ(x) ≤ µ(y) for x, y ∈ X.

(2). f-decreasing if ρ(x, y) > 0⇒ µ(x) ≥ µ(y) for x, y ∈ X.

(3). f-order convex if ρ(x, z) > 0 and ρ(z, y) > 0 imply µ(z) ≥ min{µ(x), µ(y)} for x, y, z ∈ X.

Definition 3.2. Let µ be a fuzzy preordered set in X then f-increasing hull of µ is the set fi(µ)(x) = sup{µ(y) |

ρ(x, y) > 0} f-decreasing hull of µ is the set fd(µ)(x) = supµ(y) | ρ(y, x) > 0 f-convex hull of µ is the set fc(µ)(x) =

sup{min{µ(x1), µ(x2)} | ρ(x1, x) > 0, ρ(x, x2) > 0}.

Note 3.3.

(1). fi(µ), fd(µ), fc(µ) are respectively the smallest increasing, decreasing and convex fuzzy preordered sets containing µ.
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(2). fc(µ) = fi(µ) ∧ fd(µ).

Definition 3.4. A fuzzy set µ in a fuzzy topological space (X, T ) is called a neighborhood of a fuzzy point xα if there exists

a T -open fuzzy set δ such that xα ∈ δ and δ ≤ µ i.e. α ≤ δ(x) and δ(x) ≤ µ(x).

Definition 3.5. A fuzzy set µ in (X, T ) is T -open if µ is a neighborhood of each fuzzy point xα for which xα ∈ µ.

Proposition 3.6. A function g : (X, ρ) → (Y, r) is f-increasing iff g−1(µ) is f-increasing (f-decreasing) in X for every

f-increasing (f-decreasing) set µ in Y.

Proof. Suppose g : X → Y is f-increasing and µ is an f-increasing set in Y . We want to show g−1(µ) is f-increasing set in

X. Let ρ(x, y) > 0 Since g is f-increasing, r(g(x), g(y)) > 0 in Y . As µ is increasing set in Y , we have µ(f(x)) ≤ µ(f(y)).

So g−1(µ)(x) ≤ g−1(µ)(y).Hence g−1(µ) is f-increasing set in X. Converse is straightforward.

Similarly, if f is f-decreasing and µ is f-decreasing (resp. f-increasing) then f−1(µ) is f-increasing(resp. f-decreasing).

Definition 3.7. A fuzzy topological fuzzy ordered space is a triple (X, T , ρ) where X is a nonempty set, T is a fuzzy topology

X and ρ is a fuzzy order on X.

4. Fuzzy T1 Ordered space

Definition 4.1. A fuzzy topological fuzzy ordered space (X, T , ρ) is said to be an lower fT1 ordered space if for each pair

of elements x, y ∈ X with ρ(x, y) = 0 there exists a decreasing T -open neighborhood µ of y such that µ(x) = 0. A fuzzy

topological fuzzy ordered space (X, T , ρ) is said to be an upper fT1 ordered space if for each pair of elements x, y ∈ X with

ρ(x, y) = 0 there exists a increasing T -open neighborhood µ of x such that µ(y) = 0. A fuzzy topological fuzzy ordered space

(X, T , ρ) is said to be fT1 ordered space if it is both upper and lower fT1 ordered.

Theorem 4.2. Let (X, T , ρ) be a fuzzy topological fuzzy ordered space. Then (X, T , ρ) is lower (resp. upper) fT1 ordered

space iff for each pair of points x, y ∈ X with ρ(x, y) = 0 there exists a T -open neighborhood µ of y (resp. of x) such that

d(µ(x)) = 0 (resp. i(µ(y)) = 0).

Proof. Follows from the definitions of d(µ) and i(µ) respectively.

Definition 4.3. For a ∈ X, we define the fuzzy sets ua, la w.r.to ρ as, ua(x) = ρ(a, x); la(x) = ρ(x, a) for every x ∈ X.

Definition 4.4. A fuzzy topological ordered space (X, T , ρ) is upper semiclosed ordered (resp. lower semiclosed ordered) if

the fuzzy set ua is closed(resp. la is closed). (X, T , ρ) is semiclosed ordered iff both ua and la are closed w.r.to T .

Proposition 4.5. A fuzzy topological fuzzy ordered space (X, T , ρ) is fT1 ordered iff order ρ on X is semiclosed.

Proof. Suppose (X, T , ρ) is fT1 ordered. Then it is lower fT1 ordered. So, for each pair of points x, y ∈ X with

ρ(x, y) = 0 there exists a T -open neighborhood µ of y such that d(µ(x)) = 0. Then, for a, b ∈ X such that ρ(a, b) = 0,

we have [1 − ua](b) > 0. So, 1 − ua is a T -open neighborhood of each b. Therefore, ua is T -closed. Similarly, by using

(X, T , ρ) is upper fT1 ordered, we get, la is T -closed.

Conversely, suppose for each a ∈ X, ua and la are T -closed. Let a, b ∈ X with ρ(a, b) = 0. By hypothesis, λ = 1−ub is T -open

and λ(a) > 0, λ(b) = 0. Now let ρ(x, y) > 0 We want to show λ(x) ≤ λ(y). If λ(x) = 0 then the result is obvious. If λ(x) > 0

then x ∈ 1−ub. Therefore ρ(b, x) = 0 which imply ρ(b, y) = 0 (because if ρ(b, y) > 0 then ρ(x, y) > 0⇒ ρ(b, x) > 0, which is

a contradiction). Hence, y ∈ 1−ub that is λ(y) ≥ λ(x). So, λ is an increasing neighborhood of a such that λ(a) > 0, λ(b) = 0.

Similarly, taking µ = 1− la, we get a decreasing T -open neighborhood µ of b which does not contain a. Therefore (X, T , ρ)

is fT1 ordered.
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Proposition 4.6. Let (x, T , ρ) be a fuzzy fT1 ordered and Y ⊂ X then (Y, TY , ρY ) where ρY = ρ ∩ (X × Y ) and TY =

{α|Y | α ∈ T } is fuzzy fT1 ordered.

Proof. Let (Y, TY ,≤Y ) be a subspace of (X, T , ρ). Let a, b ∈ Y such that ρ(a, b) = 0. So, a, b ∈ X such that ρ(a, b) = 0.

As X is T1-ordered there exists an increasing neighborhood λ∗ of a in X such that λ∗(b) = 0 and a decreasing neighborhood

µ∗ of b in X such that µ∗(a) = 0. Then, λ = λ∗|Y is an increasing neighborhood of a in Y such that λ(b) = 0 and µ = µ∗|Y

is a decreasing neighborhood of b in Y such that µ(a) = 0. Hence (Y, TY , ρY ) is fuzzy T1 ordered.

Proposition 4.7. If (X, T , ρ) is a fuzzy topological T1 ordered space and (X, δ, ρ) is a fuzzy topological ordered space with

T ≤ δ then (X, δ, ρ) is also fuzzy T1 ordered.

Proof. Fuzzy topological ordered space (X, T , ρ) is fuzzy T1 ordered, so for each x ∈ X, ux and lx are fuzzy closed sets in

(X, T ). But T ≤ δ , hence ux and lx are fuzzy closed sets in (X, δ). Therefore, (X, δ, ρ) is fuzzy fT1 ordered.

Proposition 4.8. Let f be a order preserving continuous function from (X, T , ρ) to an fuzzy topological fuzzy ordered space

(Y, δ, r). If (Y, δ, r) is fT1 ordered then (X, T , ρ) is also fT1 ordered.

Proof. Let ρ(x, y) > 0 in X. Since f is order preserving r ∗ (f(x), f(y)) > 0 in Y . Hence, there exists an increas-

ing(decreasing) neighborhood λ∗ such that λ∗(f(x)) > 0 (λ∗(f(y)) > 0) and λ∗(f(y)) = 0(λ∗(f(x)) = 0). Let λ = f−1(λ∗).

As f is order preserving and fuzzy continuous λ is an increasing (decreasing) fuzzy T -open neighborhood of x in X such

that λ(x) > 0 (resp. λ(y) > 0) and λ(y) = 0 (resp λ(x) = 0). Thus, X is fuzzy fT1 ordered.

Note 4.9. In this paper we use ∆ as an indexing set.

Definition 4.10. Let {(Xt, Tt, ρt) | t ∈ ∆} be a family of ordered fuzzy topological spaces. Let X =
∏
{Xt | t ∈ ∆} and let

T be the product fuzzy topology on X. Let ρ be a binary relation on X defined as, ρ(x, y) =
∧
t∈∆ ρt(xt, yt) for x = (xt) and

y = (yt) ∈ X. Then, ρ is a fuzzy partial order on X. The ordered fuzzy topological space (X, T , ρ) is called the fuzzy ordered

fuzzy topological product of the family {(Xt, Tt, ρt) | t ∈ ∆}.

Theorem 4.11. The product of a family of fuzzy fT1 ordered spaces is also fuzzy fT1 ordered.

Proof. Let {(Xt, Tt,≤t) | t ∈ ∆} be a family of fuzzy fT1 ordered spaces and (X, T ,≤) be the fuzzy product fuzzy ordered

space. Let x = (xt), y = (yt) ∈ X be such that ρ(x, y) = 0. Then, there exists α ∈ ∆ such that ρα(xα, yα) = 0. Since

(Xα, Tα, ρα) is fuzzy fT1 ordered, there exists an increasing open set λα in Tα such that λα(xα) > 0 and λα(yα) = 0 and

an decreasing open set µα in Tα such that µα(xα) = 0 and µα(yα) > 0. Define, λ =
∏
{λt | t ∈ ∆} where λt = 1Xt if t 6= α

and λt = λα if t = α. µ =
∏
{µt | t ∈ ∆} where µt = 1Xt if t 6= α and µt = µα if t = α. Then λ is an increasing fuzzy open

set such that λ(x) > 0, λ(y) = 0 while µ is a decreasing fuzzy open set such that µ(x) = 0, µ(y) > 0.

λ(y) =
∏
{λt | t ∈ ∆}(y)

= min {λt(yt) | t ∈ ∆}

= min {{λt(yt) | t 6= α}, λα(yα)}

= min{1, 0}

= 0

Hence, (X, T , ρ) is fT1 ordered.
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5. Fuzzy T2 Ordered Space

Definition 5.1. A fuzzy topological fuzzy ordered space (X, T , ρ) is said to be a fT2 ordered space if for each pair of elements

x, y ∈ X with ρ(x, y) = 0 there exists a increasing T -open neighborhood µ of x and a decreasing T -open neighborhood λ of y

such that µ ∧ λ = 0.

Proposition 5.2. A fuzzy topological fuzzy ordered space (X, T , ρ) is said to be a fT2 ordered space iff for each pair of

elements x, y ∈ X with ρ(x, y) = 0 there exists T -open neighborhoods µ and λ of x and y respectively such that i(µ)∧d(λ) = 0.

Proof. Follows from the definitions of i(µ) and d(λ).

Proposition 5.3. Every fT2 ordered space is a fT1 ordered space.

Definition 5.4. A fuzzy topological fuzzy ordered space (X, T , ρ) is called a f-Hausdorff space iff for points x, y ∈ X with

x 6= y there exists fuzzy neighborhoods λ and µ of x and y respectively such that λ ∧ µ = 0.

Remark 5.5. Every fT2 ordered space is f-Hausdorff space, but f-Hausdorff space need not be fT2 ordered space.

Definition 5.6. A fuzzy order relation ρ on a fuzzy topological space (X, T ) is closed if ρ is a closed fuzzy set in the product

space X ×X.

Proposition 5.7. A fuzzy topological fuzzy ordered space (X, T , ρ) is a fT2 ordered space if and only if the order ρ on a

fuzzy topological space (X, T ) is closed.

Proof. Suppose (X, T , ρ) is a fuzzy topological ordered space where the order ρ is closed. Let ρ(x, y) = 0 for x, y ∈ X.

Then, (x, y) /∈ ρ. Since, ρ is a fuzzy closed set in (X × X, T ′) , where T ′ is the product topology on X × X. We have,

1 − ρ is fuzzy open set in (X × X, T ′). Now, ρ(x, y) = 0. So, 1 − ρ(x, y) = 1 > 0. ∴, 1 − ρ is a fuzzy open neighborhood

of (x, y) ∈ X ×X. Hence, we can find a fuzzy open set λ × µ such that λ × µ ≤ (1 − ρ) where λ is a fuzzy open set such

that λ(x) > 0 and µ is a fuzzy open set such that µ(y) > 0. Now we show i(λ) ∧ d(µ) = 0. For if there is z ∈ X such

that (i(λ) ∧ d(µ))(z) > 0 then i(λ)(z) ∧ d(µ)(z) > 0 If ρ(y, z) ≤ ρ(z, x) then ρ(z, x) > 0 ⇒ i(λ)(x) > d(µ)(z) > 0 and

ρ(y, z) > 0⇒ d(µ)(y) > d(µ)(z) > 0. Therefore i(λ)(x) > 0, d(µ)(y) > 0. Hence, ρ(x, y) > 0, which a contradiction.

Conversely, suppose fuzzy topological fuzzy ordered space (X, T , ρ) is fT2 ordered space, to show ρ is fuzzy closed set in

(X ×X, T ′). Let (x, y) ∈ 1 − ρ then (1 − ρ)(x, y) > 0 So, ρ(x, y) = 0. By hypothesis, there exists fuzzy open set λ and µ

such that λ is increasing fuzzy open neighborhood of x and µ is a decreasing fuzzy open neighborhood of y and λ ∧ µ = 0.

Clearly, λ× µ is a fuzzy open neighborhood of (x, y) such that λ× µ(x, y) > 0. It is easy to verify that λ× µ < 1− ρ. So

1− ρ is a fuzzy open set. ρ is a fuzzy closed set in X ×X. Hence, ρ is a closed order.

Proposition 5.8. Let (X, T , ρ) be a fT2 -ordered space and Y ⊂ X, then (Y, TY , ρY ) is also fT2 ordered.

Proof. Let (Y, TY ,≤Y ) be a subspace of (X, T ,≤). Let a, b ∈ Y such that ρ(a, b) = 0. So, a, b ∈ X such that ρ(a, b) = 0.

As X is fT2-ordered there exists an increasing neighborhood λ∗ of a in X and a decreasing neighborhood µ∗ of b in X such

that λ∗ ∧ µ∗ = 0. Then, λ = λ∗|Y is an increasing neighborhood of a in Y and µ = µ∗|Y is a decreasing neighborhood of b

in Y such that λ ∧ µ = 0. Hence (Y, TY , ρY ) is fuzzy T2 ordered.

Proposition 5.9. Let (X, T , ρ) be a fT2-ordered and (X, δ, ρ) is an fuzzy topological ordered space with T ≤ δ then (X, δ, ρ)

is also fT2 ordered.

Proof. Fuzzy topological ordered space (X, T , ρ) is fuzzy fT2 ordered, so ρ is a fuzzy closed sets in (X, T ). But T ≤ δ,

hence ρ is a fuzzy closed sets in (X, δ). Therefore, (X, δ, ρ) is fT2 ordered.
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Proposition 5.10. If f is an order preserving fuzzy continuous mapping from (X, T , ρ) to a fT2 ordered space (Y, δ, r) then

(X, T , ρ) is also fuzzy T2 ordered.

Proof. Suppose f : (X, T , ρ)→ (Y, δ, r) is an increasing fuzzy continuous map. Let ρ(x, y) = 0 in X. Hence r(f(x), f(y)) =

0 in Y . But (Y, δ, r) is a fT2 ordered space, so there exists an increasing fuzzy open set λ and a decreasing fuzzy open set

µ such that λ is a fuzzy open neighborhood of f(x) and µ is a fuzzy open neighborhood of f(y) such that λ ∧ µ = 0. Since,

f is increasing, λ is increasing it follows that f−1(λ) is increasing. Also, since f is increasing, µ is decreasing it follows that

f−1(µ) is decreasing. Also, f is continuous, implies f−1(λ) and f−1(µ) are fuzzy open sets containing x and y respectively.

f−1(λ) ∧ f−1(µ) = f−1(λ ∧ µ) = f−1(0) = 0. Hence, X is fT2 ordered.

Theorem 5.11. The product of a family of fuzzy T2 ordered spaces is also fuzzy T2 ordered.

Proof. Let {(Xt, Tt, ρt) | t ∈ ∆} be a family of fT2 ordered spaces and (X, T , ρ) be the product of ordered fuzzy topological

spaces. If (x, y) ∈ X such that ρ(x, y) = 0 then there exists t0 ∈ ∆ such that ρt0(xt0 , yt0) = 0. Then there exists fuzzy

open sets λt0 and µt0 in Xt0 such that λt0 is increasing and µt0 is decreasing, λt0 is a fuzzy open neighborhood of xt0 , µt0

is fuzzy open neighborhood of yt0 and λt0 ∧ µt0 = 0. Define λ =
∏
t∈∆ λt, where λt = 1Xt if t 6= t0 and λt = λt0 if t 6= t0.

µ =
∏
t∈∆ µt where µt = 1Xt if t 6= t0 and µt = µt0 if t 6= t0. Then λ is an increasing fuzzy open set of X and mu is a

decreasing fuzzy open set of X such that λ is a fuzzy open neighborhood of x and µ is a fuzzy open neighborhood of y and

λ ∧ µ = 0. Hence (X, T ,≤) is fT2 ordered.

6. Fuzzy Regular Fuzzy Ordered Space

Definition 6.1. A fuzzy topological fuzzy ordered space (X, T , ρ) is fuzzy lower regular fuzzy ordered if for all decreasing

closed sets λ and for all x ∈ X such that λ(x) = 0 there exists an increasing open set µ and a decreasing open set ν such

that µ(x) > 0, λ ≤ ν and µ ∧ ν = 0. Similarly, a fuzzy topological fuzzy ordered space (X, T , ρ) is fuzzy upper regular fuzzy

ordered if for all increasing closed sets λ and for all x ∈ X such that λ(x) = 0 there exists an decreasing open set µ and a

increasing open set ν such that µ(x) > 0, λ ≤ ν and µ ∧ ν = 0. A fuzzy topological fuzzy ordered space (X, T , ρ) is fuzzy

regular fuzzy ordered space if it is both fuzzy upper and lower fuzzy regular ordered.

Remark 6.2. Here we define order on IX as, for λ, µ ∈ IX we have λ ≤ µ iff λ(x) ≤ µ(x) for all x ∈ X.

Proposition 6.3. A fuzzy topological fuzzy ordered space (X, T , ρ) is fuzzy regular fuzzy ordered if the following condition

is satisfied: For each x ∈ X and an increasing (resp.decreasing) T -open fuzzy neighborhood µ of x, there exists an increasing

(resp. decreasing) T open set ν such that µ(x) > 0 and ν ≤ I(ν) ≤ µ(ν ≤ D(ν) ≤ µ), where D(µ) = inf{ρ | ρ ≥

µ, ρ, ρ is closed and decreasing} is the smallest decreasing closed set containing µ.

D(µ)(x) = ∨{µ(y) | ρ(x, y) > 0}

I(µ) = inf{ρ | ρ ≥ µ, ρ is closed and increasing}

is the smallest increasing closed set containing µ.

I(µ)(x) = ∨{µ(y) | ρ(x, y) > 0}

Proof. Suppose (X, T , ρ) is a fuzzy lower (resp. upper) regularly fuzzy ordered space. Let x ∈ X and let µ be an increasing

(resp. decreasing) T -open neighborhood of x, then 1 − µ is T -closed, decreasing(increasing)in X and (1 − µ)(x) = 0. By
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hypothesis, there exists increasing (decreasing) fuzzy open set ν and a decreasing(increasing) fuzzy open set λ such that

ν(x) > 0, 1 − µ ≤ λ, λ ∧ ν = 0. Hence, ν ≤ 1 − λ ≤ µ. So, I(ν) ≤ I(1 − λ) = 1 − λ, since 1 − λ is T -closed. Therefore

ν ≤ I(ν) ≤ µ(ν ≤ D(ν) ≤ µ). Converse, is straightforward.

Proposition 6.4. If (X, T , ρ) is fuzzy regular fuzzy ordered space then every fuzzy ordered subspace (Y, TY ,≤Y ) is also fuzzy

regularly fuzzy ordered space.

Proof. Let (Y, TY , ρY ) be ordered subspace of the fuzzy upper regularly ordered space (X, T , ρ) and let x ∈ Y and µ

be any TY open decreasing fuzzy neighborhood of x in Y . Then there exists a T open decreasing fuzzy set λ∗ such that

λ = λ∗|Y with λ∗(x) > 0. Since (X, T , ρ) is upper fuzzy regular fuzzy ordered set, there exists a T open decreasing fuzzy

set µ∗ such that µ∗(x) > 0 and µ∗ ≤ D(µ∗) ≤ λ∗. By restriction of µ∗ and D(µ∗) to Y , we have µ ≤ D(µ) ≤ λ. Therefore

(Y, TY , ρY ) is upper fuzzy regularly ordered.

Definition 6.5. A fuzzy topological fuzzy ordered space (X, T , ρ) is fuzzy lower (resp. upper) fT3 ordered iff it is fuzzy

lower (resp. upper) fT1 ordered and lower (resp.upper) fuzzy regular fuzzy ordered.

Definition 6.6. (X, T , ρ) is fuzzy fT3 ordered space if (X, T , ρ) is fuzzy fT1 ordered and fuzzy regularly fuzzy ordered.

Proposition 6.7. If (X, T , ρ) is fT3 ordered space then (X, T , ρ) is fT2 ordered space.

Theorem 6.8. The product of a family of fuzzy regular ordered spaces is also fuzzy regular ordered space.

Proof. Let {(Xt, Tt, ρt) | t ∈ ∆} be a family of fuzzy regular ordered spaces and (X, T , ρ) be the product of ordered fuzzy

topological spaces. Let x ∈ X in the product topology. Let µ be a decreasing fuzzy T -open set containing x.Since, the

projection Pt : X → Xt is order preserving continuous function, the point xt is contained in a decreasing Tt -open set for

each t ∈ ∆ such that µ = {P−1
t (λt) | t ∈ ∆}. As (Xt, Tt, ρt) is regular, there exists a decreasing Tt -open set νt such that

xt ∈ νt ≤ D(νt) ≤ µt. So, x ∈ P−1
t (νt) ≤ P−1

t (D(νt)) ≤ µ. Hence (X, T , ρ) is fuzzy regular ordered.
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