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1. Introduction and Preliminaries

It is well known that the set of all positive real numbers is not complete with respect to usual metric but it is observed that
set of all real numbers is a complete multiplicative metric space with respect to the multiplicative absolute value function.
This problem was overcome in 2008, by Bashirov [1] by introducing the new metric space named Multiplicative Metric Space.
The notion of convergence in multiplicative metric space and related fixed point theorems in multiplicative metric space
was introduced by Ozavsar and Cevikel initiated [7]. We start with definition and topological definitions of multiplicative
metric space. Also we use the notations R to represent set of real numbers and R is used to represent set of all positive

real numbers.

Definition 1.1 ([1]). Let X be a nonempty set. A multiplicative metric is a mapping d : X X X— Ry satisfying the following

conditions:
(1.1) d(z, y) > 1V z,y € X and d(z,y)=1 if and only if x=y;
(1.2) d(z, y)=d(y,x) ¥V z, ye X;

(1.3) d(z, y) < d(z, 2).d(z, y) z,y € X (multiplicative triangle inequality).
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Definition 1.2. Let f and g be two mappings of a multiplicative metric space (X, d) into itself, then f and g are said to be
(1.4) commutative mapping if fgr = gfz ¥V z € X.

(1.5) Weak commutative mapping if d(fgz,gfz) < d(fz,gx) Vz € X.

(1.6) Weakly compatible if f and g commute at coincidence points, that is, ft = gt for some t € X. Implies that fgt = gft.
(1.7) E.A property if there exist a sequence {x,} in X such that nhﬁngo fx, = nhﬁngo gz, =t for somet e X.

(1.8) CLRg property (common limit range of g property) if there exist a sequence {x,} in X such that im fz, = lim gz, =
n— oo

n—00

gt for somet € X.

(1.9) CLRy property (common limit range of f property) if there exist a sequence {xn} in X such that lim fz, = lim gz, =
n—oo

n—o0

ft for somet € X.

2. Main Results

The concept of implicit functions is used by Popa [11], which is an effective contractive condition in multiplicative metric
space. Implicit relations on metric spaces have been used by many authors [6, 9, 12]. In this section to prove the main result
we define a suitable class of the implicit function involving four real non-negative arguments as follows:

Let ¥ denote the family of functions such that ¢ : Rﬁ_ — R4 is continuous and increasing in each coordinate variable and
(1) G(t,t.tr,1,t) < t.ty

(2) o(t, 1, tt1,t1) < t.ty

3) o(1,t,1,1) <t

(4) o(t,1,t,1) <t

(5) o(t, t,t,1) <t

(6) o(t,t,1,1) <t

for every t,t1 € Ry (¢, t1 > 1). It is obvious that ¢(1,1,1,1) = 1. There exist many functions ¢ € ¥. Now we prove the

following theorems for weakly compatible mappings satisfying implicit function in a multiplicative metric space.
Theorem 2.1. Let A, B, S, T be mappings of a multiplicative metric space (X, d) into itself satisfying

(E1) SX C BX and TX C AX

A
d(Az,By)[d(Az,Sz)+d(Ty,Sz)] d(Az,By)[d(Ty,Sz)+d(Az,Ty)]
x ) x x )
(E2) d(Sz,Ty) < { ¢ d(By,Ty)+d(By,Ax) d(By,Az)+d(5z,By) For all z,y € X, where X € (0, %) and
d(Ty,Sz)[d(By,Az)+d(Sz,By)] d(Az,Sz)[d(By,Ty)+d(By,Az)]
d(Ty,Sz)+d(Az,Ty) ’ d(Az,Sz)+d(Ty,Sx)

peVv;
(E3) let us suppose that the pairs (A, S) and (B, T) are weakly compatible;
(E4) One of the subspaces AX or BX or SX or TX is complete

Then A, B, S and T have a unique common fized point.
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Proof. Let x¢ be any arbitrary point of metric space X. It is given that SX C BX, hence there exist x1 € X such that

Szo = Bx1 = yo. Now for this x1 where exists 2 € X in such a way that Axze = Tx1 = y1. In a similar way, we can define

an inductive sequence {y,} in such a way that,

Sxon = B$2n+1 = Y2n, A$2n+2 = Tl’2n+1 = Y2n+1-

Next, we prove that {y,} is a multiplicative cauchy sequence in X. in fact, V n € N, we have, From (E2), we have

d (Y2n, Yon+1) < d(Sxan, Tooni1)

IN

IN

IA

IN

d(Azan,Bron 1) [d(Azan,San)+d(To2n1,572n,)]
d(Boant1,To2n41)+d(Boani1,Az2, ) ’
d(Awgn,Brong1)[d(Toan 41,5220 ) +d(Az2n, To2n 1))
d(Bwoni1,Av2n )+d(Sz2n, Boany1) ’
d(TfEQn+1 ,Szzn) [d(Bzgn+1 ,Azgn)+d(Szgn yBxop 1 )]
d(TIQ,H_l,Szz.,L)de(Azg.,L,ngn_'_l) ’
d(Azgn,S22,)[d(Bran 1, Teon 1) +d(Boont1,AT2,)]
d(Azan,Sx2n)+d(Txon41,5T2n)

d(y2n—1v yzn)[d(yzn—l192¢L)+d(y2n+17y2n)] A

d(yzn Y2n1 )+d(y2n Y2n — 1)
d(yan—1,y2n)[d(vant1.92n)+d(v2n—1,v2n11)]
d(yan,yan—1)+d(Y2n,y2n)
d(y2n+1 ,an) [d(yzn ay2n—1)+d(y2n 7y2n)]
d(yant1,y2n)+d(van—1,¥2n11)
d(y2n—1,¥20)[d(v2n v2n+1) +dW2n v2n_1)]
d(y2n—1:¥2n)+d(¥an11,¥2n)

’

)

)

d(y2n—1,y2n) [d(y2n71 ,yzn)+d(y2n+1 7y2n)]
d(y2n 1y2n+1)+d(y2n 7y2nfl)
d(an— 1 7yzn) [d(y2n+1 7y2n)+d(y2n— 1,Y2n ) »d(y2n Y2n+1 )}
d(yan,yan—1)+1 ’
d(yan+1.y2n ) [d(y2n y2n—1)+1]
d(yan+1.92n)+d(v2n—1,v2n)-d(van vani1)’
d(y2n—1.v2n)[d(v2n:y2n41)+d(Y2n y2n_1)]
d(y2n—1,92n)+dY2n41,¥2n)
A

)

d (Y2n-1,Y2n),
d(Y2n—1,Y2n) -d (Y2n, Y2n+1) ,
1,

d (y2n—1,Y2n)

d (y2n, Y2n+1) < d* (Yan—1,y20) -d* (Y2n, y2n+1)  [using ()]

This implies that,
On substituting, h = 2 € (0, 1)

1-X

In a similar way we have,

a
d (Y2n, Y2n+1) < dT=> (Yan—1,Y2n)

d (Y2, Y2nt1) < d" (Y2n—1,Y2n)

d (Y2n+1,Y2n+2) = d (TTant1, STant2) = d (Swant2, TTant1)

IN

d(AI2n+2 yBron i1 ) [d(AI2n+2vSI2n+2)+d(T12n+1 1512n+2)]

d(BI2n+1 T Ton41 )+d(312n+1 7A12n+2)
d(Ax2n+27Bx2n+1 ) [d(Tﬂcszrl 7sx2n+2)+d(Ax2n+2 T xon41 )]

d(Bwan11,A2n 12)+d(San2,Br2nt1)
d(T2an41,5%2n42)[d(Booni1,Aong2)+d(S2ant2,Brani1)]

d(TI2n+1 3STon 42 )+d(A»"02n+2 ,T»"02n+1)
d(Az2n+2 7512n+2) [d(312n+1 7T12n+1)+d<Bz2n+l JAzon42)]

d(Az2ny2,STan42)+d(To2n 41,520 12)

I

)

)
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d(y2n+1 Y2n, ) [d(y2n,+1 7y2n+2)+d(y2n+1 7y‘2n+2)]
d(yan 7yzn+1)+d(y2n ,y2n+1)
d(y2n+1 7y2n) [d(y2n+1 7y2n+2)+d(y2n+1 Y2n+1 )]
P d(y27uy2n+l)+d(y2n+2vy2n)
d(yant1:¥2nt2)[d(v2nv2n11)+d(Y2nt2,920)]
d(yant1.92n+2)+d(Y2ni1,92n11)
d(y2n+1:¥2n42)[d(v2n v2nt1)+dWan vani1)]
d(yant1.92nt2)+d(Yant1,92nt2)
A

k]

)

IA

)

d (Y2n+1, Y2n+2) 5
1

?

IN
<

d (Y2n+1, Y2n+2) -d (Y2n+1, Y2n) »

d (Yan, Y2n+1)

d (y2n+1, y2n+2) S dA (yzn, y2n+1) .dA (y2n+1, y2n+2) [Using Symmetry and (ii)}

This implies that,

A
d (Y2041, Yonta) < AT (Y20, Y2n+1)

On substituting, h = 25 € (0, 3)

d (Yant1,Yan12) < A" (Y2n, Yant1)

Hence

1 2 n
d(YnYpi1) A" Wno1,90) <A (Yn-2,yn1) <o <d" (yo,1n)

For all n > 2, let m,n € N such that m > n. Using the triangular multiplicative inequality, we obtain

d(Ym, Yn) < d(Ym; Ym—1) -d (Ym—1,Ym—2) - - - d (Yn+1,Yn)

m—2

m—1 n
<d"" (y,y0).d" T (Y1, y0).-.d" (y1,30)

W
< dF (y1,%)

This implies that d (ym,y,,) approaches to 1 as n and m approaches to infinity, we have. Therefore {y,} is a multiplicative

Cauchy sequence in X. Now, suppose that AX is complete, there exist u € AX such that
Yn+1 = T$2n+1 = A$2n+2 — U (’I’L — OO)

Consequently, we can find v € X such that Av = w. Further a multiplicative Cauchy sequence {y,} has a convergent

subsequence {yan+1}, therefore the sequence {y,} converges and hence a subsequence {y2,} also converges. Thus we have,
Yan = STan = Brant1 — u(n — 00).

We claim that Sv = u if possible Sv # u, substituting x = v and y =z2,+1 in (E2), we have

d(Av, By 11)[d(Av,5v)+d(To2n41,50)]
d(Boant1,To2n41)+d(Brani1,Av)

d(Av,BanJrl)[d(Tan+1,Sv)+d(Av,ngn+1)}
d(Bzgy,41,Av)+d(Sv,Bx ’

d(Sv, Twan) <4 & d<nzn+f,sSTIEBzzZ+lFm)mfgiﬁzml)]
d(T12n+1,Sv)+d(A'u,T:vgn+1) ’
d(Av,Sv)[d(Boan {1, T02n 1) +d(Boan11,40)]

d(Av,Sv)+d(Txon41,5v)
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Taking n — oo, On the two sides of the above inequality,

() [d(u, 5v)+d(u,5)]
d(u,u)+d(u,u) ’

d(u,u)[d(u,Sv)+d(u,u)]
d(u,u)+d(Sv,u) ’

d(u,Sv)[d(u,u)+d(Sv,u)]
d(u,Sv)+d(u,u) ’

d(u,Sv)[d(u,u)+d(u,u)]
d(u,Sv)+d(u,Su)

A

d(Sv,u) <

A
©-

d(u, Sv),

1’

IN
-

d (u,Sv),

1

d (u, Sv) < d* (u,Sv), [using (iv)]

a contradiction, since A € (0, %) hence, implies Sv = u. Since u = Sv € SX C BX, there exist w € X such that u = Bw.

Claim that Tw = wu, if possible Tw # u. substituting £ = v and y = w in (E2), we have

d(u, Tw) = d(Sv, Tw)
A
d(Av,Bw)[d(Av,Sv)+d(Tw,Sv)] d(Av,Bw)[d(Tw,Sv)+d(Av,Tw)]
d(Bw,Tw)+d(Bw,Av) ’ d(Bw,Av)+d(Sv,Bw) ’

d(Tw,Sv)[d(Bw,Av)+d(Sv,Bw)] d(Av,Sv)[d(Bw,Tw)+d(Bw,Av)]
d(Tw,Sv)+d(Av, Tw) ’ d(Av,Sv)+d(Tw,Sv)

d(uw,w)[d(u,u)+d(Tw,u)] - d(u,u)[d(Tw,u)+d(u,Tw)]
? d(u,Tw)+d(u,u) ’ d(u,u)+d(u,u)

AT w,u)[d(u,u)+d(u,u)]  d(u,u)[d(w,Tw)+d(u,u)]
d(Tw,u)+d(u,Tw) d(u,u)+d(Tw,u)
<{¢{1.d(Tw,u),1,1}}*

d(u, Tw) < d* (u, Tw) [using (iii)]

A contradiction, since A € (0, %) implies u = Tw. Hence we get u = Av = Swv, that is, v is a coincidence point of A, S. also

u = Bw = T'w, that is w is coincidence point of B and T. Therefore Av = Sv = Bw = Tw = u. Since the pairs (A, S) and

(B, T) are weakly compatible, we have

Su = S(Av) = A(Sv) = Au= w1 (say)

And

Tu=T(Bw) = B(Tw) = Bu= w2 (say)

From (E2), we have

A
d(Au,Bu)[d(Au,Su)+d(Tu,Su)] d(Au,Bu)[d(Tu,Su)+d(Au,Tu)]
d(,w17 w2) _ d(SU, T’LL) < ¢ d(Bu,Tu)+d(Bu,Au) ’ d(Bu,Au)+d(Su,Bu) ’
d(Tu,Su)[d(Bu,Au)+d(Su,Bu)] d(Au,Su)[d(Bu,Tu)+d(Bu,Au)]
d(Tu,Su)+d(Au,Tu) ’ d(Au,Su)+d(Tu,Su)

Using symmetry and above conditions of wi and w2, we have

A
d(wy,ws)[d(wy ,w1)+d(wa,w1)]  d(wy,ws)[d(ws,wi)+d(wy,ws)]
d(wl,wg) < ¢ d(wo,wa)+d(wz,wy) d(wa,wq)+d(wy,wz)
d(wa,wq)[d(wz,w1)+d(wy,ws)] d(wiy,wq)[d(wa,ws)+d(wa,wi)]
d(wz,w1)+d(wy,w2) ’ d(wy,wy)+d(wsz,wy)

< {d) {d (wl,wQ) 7d(w17w2)7d(w17w2) ) 1}}>\

d(wy, wz) < d* (wi, wz) [using (v)]
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on the other hand, since A € (0, %) implies, d (w1, w2) = 1, which implies that w1 = w2 and hence we have Su = Au = Tu =

Bu. Again using (E2) and symmetry of multiplicative metric space we have,

A
d(Av,Bu)[d(Av,Sv)+d(Tu,Sv)] d(Av,Bu)[d(Tu,Sv)+d(Av,Tu)]
d(S’U, Tu) < ¢ d(Bu,Tu)+d(Bu,Av) ’ d(Bu,Av)+d(Sv,Bu) ’
d(Tw,Sv)[d(Bu,Av)+d(Sv,Bu)] d(Av,Sv)[d(Bu,Tu)+d(Bu,Av)]
d(Tu,Sv)+d(Av,Tu) ’ d(Av,Sv)+d(Tu,Sv)
A

d(Sv,Tu)[d(Sv,Sv)+d(Tu,Sv)] d(Sv,Tu)[d(Tu,Sv)+d(Sv,Tu)]

< ¢ d(Tw,Tu)+d(Tu,Sv) ’ d(Tw,Sv)+d(Sv,Tu) ’ [USan Av=Sv and B’LL:TU]
- d(Tu,Sv)[d(Tu,Sv)+d(Sv,Tu)] d(Sv,Sv)[d(Tu,Tu)+d(Tu,Sv)]
d(Tu,Sv)+d(Sv,Tu) ) d(Sv,Sv)+d(Tw,Sv)

< {¢{d(Sv,Tu),d(Sv,Tu),d(Sv,Tu),1}}*

d(Sv,Tu) < d*(Sv,Tu), |using v]

on the other hand, since A € (0, %) implies d (Sv,Tu) =1 i.e. Sv = Tu. But Sv = w which implies that Tu = u and hence
we have u=Su=Au=Tu=Bu. Therefore u is a common fixed point of A, B, S and T. Similarly, we can complete the proof
for the different case in which BX or TX or SX is complete.

Uniqueness: Let p and ¢ are two different common fixed points of A, B, S, T then using symmetry of multiplicative metric

space and using equation (E2)

d(p,q) = d(Sp,Tq)

d(Ap,Bq)[d(Ap,Sp)+d(Tq,Sp)] d(Ap,Bq)[d(Tq,Sp)+d(Ap,Tq)]
d(Bq,Tq)+d(Bq,Ap) ’ d(Bgq,Ap)+d(Sp,Bq) ’

d(T'q,Sp)[d(Bq,Ap)+d(Sp,Bq)] d(Ap,Sp)[d(Bq,Tq)+d(Bg,Ap)]
d(Tq,Sp)+d(Ap,Tq) ’ d(Ap,Sp)+d(Tq,Sp)

IN
<

d(p,q)[d(p,p)+d(g,p)] d(p,q)[d(q,p)+d(p,q)]
d(q,q)+d(q,p) d(q,p)+d(p,q)

d(q,p)[d(q,p)+d(p,?a)] d(p,p)[d(q,9)+d(q,p)]
d(q,p)+d(p,q) ’ d(p,p)+d(q,p)

A

IA
<

d(p,q),d (P q),
d(p,q),l

IN

d(p,q) <d*(p,q), [using (v)]

on the other hand, since A € (0, ) implies d (p,q) = 1 i.e. p = g, which proves the uniqueness. O
Corollary 2.2. Let A, B, S be mappings of a multiplicative metric space (X, d) into itself satisfying

(E5) SX C BX and SX C AX

A
d(Az,By)[d(Az,Sz)+d(Sy,Sz)] d(Az,By)[d(Sy,Sz)+d(Az,Sy)]
?a,Ax ’ T T ’
(E6) d(Sz,Sy) < < ¢ 4By, Sy)+d(B7a,Az) d(By,Az)+d(Sz, By) . For all z,y € X, where A € (0, %)
d(Sy,Sz)[d(By,Az)+d(Sz,By)] d(Az,Sz)[d(By,Sy)+d(By,Az)]
d(Sy,Sz)+d(Az,Sy) ’ d(Az,Sz)+d(Sy,Sz)

and ¢ € VU,
(ES3) let us suppose that the pairs (A, S) and (B, S) are weakly compatible;
(E4) One of the subspaces AX or BX or SX is complete
Then A, B and S have a unique common fixed point.
In Theorem 2.1, if we put T=S, then we obtain the Corollary 2.2.

Corollary 2.3. Let S and T be mappings of a multiplicative metric space (X, d) into itself satisfying
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A
d(z,y)[(d(fv,S;v)-&-(d(Tz)J,Sl)] d(zyy)[(d(Tz)/,Saz)-&-d(ﬂ)v,Ty)]
E7) d(Sz, Ty) < A, Ty)+d(y,e 7 dy,2)+d(Szy ’ or all x,y € X, where A € (0,1) and ¢ € U,
(B7) d( W=y @ d(Ty,Sz)[d(y,z)+d(Sz,y)] d(z,Sz)[d(y,Ty)+d(y,»)] J Y ( 2) ¢
d(Ty,Sx)+d(z,Ty) > d(z,Sz)+d(Ty,Sx)

(E8) One of the subspaces SX or TX is complete.
Then S and T have a unique common fized point.
In Theorem 2.1, if we put A = B = 1, then we obtain the Corollary 2.3.

Theorem 2.4. Let A, B, S, T be mappings of a multiplicative metric space (X, d) into itself satisfying the conditions (E1),
(E2), (E3) and the following conditions:

(E9) one of the subspaces AX or BX or SX or TX is closed subset of X
(E10) the pairs (A, S) and (B, T) satisfy the E.A. property.
Then A, B, S, T has a unique common fized point.

Proof.  Suppose that the pairs (A, S) satisfies the E.A property. Then 3 a sequence {z,} in X such that lim Az, =
n— oo

lim Sz, = z for some z € X. Since SX C BX, 3 a sequence y,, in X such that Sz, = By,. Hence lim By, = z. Now
n— oo

n—o00

suppose that BX is closed subset of X, 3 a point u € X such that Bu = z. We will show that lim Ty, = z, from inequality

n—oo

(E2), we have

d(Aszyn)[d(Azn7Sfﬂn)+d(TymSzn)]
d(Byn,Tyn)+d(Byn,Azy)

d(Azy ,Byn)[d(Ty,,,Szn)+d(Azy, Tyn)]
d(Byn,Azn)+d(Szn,Byn)

d(Tyy,Szn)[d(Byn, Aﬁ?n)+d(5$n13'yn)]
d(Typ,Szn)+d(Azn,Tyy)

d(Azy,Stn)[d(Byn,Typ)+d(Byn,Azn)]
d(Aa:n,an)#»d(Tyn,an)

d(Szn,Ty,)

IN
<-

Taking n approaches to infinity and using the symmetry property of multiplicative metric space, we have

A
d(z,2)[d(z,2) +d(limn 00 TYn,2)]
d(z,limy, o0 Tyn)+d(z,2) ’

d(z,2)[d(limpn— o0 TYn,2)+d(2,limn— o0 Tyn)]

d (27 lim Tyn) < ¢ d(z,2)+d(z,z)
n—o0 d(limp s 00 Tyn,2)[d(z,2)+d(2,2)]
d(limyp — 00 Tyn,2)+d(z,limp 00 Tyn)’

d(z,2)[d(z,limyn— 00 Tyn)+d(z,2)]
d(z,z)+d(limp 00 TyYn,z)

oot ) < fo{ra (e ) 1))

d (z,nlirréo Tyn) < a (z,nlirr;o Tyn) [using (iii)]

on the other hand, since A € (O, %) implies d (z, lim Tyn) =1lie. z= lim Ty,. Thus we have
n— oo n— o0

lim Az, = lim Bz, = lim Sz, = lim Tz, = z = Bu (say)

n— oo n—oo n— 00 n—r00
for some u in X. On substituting z = x,, and y = u in (E2), we have

d(Azyp,Bu)[d(Azn,Szn)+d(Tu, Szn)]
d(Bu,Tu)+d(Bu,Azy,)
d(Azy,Bu)[d(Tu,Sxn)+d(Azn,Tu)]
¢ d(Bu,Azyn)+d(Szyn,Bu) ’
d(Tu,Szy)[d(Bu,Azp)+d(Szy, Bu)]
A(Tu,San) +d( Azp, Tu) ’
d(Azy,Szy)[d(Bu,Tu)+d(Bu,Azy)]
d(Azy,Styn)+d(Tu,Szp)

d(Szpn,Tu) <
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Taking n — oo, we have

d(Bu,Bu)[d(Bu,Bu)+d(Tu,Bu)]
d(Buw,Tu)+d(Bu,Bu) ’
d(Bu,Bu)[d(Tu,Bu)+d(Bu, Tu)]
¢ d(Bu,Bu)+d(Bu,Bu)
d(Tu,Bu)[d(Bu,Bu)+d(Bu,Bu)]
d(Tu,Bu)+d(Bu,Tu) ’
d(Bu,Bu)[d(Bu,Tu)+d(Bu,Bu)]
d(Bu,Bu)+d(Tu,Bu)

d (Bu, Tu)

IN

d(Bu,Tu) < {¢{1,d (Bu,Tu),1,1}}*

d(Bu,Tu) < d* (Bu,Tu) [using (iii)]

On the other hand, since A € (0, %), it implies that d (Bu, Tu) = 1 i.e. Bu = T'u. Since the pair B and T is weakly compatible,
we have BTu = T Bu and then BBu = TTu = BTu = T Bu. There is also a condition that is TX C AX, 3 v € X such

that Tu = Av. Next we claim that Av = Sw, if possible let Av # Sv putting x = v and y = u, we have

d(Av,Bu)[d(Av,Sv)+d(Tu,Sv)]
d(Bu,Tu)+d(Bu,Av) ’
d(Av,Bu)[d(Tu,Sv)+d(Av,Tu)]
d (S’U, TU) < ¢ d(Bu,Av)+d(Sv,Bu) ’
d(Twu,Sv)[d(Bu,Av)+d(Sv,Bu)]
d(Tu,Sv)+d(Av,Tu) ’
d(Av,Sv)[d(Bu,Tu)+d(Bu,Av)]
d(Av,Sv)+d(Tu,Sv)

d(Av,Av)[d(Av,Sv)+d(Av,Sv)]
d(Av,Av)+d(Av,Av) ’

d(Av,Av)[d(Av,Sv)+d(Av,Av)]
d(Sv,Av) < < ¢ d(Av, Av)+d(Sv, Av) ' [since, Tu=Av and Bu=Av ]
d(Av,Sv)[d(Av,Av)+d(Sv,Av)]

d(Av,Sv)+d(Av,Av) ’

d(Av,Sv)[d(Av,Av)+d(Av,Av)]
d(Av,Sv)+d(Av,Sv)

d (Sv, Av) < {¢{d (Av, Sv),1,d (Av, Sv),1}}*

d (Sv, Av) < d* (Sv, Av) [using (iv)]

Which is a contradiction, since A € (0, %)7 this implies that Sv = Av. Hence we have, Bu = Tu = Av = Sv. Since the pair
(A, S) are weakly compatible, we have ASv = SAv and then SSv = SAv = ASv = AAv. Next we claim that SAv = Awv, if

possible SAv # Av on substituting z = Av and y = u, we have

d(SAv, Av) = d (SAv, Tu)
A
d(AAv,Bu)[d(AAv,SAv)+d(Tu,SAv)]
d(Bu,SAu)+d(Bu,AAv) ’
d(AAv,Bu)[d(Tu,SAv)+d(AAv,Tu)]
d(Bu,AAv)+d(SAv,Bu) ’
d(Tu,SAv)[d(Bu,AAv)+d(SAv,Bu)]
d(Tu,SAv)+d(AAv,Tu) ’
d(AAv,SAv)[d(Bu,Tu)+d(Bu,AAv)]
d(AAv,SAv)+d(Tu,SAv)

IA
©-

d(SAv,Av)[d(SAv,SAv)+d(Av, SA’U)]
d(Av,Av)+d(Av,SAv)

d(SAv,Av)[d(Av,SAv)+d(SAv, A'U)]
¢ d(Av,SAv)+d(SAv,Av)
d(Av,SAv)[d(Av,SAv)+d(SAv,Av)]
d(Av,SAv)+d(SAv,Av) )
d(SAv,SAv)[d(Av,Av)+d(Av,SAv)]
d(SAv,SAv)+d(Av,SAv)

IN

[since AAv=SAv, Tu=Av, Bu=Av]

< {¢{d (SAv, Av) ,d (SAv, Av),d (Av, SAv), 1}}*

d (SAv, Av) < d* (SAv, Av)  [using (v)]
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This is a contradiction, since A € (O7 %), hence Av = SAv. Hence SAv = Av = AAv. Hence Av is a common fixed point of A
and S. Also, it can be easily prove that BBu = Bu = T Bu, that is, Bu is a common fixed point of B and T as Av = Bu, Av
is a common fixed point of A, B, S and T. Similarly we can complete the proof for cases in which AX or TX or SX is closed
subset of X.

Uniqueness: Let Av and Pu are two distinct common fixed points of A, B, S and T. Using symmetry of multiplicative

metric space and (E2), we have

d (Av, Pu) = d (SAv, T Pu)

d(AAv,BPu)[d(AAv,SAv)+d(T Pu,SAv)]
d(BPu, TPu)+d(BPu,AAv) )
d(AAv,BPu)[d(TPu,SAv)+d(AAv, TPu)]
¢ d(BPu,AAv)+d(SAv,BPu)
d(TPu,SAv)[d(BPu,AAv)+d(SAv, BPu)]
d(TPu,SAv)+d(AAv,TPu)
d(AAv,SAv)[d(BPu,TPu)+d(BPu,AAv)]
d(AAv,SAv)+d(TPu,SAv)

IN

d(Av,Pu)[d(Av,Av)+d(Pu,Av)] A
d(Pu,Pu)+d(Pu,Av) ’

d(Av,Pu)[d(Pu,Av)+d(Av,Pu)]
<7 d(Pu,Av)+d(Av,Pu) ’
~ ) ) dPu,Av)[d(Pu,Av)+d(Av, Pu)]
d(Pu,Av)+d(Av,Pu) ’
d(Av,Av)[d(Pu,Pu)+d(Pu,Av)]
d(Av,Av)+d(Pu,Av)

< {¢{d (Av, Pu),d (Av, Pu) ,d (Av, Pu),1}}*

d (Av, Pu) < d* (Av, Pu) [using (v)]

A contradiction, since A € (0, %), hence Av = Pu. Which completes the proof. O

Finally, we prove the following theorems for weakly compatible mappings with common limit range property satisfying the

implicit function in a multiplicative metric space.

Lemma 2.5. Let A, B, S, T be mappings of a multiplicative metric space (X, d) satisfying the conditions (E1) and (E2)

and the following condition:
(E11) the pairs (A, S) satisfies CLRA property or the pair (B, T) satisfies CLRp property,
Then the pairs (A, S) and (B, T) share the common limit in the range of A property or B property.

Proof.  Let us first assume that the pair (A, S) satisfies the common limit range of A property. Then 3 a sequence {z,}

in X such that lim Az, = lim Sz, = Az for some z € X. Since SX C BX, so for each x, there exists y, in X such

n—oo n— oo

thst Sz, = By,. Then hm By, = Az. hence, we have lim Sz, = lim Ax, = lim By, = Az. Now we claim that

n—o0o n—o00 n—oo

lim Ty, = Az. On substituting x = z,, and y = y, in (E2), we have

n—00

d(Azy,Byy)[d(Azn,Szn)+d(TY,,Szn)]
d(Byn,Tyn)+d(Byn,Azy) ’

d(Azy,Byn)[d(Ty, ,Szn)+d(Azn,Ty”)]
d(Byn,Azy)+d(Stn,Byn)

ATy, STn)[d(Byn,Azn)+d(Szn,Byn)]
d(Typ,Szn)+d(Azn,Tyy) ’

d(Azy,Stn)[d(BYyn,Typ)+d(Byn,Azn)]
d(Azn,Szn)+d(Ty,,Szn)

d(Szn,Ty,)

IN
-
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Taking n — oo, we have

d(Az,Az)[d(Az,Az)+d(limp— 00 Tyn,Az)]
d(Az,limp 00 Tyn)+d(Az,Az) ’

d(Az,Az)[d(limy o0 Tyn,Az)+d(Az,limy, o0 Tyn)]
d(Az,Az)+d(Az,Az)

d(limy s 00 Tyn,A2)[d(Az,Az)+d(Az, Az)]
d(limy — 00 Tyn,Az)+d(Az,limp 500 Tyn)’

d(Az,Az)[d(Az,limy, 0o Tyn)+d(Az,Az)]
d(Az,Az)+d(limp o0 TYn,Az)

d (Az,nlggo Tyn) < {¢{1,d (Az,nlin;oTyn) ,1,1}}A

(Az lim Tyn) <d* (Az lim Tyn) [using (iii)]

n—o0

d (Az,nlirréo Tyn) <S¢

n—r00 n—r00 n—00

On the other hand, since \ € (O, %), hence d (Az, lim Tyn) = 1. Therefore, Az = lim Ty, i.e. lim Ty, = lim By, =
n— oo

lim Sz, = lim Az, = Az. Then the pairs (A, S) and (B, T) share the common limit range of A property for the other

n—oo n—oo

pair (B, T) which shares common limit range of B property, Since the pair (B, T) satisfies common limit range of B property.

Then 3 a sequence {y.} in X such that lim By, = lim Ty, = Bz for some z € X. Since TX C AX, so for each y,3 z,
n—oo n—o0

in X such that Ty, = Az,. Then lim Az, = Bz. Hence, we have lim Ax, = lim By, = lim Ty, = Bz.
n—oo n—r o0 n— oo n—r o0

Now we claim that lim Sz, = Bz. If possible hm Sz, # Bz, On substituting = x, and y = y, in (E2), we have

n—>00

A
d(Azyn,By,)[d(Azy,,Styn)+d(Ty,,,Stn)]

d(Byn,Tyn)+d(Byn,Azn) ’
Ad(Azyn, Byn)[d(Ty,,STn)+d(Azn, Tyn)]

d(Sx,,Ty,) < d(Byn,Azn)+d(Szn,Byn)
( o yn) =1 d(Tyn’an)[d(BymAa:n)er(an,Byn)]
d(Ty,,,Sen) +d(Azn,Ty,)

d(Azn,Szn)[d(Byn,Ty,)+d(Byn,Azn)]
d(Axvusxn)Jl’d( Tyn,an)

taking n — oo, we have

A
d(Bz,B2)[d(Bz,limp— o0 Szn)+d(Bz,limp o0 Szn)]
d(Bz,Bz)+d(Bz,Bz)

d(Bz,Bz)[d(Bz,limy o0 Szyn)+d(Bz,Bz)]

d ( lim San, Bz d(Bz,Bz)+d(limy,_ o0 Sp,,Bz) ’
n—oo d(Bz,limy o0 San)[d(Bz,Bz)+d(limy Sac",Bz)]

d(Bz,limyp 500 Sty )+d(Bz,Bz)
d(Bz,limp o0 Szyn)[d(Bz,Bz)+d(Bz,Bz)]
d(Bz,limy, 00 Szn)+d(Bz,limy 500 Szp)

d(nlLH;o Smn,Bz { {d (Bz, Szan) 17d(Bz,Sx2n)71}})‘

d( lim Szn,Bz) <d ( lim Smn,Bz) [using (iv)]

n—oo - n— oo

This is a contradiction, since A € (0, 3), hence, therefore lim Sz, = Bz. Then the pairs (A, S) and (B, T) share the

n— oo
common limit range of B property. O
Theorem 2.6. Let A, B, S, T be mappings of a multiplicative metric space (X, d) satisfying the conditions (E1) and (E2)
and (E11). Then the pairs (A, S) and (B,T) have a coincidence point. Moreover, assume that the pairs (A, S) and (B, T)

are weakly compatible. Then A, B, S and T have a unique common fized point.

Proof. Using the Lemma 2.5, the pairs (A, S) and (B, T) share the common limit range of A property, that is there exist

two sequences {x,} and {y.} in X such that lim Ty, = hm By, = lim Sz, = lim Ax, = Av for some v € X. First,

n—o0 n—o0 n—o0
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we claim that Av = Sv, substituting z = v and y = y, in (E2), we have

d(Av,By,,)[d(Av,Sv)+d(Ty,,,Sv)]
d(Byn,Tyn)+d(Byn,Av) ’
d(Av,Byn)[d(Ty,,Sv)+d(Av,Ty,)]
d(Sv,Tyn) << d(Byn,Av)+d(Sv,Byn)
ATy, ,Sv)[d(Byn,Av)+d(Sv,Byn)]
d(Ty,,,Sv)+d(Av,Ty,,) ’
d(Av,Sv)[d(Byn,Ty,)+d(Byn,Av)]
d(Av,50)+d(Ty,,,50)

Taking n approaches to infinity, we have

d(Av,Av)[d(Av,Sv)+d(Av,Sv)]
d(Av,Av)+d(Av,Av) ’
d(Av,Av)[d(Av,Sv)+d(Av,Ava)]
d(S’U,AU) < ¢ d(Av,Av)+d(Sv,Av) ’
d(Av,Sv)[d(Av,Av)+d(Sv,Av)]
d(Av,Sv)+d(Av,Av) ’
d(Av,S5v)[d(Av,Av)+d(Av,Av)]
d(Av,Sv)+d(Av,Sv)

d (Sv, Av) < {¢{d (Av, Sv),1,d (Av, Sv),1}}*

d (Sv, Av) < d* (Sv, Av) [using (iv)]

On the other hand X\ € (0, %), implies that d(Sv, Av) = 1 i.e., Sv = Av. Since SX C BX, 3 w € X such that Bw = Swv.

Now we claim that Bw = Tw, if possible Bw # Tw. Putting x = v and y = w, in (E2), we have

d(Bw,Tw) = d (Sv, Tw)

A
d(Av,Bw)[d(Av,Sv)+d(Tw,Sv)] d(Av,Bw)[d(Tw,Sv)+d(Av,Tw)]
< ¢ d(Bw,Tw)+d(Bw,Av) ’ d(Bw,Av)+d(Sv,Bw) ’
- d(Tw,Sv)[d(Bw,Av)+d(Sv,Bw)] d(Av,Sv)[d(Bw,Tw)+d(Bw,Av)]
d(Tw,Sv)+d(Av,Tw) ) d(Av,Sv)+d(Tw,Sv)
A
d(Bw,Bw)[d(Bw,Bw)+d(Tw, Bw)] d(Bw,Bw)[d(Tw,Bw)+d(Bw,Tw)]
< ¢ d(Bw,Tw)+d(Bw,Bw) d(Bw,Bw)+d(Bw,Bw) ’ [Since, AV:BW, SV:BW]
d(Tw,Bw)[d(Bw,Bw)+d(Bw, Bw)] d(Bw,Bw)[d(Bw,Tw)+d(Bw,Bw)]
d(Tw,Bw)+d(Bw,Tw) d(Bw,Bw)+d(Tw,Bw)

d(Bw, Tw) < {¢{1,d (Tw, Bw),1,1}}*

d(Bw, Tw) = d*(Bw, Tw), [using (iii)]

Which is a contradiction, since \ € (0, %), hence Bw = Tw and hence Tw=Av=Sv=Bw. Since the pairs (A, S) and (B, T)
are weakly compatible and Sv=Av and Tw=Bw. Hence ASv = SAv = AAv = SSv, TBw = BTw = BBw = TTw. Finally
we claim that SAv=Av. Putting z=Av and y=w in (E2) we have

d(SAv, Av) = d(SAv, Tw)

d(AAv,Bw)[d(AAv,SAv)+d(Tw,SAv)]
d(Bw,Tw)+d(Bw,AAv) ’
d(AAv,Bw)[d(Tw,SAv)+d(AAv,Tw)]
d(Bw,AAv)+d(SAv,Bw) ’
d(Tw,SAv)[d(Bw,AAv)+d(SAv, Bw)]
d(Tw,SAv)+d(AAv,Tw)
d(AAv,SAv)[d(Bw,Tw)+d(Bw,AAv)]
d(AAv,SAv)+d(Tw,SAv)

IA
<

[since AAv=SAv, Tw=Av, Bw=Av]

d(SAv,Av)[d(SAv,SAv)+d(Av, SA'U)]
d(Av,Av)+d(Av,SAv)
d(SAv,Av)[d(Av,SAv)+d(SAv,Av)]
d(SA’U,A’U) < ¢ d(Av,SAv)+d(SAv,Av) ’
d(Av,SAv)[d(Av,SAv)+d(SAv,Av)]
d(Av,SAv)+d(SAv,Av) ’
d(SAv,SAv)[d(Av,Av)+d(Av,SAv)]
d(SAv,SAv)+d(Av,SAv)

d(SA,v, Av) < {¢{d (SAv, Av),d (SAv, Av),d (SAv, Av),1}}*

d(SAv, Av) = d*(SAv, Av), [using (v)]
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on the other hand since A\ € (0, %)7 implies that d(SAv, Av)=1, i.e. SAv=Av and hence SAv=Av= AAv, which implies
that Av is a common fixed point of A and S. Also, one can easily prove that BBw=Bw=TBw, i.e. Bw is common fixed
point of B and T. As Av=Bw, Av is a common fixed point of A, B, S and 7. The uniqueness follows easily from (E2).

This completes the proof. O
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