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1. Introduction

Many properties of Tchebychev polynomials Ty, (x), Un(z), Viu(z) = Un(z) — Up—1(z) and Wy(z) = Un(x) + Up—1(x)
[3, 7, 8, 10, 11, 13-15] are more significant in Combinatorial Number theory because they exhibit many continued fractions
and Combinatorial Identities [1, 2, 4-6, 8, 12, 16, 17]. In the present paper, Tchebychev polynomials of second kind
Un(z), third kind V,(z) = Un(z) — Un—1(z) and fourth kind W, (z) = Un(x) + Un—1(z) are extended to two variables
in a similar fashion as given in our earlier Work [9]. Twin triplets, namely, (yn,dn,sn) and (Yn, Dy, Sy) are defined
using (Un(z), Va(z), Wh(x)) and (Un(z,y), Va(z,y), Wa(z,y)) respectively. Their continued fraction, matrix identity and
determinant properties are described with proof. In Section 2, hypergeometric representation, Rodrigue formula, genarating
function and determinant formula are derived for U, (z,y), Va(z,y) and W, (z,y). In Section 3, the triplet (yn,dn, sn) of
numbers are defined using U, (z), Vy,(z) and W, (x). Their Combinatorial properties are stated and proved . In the last

Section, similar results are obtained for the triplet (Y, Dy, Sn) using Uy (z,y), Va(z,y) and Wy (z,y).

2. A Generalization of Tchebychev Polynomials (U, (z), V,(x), Wy(x))
and Extended Results

Definition 2.1. Generalized Tchebychev Polynomial of Second kind in two variables x and y of degree n, denoted by Uy (x,y)

[9] is

Un(x7 y) =

s [l VT e
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It is a homogeneous polynomial of degree n and hence
Un(@,y) = y"Un (E) :
Yy
Generalized Tchebychev Polynomial of Third kind in two variables x and y of degree n, denoted by V,(z,y) is
Vo(2,y) = Un(z,y) — yUn-1(z,y).
It is also a homogeneous polynomial of degree n and hence
Va(z,y) =y"Va (E) :
Y
Generalized Tchebychev Polynomial of Fourth kind in two variables © and y of degree n, denoted by Wy (x,y) is
Wa(z,y) = Un(z,y) + yUn-1(z,y).
It is also a homogeneous polynomial of degree n and hence
Wi (z,y) = y"Wn G) :

When y =1, Un(z,y), Wa(z,y) and Va(x,y) are nothing but Un(z), Va(z) and W, (x) respectively.
Initial Polynomials: The initial polynomials of generalized Tchebychev polynomials of Second, Third and Fourth kinds

in two variables are

Un(z,y) : 1, 2z , 42> —9% |, 82 —4xy?® ...
Valz,y) 0 1,2z —y, 42 — 22y — o2, 82° — 4o’y — day® + 95, . . .5

Walz,y): 1,2z +y, 42 4 22y — o2, 82° + 4o’y — daxy® — o5, ...

Three Term Recurrence Relations: The Recurrence relation satisfied by the generalized Tchebychev Polynomials of

Second kind in two variables [9] is

Unt1(z,y) = 22 Un(z,y) — y°Un-1(z,y),

Uo(z,y) = 1,Ui(z,y) =22,n=1,2,3,....

By direct verification using the definition, one can show that the following recurrence relation is satisfied by the generalized

Tchebychev Polynomials of Third kind in two variables is

Vn+1($,y) = Q‘TVn(:L,vy) - yzv’n—l(x7y)7

Vo(xyy) = 1,‘/1(.T,y) = 237—y, n= 172737”"
Similarly, the Recurrence relation satisfied by the generalized Tchebychev Polynomials of Fourth kind in two variables is

Wn+1((17,y) = QII’Wn(.’IZ,y)—y2Wn_1(.'IJ7y),

WO(JZ,y) = 1,W1(.T,y) :2x+y7 n= 172737"-
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Also the Recurrence relation of Third and Fourth kinds of the generalized Tchebychev Polynomials in two variables in terms
of the Second kind are

Vn(l‘7y) = (2l‘—y)Un71(‘7},y)—yQUn72(1’,y),
Uo(z,y) = 1,Ui(z,y) =22, n=1,2,3,...

and

Wn(l‘7y) (2x+y)Un71(x,y) _y2U”*2(x7y)7

Uo(z,y) = 1,Ui(z,y) =22, n=1,2,3,....

Hypergeometric Series Representation: Tchebychev Polynomials of Second, Third and Fourth kinds in one variable

can be represented in the form of hypergeometric series as follows [11]:

Un(z) = (n+1)2F: (—n, n+2; g; 1;x>;

1 1-—
Va(z) = I <—n, n+ 1; 3 220);

Wo(z) = 2n+1) 2F (fn, n+1; g; 1;95)

The generalized Tchebychev polynomials of Second, Third and Fourth kinds in two variables also have the following extended

result and the proof will be similar to that of one variable case.

Theorem 2.2. The hypergeometric representation for generalized Tchebychev polynomials are

n 3 —
Un(ey) = y"(n+1) Ry (—n, it 5 Y ’”)

1 —
V"(x,y) = yn 2F1 (—TL, TL+1, 57 Y x>7

and

Wz, y) =y"(2n+1) o F} (—n, n+1; g; yz—yx> .

Rodrigue Formula: The Rodrigue formula for Tchebychev Polynomials of Second kind in two variables is [9]

—1\*on | 1 n
Un(m’y):%( 1)"2" (n + 1)! 19

2 2y-1 2 2yn+i
Yy (2n+1)! (" —27) 28x"(y z)"E

The Rodrigue formula for Tchebychev Polynomials of Third kind in one variable is [7]

o= L (52) i (0 (122)).

Using the above formula, we can extend

Valz,y) = y"Va <x>
) £ )
) ()

Similarly the Rodrigue formula for genarlised Tchebychev polynomials of Fourth kind in two variables can be derived. The

extended result is stated in the following theorem.
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Theorem 2.3. The Rodrigue formula for generalized Tchebychev polynomials are

o i(—l)"Q"(n—l—l)' 2 2 _1 0" 2 2 ’ﬂ+%

-

i) = L CUE (120! 0 (g (122))

and

1 1
1 (=1)"2"n! fy+x\2 " 2 on [Y—x\2
Wo(z,y) = — i —
(@ y) y*  (2n)! (y —x ox™ W =) y+o
Generating Functions: The Generating function for Tchebychev Polynomials of Second kind in two variables [9] is

= 1
TR T) | A —
T;OU (@) 1 — 2wt + 242

Keeping in mind the three term recurrence relation for V,(z,y), we proceed with the derivation. Put f(z,y,t) =

Z V(z,y)t". For the purpose of manipulations we write
n=0

flay,t) = Volz,y) + Vil g)t + - + Vaga (2, 9)t" " 4
—2zxtf(z,y,t) = —2zVo(x,y)t — 22Vi(x, y)tQ . QQTVn(a?,y)th o

v f,y,t) = Volo,9)y*t* + Vile, )yt + -+ Vaoa (2, )y " + -
Summing all the above three expressions on both sides, we get
(1 — 2zt + 2y°) f(z,y,t) = 1+ (2 — y)t — 2at.

Hence,

1—yt

) = ——— .
f(w,:% ) 172mt+t2y2

Similarly the generalized Tchebychev polynomials of Fourth kind in two variables can be shown to have a genarating function

stated in the following theorem combined with that of Uy, (z,y) and V,(z,y).

Theorem 2.4. The genarating function for generalized Tchebychev polynomials are

- 1
Up(z, )" = —————,
nZ—O n(@:y) 1 — 2zt + 292
= n 1—yt
Valz,y)t" = ————— and
nZ:O (@) 1— 2zt + 22 "
- 1+yt
% =
Z n(@:y) 1 — 2zt + 292

n=0

Determinant Formulas: We state the following theorem for generalized Tchebychev polynomials of Second, Third and

Fourth kinds without proof because they follow directly from their three term recurrence relations.
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Theorem 2.5. The determinants formulas for generalized Tchebychev polynomials are

2 —y O -~ 0 O
-y 2z -y 0 -+ O
0 —y -y 0 0
Un(:r,y) = ’
0 0 —y 2x —y
0 0 0 —y 2z
20—y —y O 0 O
-y 2r -y O 0
0 —y -y 0 O
V"(xvy) =
0 0 -y 2z —y
0 0 0 —y 2z
2z+y -y O 0 0
-y 2z —y O 0
0 —y -y 0 0
W”(x7y) =
0 0 - -y 2z —y
0 0 -+ 0 —y 2z

3. Certain combinatorial Identities of the triplet (y,,d,, s)

Let yn := Un(N), dn 1= Viu(N) = Un(N) — Un—1(N) and sp := Wn(N) = Un(N) + Up—1(N), where N = 2,3,.... Then

they satisfy the following three term recurrence relations:

Yn+1 = 2Nyn —Yn—1, Yo =1, y1 =2N 1)
dosr = 2Ndp —dp_1, do=1, dy=2N —1 (2)
Snt1 = 2NSp — Sp—1, So=1, 81 =2N +1 3)
dny1 = 2N = 1Dyn —Yn-1, yo=1, y1 =2N (4)
sp+1 = CN+1)yn —Yn-1, yo=1, y1 =2N, (5)

which are needed to derive some of their combinatorial properties.

Theorem 3.1. The pair (dn,yn) satisfies the following identities:

n—1
. dn Yn di y1 1 1
(i) =
dnt1 Ynt1 da Yo (2N —2) (2N —-1)

(“) AnYn+1 — Yndnt1 = 1.

oy dy
(i) 22 = (2N 1) - 55 _ 35 _._ 3n-
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Proof.

(i) The result is proved by using Mathematical Induction on n. For n = 1, the result is obvious.

Suppose for n = k, the result is true:

k—1
de  yk | |dion 1 1
dkt1 Y41 d2 y2| |(2N—=2) (2N —-1)
The result for n = k 4 1, directly follows once we apply the following relations:
dk+1 = di + (2N — 2)y, (6)
Yk+1 = di + (2N — Dyx (M)

Relation (4) and the definition d, = yr—yr—1 will directly yield (6). The relation (1) and the definition dx, = yr—yr—1
will directly yield the relation (7).

(ii) The result directly follows by taking determinant on both sides of (i) because

d
P ON 1) (ANT—1)—2N (AN —2N — 1) = 1.
dz2 Yo

(iii) The three term Recurrence relations (4) and (1) can be rewritten as follows:

1
dnti _ (2N —-1) - —— and
yn —n__
Yn—1
9N yn,1_1
Yn—1 Yn—2
By combining them and using recursion, finally we arrive at
dn+1 1 1 1 1 Y1
=2N-1)— — — — —. b = =2N.

i )"3N _ 2N _ 3N _.._ 3N beeawse -

Theorem 3.2. The pair (sn,yn) satisfies the following identities:

n—1
) Sn Yn S1 Y1 -1 -1
(i) =
Sntl Yntl sz y2| [2N+2 2N +1
(1) Sn¥Yn+1 — YnSn+1 = —1.
() 55 N+ ) A

Proof.

(i) The result is proved by using Mathematical Induction on n. For n = 1, the result is obvious. Suppose for n = k, the

result is true:

Sk Yk s1 Y1 —1 —1

Sk+1 Yk+1 s2 y2| |[(2N+2) (2N +1)
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The result for n = k 4 1, directly follows once we apply the following relations:

Sk+1 = —Sk + (2N + 2)yk (8)

Yk+1 =8k + (2N + Dy (9)

The derivation of (8) and (9) is similar to (6) and (7) respectively.

(ii) The identity can be directly deduced by applying determinant on both sides of (i) because

S
P QN1 (UNT 1) —2N- (4N 42N — 1) = —1.

S2 Y2

(iii) The three term Recurrence relations (4) and (1) yields

Sn+1 1 1 1 1 Y1
——= =02N+1) - — — — — b Z= = 2N.
g CNFD - 58 SN 3N _ an Decause
O
Theorem 3.3. The pair (sn,dy) satisfies the following identities:
n—1
. Sn dn S1 d1 N N -1
(i) =
Sn+41 dn+1 So da N+1 N
(Z’L) Sndn+1 — dn5n+1 = —2.
Proof.
(i) Using the definitions d,, = yn — yn—1 and s, = yn + Yn—1, we have
Nsn + (N + 1)dn = N(yn + ynfl) + (N + 1)<yn - ynfl)
- (2N + ]-)yn — Yn—1 = Sn+1.
Hence
Snt+1 = Nsp + (N + 1)d,. (10)
Similarly
dpnt1 = (N —1)s, + Nd,,. (11)

The proof of (i) by induction is exactly similar to Theorems 3.1 and 3.2 part (i).

(ii) The identity can be directly deduced by applying determinant on both sides of (i) because

51 di 2 2
:(2N+1)~(4N 72]\771)7(2]\/71)-(4]\7 +2N71):72.
S2 d2



Certain Combinatorial Properties of Twin Triplets Related to Tchebychev Polynomials

(iii) Using definitions of sp, dn and the relation (1), we can proceed as follows:

Sn+1 _ Yn+1 +yn
dn Yn — Yn—1
— Yn+1 +yn
(Yn+1 + yn) — 2Nyn
1 2N 1 1 1 1 Y1
_ = - = b Z— =2N.
1_1+2N_2N _ 2N _ 2N _.._ 2N’ o€ ]

Theorem 3.4. The sequence (sn) satisfies the following identities:

n—1
Sn—1 Sn S0 S1 0 —1
(i) =
Sn Sn+1 S1 82 1 2N
(#1) Sp—18nt1 — 52 = —2(N +1).
) S 1 1 1 1
(i1i) sj,,—l =2N—355% _ 35 _ 3N —._ NI "

Theorem 3.5. The sequence (dy) satisfies the following identities:

n—1
i) dn—1 dn _ do di| |0 —1
dn dn+1 dl d2 1 2N
(ii) dp—1dp1 — d2 = 2(N —1).
L dy
(i) =5 =2N — v oN 3N ﬁ

Theorem 3.6. The sequence (yn) satisfies the following identities [9]:

n—1
| Yn—1 Yn 01 0 -1
(i) =
Yn  Yn+t1l 1 N 1 2N
(it) Yn—1yns1 — yn = —1.
() B =N -

The proofs of Theorems 3.4 and 3.5 part (i) directly follow by (3) and (2) respectively. Also by taking determinant on
both sides of Theorems 3.4 and 3.5 part (i) the results of Theorems 3.4 and 3.5 part (ii) follow, respectively. The results of

Theorems 3.4 and 3.5 part (iii) directly follow by the recurrence relations (3) and (2) respectively.

4. Certain combinatorial Identities of the triplet (Y,, D), Sy)

Let Yy, := Un(N,K) , D,, := Vo (N, K), and S,, := W,,(N, K), where N =2,3,..., K =1,2,...,N — 1 and N? — K? is not
a square number. When K = 1,Y,, =y, , D, = d,, and S, = s, . Hence we can expect similar identities for Y,, , V,, and

W.,,. The three term recurrence relations are as follows:

Yoi1 = 2NY, — K?Y, 1, Yo=1, Y;=2N. (12)
Dni1 = 2ND, — K?D,_1, Do=1, Dy =2N — K. (13)
Spi1 = 2NS, — K2S,_1, So=1, S1 =2N+K. (14)
Duy1 = (2N — K)Y, — K*Y,_1, Yo=1, Y1 =2N. (15)
Spt1 = N+ K)Y, — K°Yn_1, Yo=1, Y;=2N. (16)
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Theorem 4.1. The pair (D,,Y,) satisfies the following identities:
n—1
) D, Y, D1 Y1 K K
(i) =
Dpy1 Yot Dy Y| |2N —2K 2N - K

(ii) DnYni1 — YnDpy1 = K21

(iii) Pt = 2N - K) _ Ko K K2

- 2N — 2N —...— 2N

Theorem 4.2. The pair (S, Yn) satisfies the following identities:
n—1

Sn Y, S1 Y1 -K -K

(i)
Sn+1 Yot Se Yo| |2N +2K 2N + K

(1) SnYni1 — Yy Sni1 = —K2"FL.

2 2 2
(444) "“ =(2N+K) _ ?—N _ ?—N o ?—N

Theorem 4.3. The pair (S», Dn) satisfies the following identities:
n—1
(i) =
Sn+1 Dn+1 SQ D2 N+K N

(ZZ) SnDn+1 - DnSn+1 - —2K2n+1.

1_K+2N_2N — 2N — 2N —...— 2N°*

(iii) n+1 _ K 2N K2 K2 K2 K?

Theorem 4.4. The sequence (Sn) satisfies the following identities:

n—1
() Sn—1  Sn _ So Si| |0 —K?
Sn Sn+1 Sl S2 1 2N
(ii) Sn—1Snt1 — S2 = —2(N + K)K*~ 1.
2 2 2 2
(444) "“ =2N-£ K K (21‘?74%()

Theorem 4.5. The Sequence (D) satisfies the following identities:

n—1
i D,-1 D, Dy Di| |0 —K?
3 =
Dn Dn+1 Dl D2 1 2N
(i) Dy—1Dyi1 — D2 = 2(N — K)K*"~ 1.
2 2 2
(444) "*1 =2N — I ﬁ

Theorem 4.6. The sequence (Yr) satisfies the following identities:

n—1
i Yoo1 Yy 0 1|0 -K?
'3 =
Yo Yt 1 2N| (1 2N
(i1) Yo_1Ypi1 — Y2 = —K?"72,
(444) "*1 =2N — _ % 3 % o %

The proofs of the above results will be quite similar to those of one variable case except for small adaptation to incorporate

K?2. Hence, we have described the similar identities for Y;,(N, K), V. (N, K) and W5, (N, K) without giving proofs.
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