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Abstract

In this research work, we use the definition for the degree of vertex v ∈ V(G), called Co-even

domination degree of d(v) are introduced and denoted by dcoe(v), along with this new degree some

Co-even domination indices based on Co-even domination degrees are Introduced. The exact value

of Co-even domination ABC, GA and AG of some well-known classes of graphs is established.

Lower and upper bounds on the Co-even domination ABC, GA and AG indices of the graph.
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1. Introduction

In this paper, we assume that G = (V, E) is a simple connected graph,Graph theory is considered

a new language to deal with all sciences. In mathematics deals with most of its fields such as

topological graph [12, 27], fuzzy graph [25] and, and others. In the last decade, graph theory has

found considerable use in mathematical chemistry. In this area, we can apply tools of graph theory

to model the chemical phenomenon mathematically. This theory contributes a prominent in chemical

science. Topological indicators are numeric parameters of a graph that characterize a topology and

are usually constant in the graph. Topological indicators are used for example in the development of

quantitative structure-activity relationships (QSARs) where the biological activity or other properties

of molecules are associated with chemical structure. We can list some major of topological indices such

as degree-based-topological indices see [18,19], and distance based-topological indices see [13–17]. For

more discussion, see [2–11, 23, 24]. Zagreb Topological indices relies on distance degree, and defined

as follows [20, 21]:

M1(G) = ∑
v∈V(G)

d(v)2
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M2(G) = ∑
uv∈E(G)

d(u)d(v).

The Forgotten index F(G) = ∑
v∈V(G)

d3
1(v/G) = ∑

uv∈E(G)
[d2

1(v/G) + d2
1(v/G)] [21]. For more information

on Zagreb and beyond topological indices, readers are referred to the survey [22]. The maximum

and minimum degrees of vertices of a graph G are denoted by ∆(G) and δ(G) respectively. A helm

graph is obtained by the wheel graph of n vertices by adjoining a pendent edge at each vertex of the

cycle. Ladder graph Ln is a planar undirected graph with 2n vertices and 3n − 2 edges. The ladder

graph can be obtained as the Cartesian product of two path graphs, one of which has only one edge:

Ln,1 = Pn × P2. A set D ⊆ V is said to be a dominating set of G, if for any vertex v ∈ V − D there exists

a vertex u ∈ D such that u and v are adjacent. The domination number γ(G) of G is the minimum

cardinality of a minimal dominating set in G. Let G be a graph and D is a dominating set, the set

D is called Co-even dominating set if, deg(v) is even number for all v ∈ V − D [26]. A. M. Hanan

Ahmed [18] are introduced the P set degree of the vertex v ∈ V(G) define as dp(v) = |{S ⊆ V(G) :

S has propertices P and v ∈ S}| for a graph G, we use the notation Tcoe(G) to denote the total number

of Co-even dominating sets of G. In this paper, we define a new degree of each vertices v ∈ V(G), called

Co-even domination degree of d(v) is introduced and denoted by dcoe(v), along with this new degree

some Co-even domination indices based on Co-even domination degree are Introduced. The exact

value of Co-even domination Zagreb indices of some well-known classes of graphs are established.

Lower and upper bounds on the Co-even domination Zagreb indices of the graph.

2. Co-even Domination Indices of Graph

In this section, we present the definitions of Co-Even Domination Forgotten, Modified Forgotten, hyper

Zagreb Indices and, we establish the formulaes of the exact values of Co-Even Domination Forgotten,

Modified Forgotten, hyper Zagreb Indices of Graph for some well-known graph classes.

Definition 2.1. [1] Let D be a Co-even dominating set, then the Co-even domination degree of vertex v ∈ V(G)

is the number of Co-even dominating sets which containing v, and denoted by dcoe(v) i.e. dcoe(v)=|{D ⊆ V(G):

D is Co-even dominating set and v ∈ D}|. The minimum and maximum co-even domination degree of G denoted

by δcoe(G) and ∆coe(G) respectively, where δcoe(G) = min{dcoe(v) : v ∈ V(G)}, ∆coe(G) = max{dcoe(v) :

v ∈ V(G)}

Definition 2.2. Let G be a graph and D be a Co-even domination set of graph G. Then the Co-Even Domination

Forgotten, Modified Forgotten, hyper Zagreb Indices of Graph are define as:

Dcoe ABC(Γ) = ∑
xy∈E(Γ)

√
dcoe(x) + dcoe(y)− 2

dcoe(x)dcoe
. (1)

DcoeGA(Γ) = ∑
xy∈E(Γ)

2
√

dcoe(x)dcoe

dcoe(x) + dcoe(y)
. (2)
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Dcoe AG(Γ) = ∑
xy∈E(Γ)

dcoe(x) + dcoe(y)
2
√

dcoe(x)dcoe
. (3)

Proposition 2.3. Let Sn stare graph. Then

1. If n is even

Dcoe ABC(Sn) = ∑
xy∈E(Γ)

√
1 + 1 − 2

1
= 0.

DcoeGA(Sn) = ∑
xy∈E(Γ)

2
√

1
1 + 1

= (n − 1).

Dcoe AG(Sn) = ∑
xy∈E(Γ)

1 + 1
2
√

1
= (n − 1).

2. If n is odd

Dcoe ABC(Sn) =
1√
2
(n − 1).

DcoeGA(Sn) =
2
√

2
3

(n − 1).

Dcoe AG(Sn) =
3

2
√

2
(n − 1).

Proof. Let Γ be a graph that is isomorphic to a star graph. Suppose the set of n vertices of Γ is

{x1, x2, ..., xn−1, w}, where w is the center vertex.

Case 1: If n is even, then we have only one Co-even dominating set {x1, x2, ..., xn−1, w}. Hence dcoe(x) =

1, Tcoe(x) = 1, so we have only for all x ∈ V(Γ), then by the Definition 2.2

Dcoe ABC(Sn) = ∑
xy∈E(Γ)

√
1 + 1 − 2

1
= 0.

DcoeGA(Sn) = ∑
xy∈E(Γ)

2
√

1
1 + 1

= (n − 1).

Dcoe AG(Sn) = ∑
xy∈E(Γ)

1 + 1
2
√

1
= (n − 1).

Case 2: If n is odd, we have Dcoe1 = {x1, x2, ...., xn−1, w}, Dcoe2 = {x1, x2, ..., xn−1}, Tcoe(Sn) = 2. Hence

dcoe(x) =

 1, if x = w;

2, if otherwise .

then by definition 2.2, we get

Dcoe ABC(Sn) =
1√
2
(n − 1).
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DcoeGA(Sn) =
2
√

2
3

(n − 1).

Dcoe AG(Sn) =
3

2
√

2
(n − 1).

Proposition 2.4. Let Wn wheel graph. Then

1. If n is even

Dcoe ABC(Wn) = (n − 1).

DcoeGA(Wn) =
1√
2
(n − 1).

Dcoe AG(Wn) =
3

2
√

2
(n − 1.

2. If n is odd

Dcoe ABC(Wn) =
1√
2
(n − 1).

DcoeGA(Wn) = 3(n − 1).

Dcoe AG(Wn) =
1
2
(n − 1) +

1
2
(n − 1).

Proof. We can proof this by similarly Proposition 2.3.

Proposition 2.5. Let G be a complete graph Kn,with n ≥ 3. Then

1. If n is even

Dcoe ABC(Γ) = (n − 1).

DcoeGA(Γ) =
(n − 1)2

2
.

Dcoe AG(Γ) = (n − 1)2.

2. If n is odd, then

Dcoe ABC(Γ) =

√
2n − 2

2n (n − 1).

DcoeGA(Γ) = 21−n
√

22(n−1) (n − 1)2

2

Dcoe AG(Γ) = n(n − 1)2n(n−1)(n − 1)2.

Proof. Let Kn be a complete graph, with n ≥ 3, then

Case 1: If n is even, then there only Co-even dominating set of Γ is V(Kn) i.e, Dcoe = {x1, x2, ..., xn}.
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Hance dcoe(x) = 1 for all v ∈ V(Kn), and

Dcoe ABC(Γ) = (n − 1).

DcoeGA(Γ) =
(n − 1)2

2
.

Dcoe AG(Γ) = (n − 1)2.

Case 2: In this case if n is odd. The first degree of all vertices are even, hance there are (n
1) Co-

even dominating sets containing only one vertex has only first even degree, there are (n
2) Co-even

dominating sets containing two vertices have even first degree,and there are (n
3) Co-even dominating

sets containing three vertices have even first degree and there are (n
n) Co-even dominating sets contain

all vertices, not that all above Co-even dominating sets contains all vertices of odd first degree. The

total number of Co-even dominating sets are (n
1) + (n

k) + ... + (n
n) = 2n − 1 sets. Using the definition of

Co-even domination degree we have dcoe(x) = 2n−1. Applying definition 2.2, we get

Dcoe ABC(Γ) =

√
2n − 2

2n (n − 1).

DcoeGA(Γ) = 21−n
√

22(n−1) (n − 1)2

2

Dcoe AG(Γ) = n(n − 1)2n(n−1)(n − 1)2.

Proposition 2.6. Let Km,n ∼= Γ be complete bipartite graph with m, n vertices.

1. If m is odd and n is even. Then

Dcoe ABC(Γ) = mn

√
2m + 2(m−1) − 2

22m−1

 .

DcoeGA(Γ) = 2(2m + 2m−1)−1
√

22m−1(mn).

Dcoe AG(Γ) = mn
(

2m + 2m−1

2
√

22m−1

)
.

2. If m is even and n is odd. Then

Dcoe ABC(Γ) = mn

√
2m + 2(m−1) − 2

22m−1

 .

DcoeGA(Γ) = 2(2m + 2m−1)−1
√

22m−1(mn).

Dcoe AG(Γ) = mn
(

2m + 2m−1

2
√

22m−1

)
.

Proof. Let A the set of vertices in the first partite, and B the set of vertices in the second partite, clear

|A| = m, |B| = n.



ABC, GA and AG Co-Even Domination Indices of Graph / S. Raju et. al. 80

Case 1: If m is odd and n is even. Then first degree(d(v)) is even for all v ∈ A and d(v) is odd for

all v ∈ B. Now, there are (m
1 ) Co-even dominating sets contain only one vertex of A, (m

2 ) Co-even

dominating sets contain two vertices of A and (m
m) Co-even dominating sets contain all the vertices of

A. Not that all vertices of B are present in all Co-even dominating sets. Hence the total number of

Co-even dominating sets are the set B and (m
1 ) + (m

2 ) + ... + (m
m) = 2m. Using the definition of Co-even

domination degree we get the total number is 2m

dcoe(v) =

 2m, if v ∈ B;

2m−1, if v ∈ A .

Applying Definition 2.2, we get

Dcoe ABC(Γ) = mn

√
2m + 2(m−1) − 2

22m−1

 .

DcoeGA(Γ) = 2(2m + 2m−1)−1
√

22m−1(mn).

Dcoe AG(Γ) = mn
(

2m + 2m−1

2
√

22m−1

)
.

Case 2: If m even and n odd. Applying the same method in Case 1. Then we get,

dcoe(v) =

 2n−1, if v ∈ B;

2n, if v ∈ A .

Applying the Definition 2.2, we get

Dcoe ABC(Γ) = mn

√
2m + 2(m−1) − 2

22m−1

 .

DcoeGA(Γ) = 2(2m + 2m−1)−1
√

22m−1(mn).

Dcoe AG(Γ) = mn
(

2m + 2m−1

2
√

22m−1

)
.

Definition 2.7. The graph Γ is called K− Co-even domination regular graph if and only if dcoe(v) = k, for all

v ∈ V(G). For example,

1. Sn with n is even is one Co-even domination regular graph.

2. Kn, n ≥ 3 with n even is one-Co-even domination regular graph.

3. Kn, n ≥ 3 with n odd is 2n−1 Co-even domination regular graph.
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Observation 2.8. [1] Let G be graph and γcoe(Γ) is Co-even domination number of G = (n, m), with

D1, D2, ..., Dt as Co-even domination sets. Then

tγcoe(Γ) ≤ ∑
v∈V(Γ)

dcoe(v) ≤ t|V(Γ)|

Figure 1: Helm graph H4, and H5.

Theorem 2.9. Let Hn ∼= Γ be Helm graph with n ≥ 4. Then

1. If n is even

Dcoe ABC(Γ) =

√
2n−2 + 2n−1 − 2

22n−3 (n − 1) +

√
2n−2 + 2n−2 − 2

24n−4 (n − 1)

DcoeGA(Γ) = 2
22n−3

2n−1 + 2n−2 (n − 1) + 2
22n−4

2n−1 + 22n−4 (n − 1)

Dcoe AG(Γ) =
2n−2 + 2n−1

2
√

22n−3
(n − 1) +

2n−2 + 2n−1

2
√

22n−4
(n − 1)

2. If n is odd

Dcoe ABC(Γ) =

√
2n + 2n−1 − 2

22n−1 (n − 1) +

√
2n−1 + 2n−1 − 2

22n−1 (n − 1)

+

√
2n−1 + 2n−1 − 3

22n−2 + 2n−1(n − 1)

DcoeGA(Γ) = 2
2n−12n

22n−1 (n − 1) + 2
22n−2

2n−1 + 2n−1 (n − 1) + 2

√
22n−2 + 2n−1

22n−2 (n − 1)

Dcoe AG(Γ) =
2n + 2n−1

2
√

22n−1
+

2n−1 + 2n−1

2
√

22n−2
+

2n−1 + 2n−1 − 1

2
√

22n−2 − 2n−1

Proof. Let Hn be a Helm graph with n ≥ 4.

Case 1: If n is even. In this case there are n − 1 vertices of even first degree d(v). Hance the number

of Co-even dominating sets produced from all the different substitutions for n − 1 vertices are (n−1
1 ) +

(n−1
2 ) + ... + (n−1

n−1) = 2n−1 − 1. Note, that all vertices of odd first degree are present in all 2n−1 − 1

Co-even dominating sets. Also, there is another Co-even dominating sets contains only the vertices of

d(v) is odd. Then Tcoe(G) = 2n−1 − 1+ 1 = 2n−1. Hance, by using the definition of Co-even domination

degree, we get

dcoe(v) =

 2n−2, if d(v) is even;

2n−1, if d(v) is odd .
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Therefore by Definition 2.2, we get

Dcoe ABC(Γ) =

√
2n−2 + 2n−1 − 2

22n−3 (n − 1) +

√
2n−2 + 2n−2 − 2

24n−4 (n − 1)

Let E1 be the sets of all edges that connect vertices whose first degrees are odd with vertices whose

first degrees are even. E2 be the sets of all edges that connect vertices whose first degrees are even with

vertices whose first degrees are even. Therefore

Dcoe ABC(Γ) =

√
2n−2 + 2n−1 − 2

22n−3 (n − 1) +

√
2n−2 + 2n−2 − 2

24n−4 (n − 1)

DcoeGA(Γ) = 2
22n−3

2n−1 + 2n−2 (n − 1) + 2
22n−4

2n−1 + 22n−4 (n − 1)

Dcoe AG(Γ) =
2n−2 + 2n−1

2
√

22n−3
(n − 1) +

2n−2 + 2n−1

2
√

22n−4
(n − 1)

Case 2: If n is odd in this case there are n vertices of even first degree. Hance the number of Co-even

dominating sets is equal the number of different substitutions for n is (n
1) + (n

2) + ... + (n
n) = 2n − 1

Co-even dominating sets. Note that all pendent vertices are present in all 2n − 1 Co-even dominating

sets. Also, there is another Co-even dominating sets that contains all pendent vertices with the center

vertex. Hence Tcoe(Hn) = 2n. Applying the definition of Co-even dominating degree, we get

dcoe(v) =


2n, if d(v) is odd;

2n−1, if d(v) is even expet the center vertices;

2n−1 + 1, if v is even and v the center vertices.

Let A be the set of all pendent vertex,and B the set of all vertices on the cycle. Applying the Definition

2.2, we get

Dcoe ABC(Γ) =

√
2n + 2n−1 − 2

22n−1 (n − 1) +

√
2n−1 + 2n−1 − 2

22n−1 (n − 1) +

√
2n−1 + 2n−1 − 3

22n−2 + 2n−1(n − 1)

Let E1 = {uv : dcoe(u) = 2n, dcoe(v) = 2n−1}, E2 = {u, v : dcoe(u) = 2n−1, dcoe(v) = 2n−1},

E3 = {u, v : dcoe(u) = 2n−1, dcoe(v) = 2n−1 + 1}, where |E1| = n − 1, |E2| = n − 1, |E3| = n − 1.

Applying the Definition 2.2, we get

Dcoe ABC(Γ) =

√
2n + 2n−1 − 2

22n−1 (n − 1) +

√
2n−1 + 2n−1 − 2

22n−1 (n − 1) +

√
2n−1 + 2n−1 − 3

22n−2 + 2n−1(n − 1)

DcoeGA(Γ) = 2
2n−12n

22n−1 (n − 1) + 2
22n−2

2n−1 + 2n−1 (n − 1) + 2

√
22n−2 + 2n−1

22n−2 (n − 1)

Dcoe AG(Γ) =
2n + 2n−1

2
√

22n−1
+

2n−1 + 2n−1

2
√

22n−2
+

2n−1 + 2n−1 − 1

2
√

22n−2 − 2n−1
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