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1. Introduction and Preliminaries

It is well known that the set of all positive real numbers is not complete with respect to usual metric but it is observed that

set of all real numbers is a complete multiplicative metric space with respect to the multiplicative absolute value function.

This problem was overcome in 2008, by Bashirov [1] by introducing the new metric space named Multiplicative Metric Space.

The notion of convergence in multiplicative metric space and related fixed point theorems in multiplicative metric space

was introduced by Özavsar and Cevikel initiated [7]. We start with definition and topological definitions of multiplicative

metric space. Also we use the notations R to represent set of real numbers and R+ is used to represent set of all positive

real numbers.

Definition 1.1 ([1]). Let X be a nonempty set. A multiplicative metric is a mapping d : X×X→ R+ satisfying the following

conditions:

(1.1) d(x, y) ≥ 1 ∀ x,y ∈ X and d(x,y)=1 if and only if x=y;

(1.2) d(x, y)=d(y,x) ∀ x, y∈ X;

(1.3) d(x, y) ≤ d(x, z).d(z, y) x,y ∈ X (multiplicative triangle inequality).
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Definition 1.2. Let f and g be two mappings of a multiplicative metric space (X, d) into itself, then f and g are said to be

(1.4) commutative mapping if fgx = gfx ∀ x ∈ X.

(1.5) Weak commutative mapping if d(fgx, gfx) ≤ d(fx, gx) ∀x ∈ X.

(1.6) Weakly compatible if f and g commute at coincidence points, that is, ft = gt for some t ∈ X. Implies that fgt = gft.

(1.7) E.A property if there exist a sequence {xn} in X such that lim
n→∞

fxn = lim
n→∞

gxn = t for some t ∈ X.

(1.8) CLRg property (common limit range of g property) if there exist a sequence {xn} in X such that lim
n→∞

fxn = lim
n→∞

gxn =

gt for some t ∈ X.

(1.9) CLRf property (common limit range of f property) if there exist a sequence {xn} in X such that lim
n→∞

fxn = lim
n→∞

gxn =

ft for some t ∈ X.

2. Main Results

The concept of implicit functions is used by Popa [11], which is an effective contractive condition in multiplicative metric

space. Implicit relations on metric spaces have been used by many authors [6, 9, 12]. In this section to prove the main result

we define a suitable class of the implicit function involving four real non-negative arguments as follows:

Let Ψ denote the family of functions such that φ : R4
+ → R+ is continuous and increasing in each coordinate variable and

(1) φ(t, t.t1, 1, t) ≤ t.t1

(2) φ(t, 1, t.t1, t1) ≤ t.t1

(3) φ(1, t, 1, 1) ≤ t

(4) φ(t, 1, t, 1) ≤ t

(5) φ(t, t, t, 1) ≤ t

(6) φ(t, t, 1, 1) ≤ t

for every t, t1 ∈ R+ (t, t1 ≥ 1). It is obvious that φ(1, 1, 1, 1) = 1. There exist many functions φ ∈ Ψ. Now we prove the

following theorems for weakly compatible mappings satisfying implicit function in a multiplicative metric space.

Theorem 2.1. Let A, B, S, T be mappings of a multiplicative metric space (X, d) into itself satisfying

(E1) SX ⊂ BX and TX ⊂ AX

(E2) d(Sx, Ty) ≤

φ


d(Ax,By)[d(Ax,Sx)+d(Ty,Sx)]
d(By,Ty)+d(By,Ax)

, d(Ax,By)[d(Ty,Sx)+d(Ax,Ty)]
d(By,Ax)+d(Sx,By)

,

d(Ty,Sx)[d(By,Ax)+d(Sx,By)]
d(Ty,Sx)+d(Ax,Ty)

, d(Ax,Sx)[d(By,Ty)+d(By,Ax)]
d(Ax,Sx)+d(Ty,Sx)



λ

For all x, y ∈ X, where λ ∈ (0, 1
2
) and

φ ∈ Ψ;

(E3) let us suppose that the pairs (A, S) and (B, T) are weakly compatible;

(E4) One of the subspaces AX or BX or SX or TX is complete

Then A, B, S and T have a unique common fixed point.
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Proof. Let x0 be any arbitrary point of metric space X. It is given that SX ⊂ BX, hence there exist x1 ∈ X such that

Sx0 = Bx1 = y0. Now for this x1 where exists x2 ∈ X in such a way that Ax2 = Tx1 = y1. In a similar way, we can define

an inductive sequence {yn} in such a way that,

Sx2n = Bx2n+1 = y2n, Ax2n+2 = Tx2n+1 = y2n+1.

Next, we prove that {yn} is a multiplicative cauchy sequence in X. in fact, ∀ n ∈ N, we have, From (E2), we have

d (y2n, y2n+1) ≤ d (Sx2n, Tx2n+1)

≤


φ



d(Ax2n,Bx2n+1)[d(Ax2n,Sx2n)+d(Tx2n+1,Sx2n)]
d(Bx2n+1,Tx2n+1)+d(Bx2n+1,Ax2n)

,

d(Ax2n,Bx2n+1)[d(Tx2n+1,Sx2n)+d(Ax2n,Tx2n+1)]
d(Bx2n+1,Ax2n)+d(Sx2n,Bx2n+1)

,

d(Tx2n+1,Sx2n)[d(Bx2n+1,Ax2n)+d(Sx2n,Bx2n+1)]
d(Tx2n+1,Sx2n)+d(Ax2n,Tx2n+1)

,

d(Ax2n,Sx2n)[d(Bx2n+1,Tx2n+1)+d(Bx2n+1,Ax2n)]

d(Ax2n,Sx2n)+d(Tx2n+1,Sx2n)





λ

≤


φ



d(y2n−1, y2n)[d(y2n−1,y2n)+d(y2n+1,y2n)]
d(y2n,y2n+1)+d(y2n,y2n−1)

,

d(y2n−1,y2n)[d(y2n+1,y2n)+d(y2n−1,y2n+1)]
d(y2n,y2n−1)+d(y2n,y2n)

,

d(y2n+1,y2n)[d(y2n,y2n−1)+d(y2n,y2n)]
d(y2n+1,y2n)+d(y2n−1,y2n+1)

,

d(y2n−1,y2n)[d(y2n,y2n+1)+d(y2n,y2n−1)]

d(y2n−1,y2n)+d(y2n+1,y2n)





λ

≤


φ



d(y2n−1,y2n)[d(y2n−1,y2n)+d(y2n+1,y2n)]
d(y2n,y2n+1)+d(y2n,y2n−1)

,

d(y2n−1,y2n)[d(y2n+1,y2n)+d(y2n−1,y2n).d(y2n,y2n+1)]
d(y2n,y2n−1)+1

,

d(y2n+1,y2n)[d(y2n,y2n−1)+1]
d(y2n+1,y2n)+d(y2n−1,y2n).d(y2n,y2n+1)

,

d(y2n−1,y2n)[d(y2n,y2n+1)+d(y2n,y2n−1)]

d(y2n−1,y2n)+d(y2n+1,y2n)





λ

≤


φ



d (y2n−1, y2n) ,

d (y2n−1, y2n) .d (y2n, y2n+1) ,

1,

d (y2n−1, y2n)





λ

d (y2n, y2n+1) ≤ dλ (y2n−1, y2n) .dλ (y2n, y2n+1) [using (i)]

This implies that,

d (y2n, y2n+1) ≤ d
λ

1−λ (y2n−1, y2n)

On substituting, h = λ
1−λ ∈ (0, 1

2
)

d (y2n, y2n+1) ≤ dh (y2n−1, y2n) ,

In a similar way we have,

d (y2n+1, y2n+2) = d (Tx2n+1, Sx2n+2) = d (Sx2n+2, Tx2n+1)

≤


φ



d(Ax2n+2,Bx2n+1)[d(Ax2n+2,Sx2n+2)+d(Tx2n+1,Sx2n+2)]
d(Bx2n+1,Tx2n+1)+d(Bx2n+1,Ax2n+2)

,

d(Ax2n+2,Bx2n+1)[d(Tx2n+1,Sx2n+2)+d(Ax2n+2,Tx2n+1)]
d(Bx2n+1,Ax2n+2)+d(Sx2n+2,Bx2n+1)

,

d(Tx2n+1,Sx2n+2)[d(Bx2n+1,Ax2n+2)+d(Sx2n+2,Bx2n+1)]
d(Tx2n+1,Sx2n+2)+d(Ax2n+2,Tx2n+1)

,

d(Ax2n+2,Sx2n+2)[d(Bx2n+1,Tx2n+1)+d(Bx2n+1,Ax2n+2)]

d(Ax2n+2,Sx2n+2)+d(Tx2n+1,Sx2n+2)





λ
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≤


φ



d(y2n+1,y2n,)[d(y2n+1,y2n+2)+d(y2n+1,y2n+2)]
d(y2n,y2n+1)+d(y2n,y2n+1)

,

d(y2n+1,y2n)[d(y2n+1,y2n+2)+d(y2n+1,y2n+1)]
d(y2n,y2n+1)+d(y2n+2,y2n)

,

d(y2n+1,y2n+2)[d(y2n,y2n+1)+d(y2n+2,y2n)]
d(y2n+1,y2n+2)+d(y2n+1,y2n+1)

,

d(y2n+1,y2n+2)[d(y2n,y2n+1)+d(y2n,y2n+1)]

d(y2n+1,y2n+2)+d(y2n+1,y2n+2)





λ

≤


φ



d (y2n+1, y2n+2) ,

1,

d (y2n+1, y2n+2) .d (y2n+1, y2n) ,

d (y2n, y2n+1)





λ

d
(
y2n+1, y2n+2

)
≤ dλ (y2n, y2n+1) .dλ (y2n+1, y2n+2) [Using Symmetry and (ii)]

This implies that,

d
(
y2n+1, y2n+2

)
≤ d

λ
1−λ (y2n, y2n+1)

On substituting, h = λ
1−λ ∈ (0, 1

2
)

d
(
y2n+1, y2n+2

)
≤ dh (y2n, y2n+1) ,

Hence

d
(
yn, yn+1

)
≤ dh

1

(yn−1, yn) ≤ dh
2

(yn−2, yn−1) ≤ · · · ≤ dh
n

(y0, y1)

For all n ≥ 2, let m,n ∈ N such that m ≥ n. Using the triangular multiplicative inequality, we obtain

d (ym, yn) ≤ d (ym, ym−1) .d (ym−1, ym−2) . . . d (yn+1, yn)

≤ dh
m−1

(y1, y0) .dh
m−2

(y1, y0) . . . dh
n

(y1, y0)

≤ d
hn

1−h (y1, y0)

This implies that d (ym, yn) approaches to 1 as n and m approaches to infinity, we have. Therefore {yn} is a multiplicative

Cauchy sequence in X. Now, suppose that AX is complete, there exist u ∈ AX such that

yn+1 = Tx2n+1 = Ax2n+2 → u (n→∞).

Consequently, we can find v ∈ X such that Av = u. Further a multiplicative Cauchy sequence {yn} has a convergent

subsequence {y2n+1}, therefore the sequence {yn} converges and hence a subsequence {y2n} also converges. Thus we have,

y2n = Sx2n = Bx2n+1 → u(n→∞).

We claim that Sv = u if possible Sv 6= u, substituting x = v and y =x2n+1 in (E2), we have

d(Sv, Tx2n+1) ≤


φ



d(Av,Bx2n+1)[d(Av,Sv)+d(Tx2n+1,Sv)]
d(Bx2n+1,Tx2n+1)+d(Bx2n+1,Av)

,

d(Av,Bx2n+1)[d(Tx2n+1,Sv)+d(Av,Tx2n+1)]
d(Bx2n+1,Av)+d(Sv,Bx2n+1)

,

d(Tx2n+1,Sv)[d(Bx2n+1,Av)+d(Sv,Bx2n+1)]
d(Tx2n+1,Sv)+d(Av,Tx2n+1)

,

d(Av,Sv)[d(Bx2n+1,Tx2n+1)+d(Bx2n+1,Av)]

d(Av,Sv)+d(Tx2n+1,Sv)





λ
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Taking n→∞, On the two sides of the above inequality,

d (Sv, u) ≤


φ



d(u,u)[d(u,Sv)+d(u,Sv)]
d(u,u)+d(u,u)

,

d(u,u)[d(u,Sv)+d(u,u)]
d(u,u)+d(Sv,u)

,

d(u,Sv)[d(u,u)+d(Sv,u)]
d(u,Sv)+d(u,u)

,

d(u,Sv)[d(u,u)+d(u,u)]
d(u,Sv)+d(u,Su)





λ

≤


φ



d (u, Sv) ,

1,

d (u, Sv) ,

1





λ

d (u, Sv) ≤ dλ (u, Sv) , [using (iv)]

a contradiction, since λ ∈ (0, 1
2
) hence, implies Sv = u. Since u = Sv ∈ SX ⊂ BX, there exist w ∈ X such that u = Bw.

Claim that Tw = u, if possible Tw 6= u. substituting x = v and y = w in (E2), we have

d(u, Tw) = d(Sv, Tw)

≤

φ


d(Av,Bw)[d(Av,Sv)+d(Tw,Sv)]
d(Bw,Tw)+d(Bw,Av)

, d(Av,Bw)[d(Tw,Sv)+d(Av,Tw)]
d(Bw,Av)+d(Sv,Bw)

,

d(Tw,Sv)[d(Bw,Av)+d(Sv,Bw)]
d(Tw,Sv)+d(Av,Tw)

, d(Av,Sv)[d(Bw,Tw)+d(Bw,Av)]
d(Av,Sv)+d(Tw,Sv)



λ

≤

?


d(u,u)[d(u,u)+d(Tw,u)]

d(u,Tw)+d(u,u)
, d(u,u)[d(Tw,u)+d(u,Tw)]

d(u,u)+d(u,u)

d(Tw,u)[d(u,u)+d(u,u)]
d(Tw,u)+d(u,Tw)

, d(u,u)[d(u,Tw)+d(u,u)]
d(u,u)+d(Tw,u)



λ  using Av = u

= Sv = Bw


≤ {φ {1, d (Tw, u) , 1, 1}}λ

d (u, Tw) ≤ dλ (u, Tw) [using (iii)]

A contradiction, since λ ∈ (0, 1
2
) implies u = Tw. Hence we get u = Av = Sv, that is, v is a coincidence point of A, S. also

u = Bw = Tw, that is w is coincidence point of B and T. Therefore Av = Sv = Bw = Tw = u. Since the pairs (A, S) and

(B, T) are weakly compatible, we have

Su = S(Av) = A(Sv) = Au = w1 (say)

And

Tu = T (Bw) = B(Tw) = Bu = w2 (say)

From (E2), we have

d(w1, w2) = d(Su, Tu) ≤

φ


d(Au,Bu)[d(Au,Su)+d(Tu,Su)]
d(Bu,Tu)+d(Bu,Au)

, d(Au,Bu)[d(Tu,Su)+d(Au,Tu)]
d(Bu,Au)+d(Su,Bu)

,

d(Tu,Su)[d(Bu,Au)+d(Su,Bu)]
d(Tu,Su)+d(Au,Tu)

, d(Au,Su)[d(Bu,Tu)+d(Bu,Au)]
d(Au,Su)+d(Tu,Su)



λ

Using symmetry and above conditions of w1 and w2, we have

d(w1, w2) ≤

φ


d(w1,w2)[d(w1,w1)+d(w2,w1)]
d(w2,w2)+d(w2,w1)

, d(w1,w2)[d(w2,w1)+d(w1,w2)]
d(w2,w1)+d(w1,w2)

,

d(w2,w1)[d(w2,w1)+d(w1,w2)]
d(w2,w1)+d(w1,w2)

, d(w1,w1)[d(w2,w2)+d(w2,w1)]
d(w1,w1)+d(w2,w1)



λ

≤ {φ {d (w1, w2) , d (w1, w2) , d (w1, w2) , 1}}λ

d (w1, w2) ≤ dλ (w1, w2) [using (v)]
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on the other hand, since λ ∈ (0, 1
2
) implies, d (w1, w2) = 1, which implies that w1 = w2 and hence we have Su = Au = Tu =

Bu. Again using (E2) and symmetry of multiplicative metric space we have,

d(Sv, Tu) ≤

φ


d(Av,Bu)[d(Av,Sv)+d(Tu,Sv)]
d(Bu,Tu)+d(Bu,Av)

, d(Av,Bu)[d(Tu,Sv)+d(Av,Tu)]
d(Bu,Av)+d(Sv,Bu)

,

d(Tu,Sv)[d(Bu,Av)+d(Sv,Bu)]
d(Tu,Sv)+d(Av,Tu)

, d(Av,Sv)[d(Bu,Tu)+d(Bu,Av)]
d(Av,Sv)+d(Tu,Sv)



λ

≤

φ


d(Sv,Tu)[d(Sv,Sv)+d(Tu,Sv)]
d(Tu,Tu)+d(Tu,Sv)

, d(Sv,Tu)[d(Tu,Sv)+d(Sv,Tu)]
d(Tu,Sv)+d(Sv,Tu)

,

d(Tu,Sv)[d(Tu,Sv)+d(Sv,Tu)]
d(Tu,Sv)+d(Sv,Tu)

, d(Sv,Sv)[d(Tu,Tu)+d(Tu,Sv)]
d(Sv,Sv)+d(Tu,Sv)



λ

[using Av=Sv and Bu=Tu]

≤ {φ {d (Sv, Tu) , d (Sv, Tu) , d (Sv, Tu) , 1}}λ

d (Sv, Tu) ≤ dλ (Sv, Tu) , [using v]

on the other hand, since λ ∈ (0, 1
2
) implies d (Sv, Tu) = 1 i.e. Sv = Tu. But Sv = u which implies that Tu = u and hence

we have u=Su=Au=Tu=Bu. Therefore u is a common fixed point of A, B, S and T. Similarly, we can complete the proof

for the different case in which BX or TX or SX is complete.

Uniqueness: Let p and q are two different common fixed points of A, B, S, T then using symmetry of multiplicative metric

space and using equation (E2)

d (p, q) = d (Sp, Tq)

≤

φ


d(Ap,Bq)[d(Ap,Sp)+d(Tq,Sp)]
d(Bq,Tq)+d(Bq,Ap)

, d(Ap,Bq)[d(Tq,Sp)+d(Ap,Tq)]
d(Bq,Ap)+d(Sp,Bq)

,

d(Tq,Sp)[d(Bq,Ap)+d(Sp,Bq)]
d(Tq,Sp)+d(Ap,Tq)

, d(Ap,Sp)[d(Bq,Tq)+d(Bq,Ap)]
d(Ap,Sp)+d(Tq,Sp)



λ

≤

φ


d(p,q)[d(p,p)+d(q,p)]
d(q,q)+d(q,p)

, d(p,q)[d(q,p)+d(p,q)]
d(q,p)+d(p,q)

,

d(q,p)[d(q,p)+d(p,?ā)]
d(q,p)+d(p,q)

, d(p,p)[d(q,q)+d(q,p)]
d(p,p)+d(q,p)



λ

≤

φ
 d (p, q) , d (p, q) ,

d (p, q) , 1



λ

d (p, q) ≤ dλ (p, q) , [using (v)]

on the other hand, since λ ∈ (0, 1
2
) implies d (p, q) = 1 i.e. p = q, which proves the uniqueness.

Corollary 2.2. Let A, B, S be mappings of a multiplicative metric space (X, d) into itself satisfying

(E5) SX ⊂ BX and SX ⊂ AX

(E6) d(Sx, Sy) ≤

φ


d(Ax,By)[d(Ax,Sx)+d(Sy,Sx)]
d(By,Sy)+d(B?ā,Ax)

, d(Ax,By)[d(Sy,Sx)+d(Ax,Sy)]
d(By,Ax)+d(Sx,By)

,

d(Sy,Sx)[d(By,Ax)+d(Sx,By)]
d(Sy,Sx)+d(Ax,Sy)

, d(Ax,Sx)[d(By,Sy)+d(By,Ax)]
d(Ax,Sx)+d(Sy,Sx)



λ

. For all x, y ∈ X, where λ ∈ (0, 1
2
)

and φ ∈ Ψ;

(E3) let us suppose that the pairs (A, S) and (B, S) are weakly compatible;

(E4) One of the subspaces AX or BX or SX is complete

Then A, B and S have a unique common fixed point.

In Theorem 2.1, if we put T=S, then we obtain the Corollary 2.2.

Corollary 2.3. Let S and T be mappings of a multiplicative metric space (X, d) into itself satisfying
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(E7) d (Sx, Ty) ≤

φ


d(x,y)[d(x,Sx)+d(Ty,Sx)]
d(y,Ty)+d(y,x)

, d(x,y)[d(Ty,Sx)+d(x,Ty)]
d(y,x)+d(Sx,y)

,

d(Ty,Sx)[d(y,x)+d(Sx,y)]
d(Ty,Sx)+d(x,Ty)

, d(x,Sx)[d(y,Ty)+d(y,x)]
d(x,Sx)+d(Ty,Sx)



λ

for all x, y ∈ X, where λ ∈ (0, 1
2
) and φ ∈ Ψ,

(E8) One of the subspaces SX or TX is complete.

Then S and T have a unique common fixed point.

In Theorem 2.1, if we put A = B = 1, then we obtain the Corollary 2.3.

Theorem 2.4. Let A, B, S, T be mappings of a multiplicative metric space (X, d) into itself satisfying the conditions (E1),

(E2), (E3) and the following conditions:

(E9) one of the subspaces AX or BX or SX or TX is closed subset of X

(E10) the pairs (A, S) and (B, T) satisfy the E.A. property.

Then A, B, S, T has a unique common fixed point.

Proof. Suppose that the pairs (A, S) satisfies the E.A property. Then ∃ a sequence {xn} in X such that lim
n→∞

Axn =

lim
n→∞

Sxn = z for some z ∈ X. Since SX ⊂ BX, ∃ a sequence yn in X such that Sxn = Byn. Hence lim
n→∞

Byn = z. Now

suppose that BX is closed subset of X, ∃ a point u ∈ X such that Bu = z. We will show that lim
n→∞

Tyn = z, from inequality

(E2), we have

d (Sxn, T yn) ≤


φ



d(Axn,Byn)[d(Axn,Sxn)+d(Tyn,Sxn)]

d(Byn,Tyn)+d(Byn,Axn)
,

d(Axn,Byn)[d(Tyn,Sxn)+d(Axn,Tyn)]

d(Byn,Axn)+d(Sxn,Byn)
,

d(Tyn,Sxn)[d(Byn,Axn)+d(Sxn,Byn)]

d(Tyn,Sxn)+d(Axn,Tyn)
,

d(Axn,Sxn)[d(Byn,Tyn)+d(Byn,Axn)]

d(Axn,Sxn)+d(Tyn,Sxn)





λ

Taking n approaches to infinity and using the symmetry property of multiplicative metric space, we have

d
(
z, lim
n→∞

Tyn
)
≤


φ



d(z,z)[d(z,z)+d(limn→∞ Tyn,z)]
d(z,limn→∞ Tyn)+d(z,z)

,

d(z,z)[d(limn→∞ Tyn,z)+d(z,limn→∞ Tyn)]
d(z,z)+d(z,z)

,

d(limn→∞ Tyn,z)[d(z,z)+d(z,z)]
d(limn→∞ Tyn,z)+d(z,limn→∞ Tyn)

,

d(z,z)[d(z,limn→∞ Tyn)+d(z,z)]
d(z,z)+d(limn→∞ Tyn,z)





λ

d
(
z, lim
n→∞

Tyn
)
≤
{
φ
{

1, d
(
z, lim
n→∞

Tyn
)
, 1, 1

}}λ
d
(
z, lim
n→∞

Tyn
)
≤ dλ

(
z, lim
n→∞

Tyn
)

[using (iii)]

on the other hand, since λ ∈
(
0, 1

2

)
implies d

(
z, lim
n→∞

Tyn
)

= 1 i.e. z = lim
n→∞

Tyn. Thus we have

lim
n→∞

Axn = lim
n→∞

Bxn = lim
n→∞

Sxn = lim
n→∞

Txn = z = Bu (say)

for some u in X. On substituting x = xn and y = u in (E2), we have

d (Sxn, Tu) ≤


φ



d(Axn,Bu)[d(Axn,Sxn)+d(Tu,Sxn)]
d(Bu,Tu)+d(Bu,Axn)

,

d(Axn,Bu)[d(Tu,Sxn)+d(Axn,Tu)]
d(Bu,Axn)+d(Sxn,Bu)

,

d(Tu,Sxn)[d(Bu,Axn)+d(Sxn,Bu)]
d(Tu,Sxn)+d(Axn,Tu)

,

d(Axn,Sxn)[d(Bu,Tu)+d(Bu,Axn)]
d(Axn,Sxn)+d(Tu,Sxn)





λ
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Taking n→∞, we have

d (Bu, Tu) ≤


φ



d(Bu,Bu)[d(Bu,Bu)+d(Tu,Bu)]
d(Bu,Tu)+d(Bu,Bu)

,

d(Bu,Bu)[d(Tu,Bu)+d(Bu,Tu)]
d(Bu,Bu)+d(Bu,Bu)

,

d(Tu,Bu)[d(Bu,Bu)+d(Bu,Bu)]
d(Tu,Bu)+d(Bu,Tu)

,

d(Bu,Bu)[d(Bu,Tu)+d(Bu,Bu)]
d(Bu,Bu)+d(Tu,Bu)





λ

d (Bu, Tu) ≤ {φ {1, d (Bu, Tu) , 1, 1}}λ

d (Bu, Tu) ≤ dλ (Bu, Tu) [using (iii)]

On the other hand, since λ ∈ (0, 1
2
), it implies that d (Bu, Tu) = 1 i.e. Bu = Tu. Since the pair B and T is weakly compatible,

we have BTu = TBu and then BBu = TTu = BTu = TBu. There is also a condition that is TX ⊂ AX, ∃ v ∈ X such

that Tu = Av. Next we claim that Av = Sv, if possible let Av 6= Sv putting x = v and y = u, we have

d (Sv, Tu) ≤


φ



d(Av,Bu)[d(Av,Sv)+d(Tu,Sv)]
d(Bu,Tu)+d(Bu,Av)

,

d(Av,Bu)[d(Tu,Sv)+d(Av,Tu)]
d(Bu,Av)+d(Sv,Bu)

,

d(Tu,Sv)[d(Bu,Av)+d(Sv,Bu)]
d(Tu,Sv)+d(Av,Tu)

,

d(Av,Sv)[d(Bu,Tu)+d(Bu,Av)]
d(Av,Sv)+d(Tu,Sv)





λ

d (Sv,Av) ≤


φ



d(Av,Av)[d(Av,Sv)+d(Av,Sv)]
d(Av,Av)+d(Av,Av)

,

d(Av,Av)[d(Av,Sv)+d(Av,Av)]
d(Av,Av)+d(Sv,Av)

,

d(Av,Sv)[d(Av,Av)+d(Sv,Av)]
d(Av,Sv)+d(Av,Av)

,

d(Av,Sv)[d(Av,Av)+d(Av,Av)]
d(Av,Sv)+d(Av,Sv)





λ

[since, Tu=Av and Bu=Av ]

d (Sv,Av) ≤ {φ {d (Av, Sv) , 1, d (Av, Sv) , 1}}λ

d (Sv,Av) ≤ dλ (Sv,Av) [using (iv)]

Which is a contradiction, since λ ∈ (0, 1
2
), this implies that Sv = Av. Hence we have, Bu = Tu = Av = Sv. Since the pair

(A, S) are weakly compatible, we have ASv = SAv and then SSv = SAv = ASv = AAv. Next we claim that SAv = Av, if

possible SAv 6= Av on substituting x = Av and y = u, we have

d(SAv,Av) = d (SAv, Tu)

≤


φ



d(AAv,Bu)[d(AAv,SAv)+d(Tu,SAv)]
d(Bu,SAu)+d(Bu,AAv)

,

d(AAv,Bu)[d(Tu,SAv)+d(AAv,Tu)]
d(Bu,AAv)+d(SAv,Bu)

,

d(Tu,SAv)[d(Bu,AAv)+d(SAv,Bu)]
d(Tu,SAv)+d(AAv,Tu)

,

d(AAv,SAv)[d(Bu,Tu)+d(Bu,AAv)]
d(AAv,SAv)+d(Tu,SAv)





λ

≤


φ



d(SAv,Av)[d(SAv,SAv)+d(Av,SAv)]
d(Av,Av)+d(Av,SAv)

,

d(SAv,Av)[d(Av,SAv)+d(SAv,Av)]
d(Av,SAv)+d(SAv,Av)

,

d(Av,SAv)[d(Av,SAv)+d(SAv,Av)]
d(Av,SAv)+d(SAv,Av)

,

d(SAv,SAv)[d(Av,Av)+d(Av,SAv)]
d(SAv,SAv)+d(Av,SAv)





λ

[since AAv=SAv, Tu=Av, Bu=Av]

≤ {φ {d (SAv,Av) , d (SAv,Av) , d (Av, SAv) , 1}}λ

d (SAv,Av) ≤ dλ (SAv,Av) [using (v)]
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This is a contradiction, since λ ∈
(
0, 1

2

)
, hence Av = SAv. Hence SAv = Av = AAv. Hence Av is a common fixed point of A

and S. Also, it can be easily prove that BBu = Bu = TBu, that is, Bu is a common fixed point of B and T as Av = Bu,Av

is a common fixed point of A, B, S and T. Similarly we can complete the proof for cases in which AX or TX or SX is closed

subset of X.

Uniqueness: Let Av and Pu are two distinct common fixed points of A, B, S and T. Using symmetry of multiplicative

metric space and (E2), we have

d (Av, Pu) = d (SAv, TPu)

≤


φ



d(AAv,BPu)[d(AAv,SAv)+d(TPu,SAv)]
d(BPu,TPu)+d(BPu,AAv)

,

d(AAv,BPu)[d(TPu,SAv)+d(AAv,TPu)]
d(BPu,AAv)+d(SAv,BPu)

,

d(TPu,SAv)[d(BPu,AAv)+d(SAv,BPu)]
d(TPu,SAv)+d(AAv,TPu)

,

d(AAv,SAv)[d(BPu,TPu)+d(BPu,AAv)]
d(AAv,SAv)+d(TPu,SAv)





λ

≤


?



d(Av,Pu)[d(Av,Av)+d(Pu,Av)]
d(Pu,Pu)+d(Pu,Av)

,

d(Av,Pu)[d(Pu,Av)+d(Av,Pu)]
d(Pu,Av)+d(Av,Pu)

,

d(Pu,Av)[d(Pu,Av)+d(Av,Pu)]
d(Pu,Av)+d(Av,Pu)

,

d(Av,Av)[d(Pu,Pu)+d(Pu,Av)]
d(Av,Av)+d(Pu,Av)





λ

≤ {φ {d (Av, Pu) , d (Av, Pu) , d (Av, Pu) , 1}}λ

d (Av, Pu) ≤ dλ (Av, Pu) [using (v)]

A contradiction, since λ ∈ (0, 1
2
), hence Av = Pu. Which completes the proof.

Finally, we prove the following theorems for weakly compatible mappings with common limit range property satisfying the

implicit function in a multiplicative metric space.

Lemma 2.5. Let A, B, S, T be mappings of a multiplicative metric space (X, d) satisfying the conditions (E1) and (E2)

and the following condition:

(E11) the pairs (A, S) satisfies CLRA property or the pair (B, T) satisfies CLRB property,

Then the pairs (A, S) and (B, T) share the common limit in the range of A property or B property.

Proof. Let us first assume that the pair (A, S) satisfies the common limit range of A property. Then ∃ a sequence {xn}

in X such that lim
n→∞

Axn = lim
n→∞

Sxn = Az for some z ∈ X. Since SX ⊂ BX, so for each xn there exists yn in X such

thst Sxn = Byn. Then lim
n→∞

Byn = Az. hence, we have lim
n→∞

Sxn = lim
n→∞

Axn = lim
n→∞

Byn = Az. Now we claim that

lim
n→∞

Tyn = Az. On substituting x = xn and y = yn in (E2), we have

d (Sxn, T yn) ≤


φ



d(Axn,Byn)[d(Axn,Sxn)+d(Tyn,Sxn)]

d(Byn,Tyn)+d(Byn,Axn)
,

d(Axn,Byn)[d(Tyn,Sxn)+d(Axn,Tyn)]

d(Byn,Axn)+d(Sxn,Byn)
,

d(Tyn,Sxn)[d(Byn,Axn)+d(Sxn,Byn)]

d(Tyn,Sxn)+d(Axn,Tyn)
,

d(Axn,Sxn)[d(Byn,Tyn)+d(Byn,Axn)]

d(Axn,Sxn)+d(Tyn,Sxn)





λ
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Taking n→∞, we have

d
(
Az, lim

n→∞
Tyn

)
≤


φ



d(Az,Az)[d(Az,Az)+d(limn→∞ Tyn,Az)]
d(Az,limn→∞ Tyn)+d(Az,Az)

,

d(Az,Az)[d(limn→∞ Tyn,Az)+d(Az,limn→∞ Tyn)]
d(Az,Az)+d(Az,Az)

,

d(limn→∞ Tyn,Az)[d(Az,Az)+d(Az,Az)]
d(limn→∞ Tyn,Az)+d(Az,limn→∞ Tyn)

,

d(Az,Az)[d(Az,limn→∞ Tyn)+d(Az,Az)]
d(Az,Az)+d(limn→∞ Tyn,Az)





λ

d
(
Az, lim

n→∞
Tyn

)
≤
{
φ
{

1, d
(
Az, lim

n→∞
Tyn

)
, 1, 1

}}λ
d
(
Az, lim

n→∞
Tyn

)
≤ dλ

(
Az, lim

n→∞
Tyn

)
[using (iii)]

On the other hand, since λ ∈
(
0, 1

2

)
, hence d

(
Az, lim

n→∞
Tyn

)
= 1. Therefore, Az = lim

n→∞
Tyn i.e. lim

n→∞
Tyn = lim

n→∞
Byn =

lim
n→∞

Sxn = lim
n→∞

Axn = Az. Then the pairs (A, S) and (B, T) share the common limit range of A property for the other

pair (B, T) which shares common limit range of B property, Since the pair (B, T) satisfies common limit range of B property.

Then ∃ a sequence {yn} in X such that lim
n→∞

Byn = lim
n→∞

Tyn = Bz for some z ∈ X. Since TX ⊂ AX, so for each yn∃ xn

in X such that Tyn = Axn. Then lim
n→∞

Axn = Bz. Hence, we have lim
n→∞

Axn = lim
n→∞

Byn = lim
n→∞

Tyn = Bz.

Now we claim that lim
n→∞

Sxn = Bz. If possible lim
n→∞

Sxn 6= Bz, On substituting x = xn and y = yn in (E2), we have

d (Sxn, T yn) ≤


φ



d(Axn,Byn)[d(Axn,Sxn)+d(Tyn,Sxn)]

d(Byn,Tyn)+d(Byn,Axn)
,

d(Axn,Byn)[d(Tyn,Sxn)+d(Axn,Tyn)]

d(Byn,Axn)+d(Sxn,Byn)
,

d(Tyn,Sxn)[d(Byn,Axn)+d(Sxn,Byn)]

d(Tyn,Sxn)+d(Axn,Tyn)
,

d(Axn,Sxn)[d(Byn,Tyn)+d(Byn,Axn)]

d(Axn,Sxn)+d( Tyn,Sxn)





λ

taking n→∞, we have

d
(

lim
n→∞

Sxn, Bz
)
≤


φ



d(Bz,Bz)[d(Bz,limn→∞ Sxn)+d(Bz,limn→∞ Sxn)]
d(Bz,Bz)+d(Bz,Bz)

,

d(Bz,Bz)[d(Bz,limn→∞ Sxn)+d(Bz,Bz)]
d(Bz,Bz)+d(limn→∞ Sxn,Bz)

,

d(Bz,limn→∞ Sxn)[d(Bz,Bz)+d(limn→∞ Sxn,Bz)]
d(Bz,limn→∞ Sxn)+d(Bz,Bz)

,

d(Bz,limn→∞ Sxn)[d(Bz,Bz)+d(Bz,Bz)]
d(Bz,limn→∞ Sxn)+d(Bz,limn→∞ Sxn)





λ

d
(

lim
n→∞

Sxn, Bz
)
≤
{
φ
{
d (Bz, Sx2n) , 1, d(Bz, Sx2n), 1

}}λ
d
(

lim
n→∞

Sxn, Bz
)
≤ dλ

(
lim
n→∞

Sxn, Bz
)

[using (iv)]

This is a contradiction, since λ ∈
(
0, 1

2

)
, hence, therefore lim

n→∞
Sxn = Bz. Then the pairs (A, S) and (B, T) share the

common limit range of B property.

Theorem 2.6. Let A, B, S, T be mappings of a multiplicative metric space (X, d) satisfying the conditions (E1) and (E2)

and (E11). Then the pairs (A, S) and (B,T) have a coincidence point. Moreover, assume that the pairs (A, S) and (B, T)

are weakly compatible. Then A, B, S and T have a unique common fixed point.

Proof. Using the Lemma 2.5, the pairs (A, S) and (B, T) share the common limit range of A property, that is there exist

two sequences {xn} and {yn} in X such that lim
n→∞

Tyn = lim
n→∞

Byn = lim
n→∞

Sxn = lim
n→∞

Axn = Av for some v ∈ X. First,
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we claim that Av = Sv, substituting x = v and y = yn in (E2), we have

d (Sv, Tyn) ≤


φ



d(Av,Byn)[d(Av,Sv)+d(Tyn,Sv)]

d(Byn,Tyn)+d(Byn,Av)
,

d(Av,Byn)[d(Tyn,Sv)+d(Av,Tyn)]

d(Byn,Av)+d(Sv,Byn)
,

d(Tyn,Sv)[d(Byn,Av)+d(Sv,Byn)]

d(Tyn,Sv)+d(Av,Tyn)
,

d(Av,Sv)[d(Byn,Tyn)+d(Byn,Av)]

d(Av,Sv)+d(Tyn,Sv)





λ

Taking n approaches to infinity, we have

d (Sv,Av) ≤


φ



d(Av,Av)[d(Av,Sv)+d(Av,Sv)]
d(Av,Av)+d(Av,Av)

,

d(Av,Av)[d(Av,Sv)+d(Av,Avā)]
d(Av,Av)+d(Sv,Av)

,

d(Av,Sv)[d(Av,Av)+d(Sv,Av)]
d(Av,Sv)+d(Av,Av)

,

d(Av,Sv)[d(Av,Av)+d(Av,Av)]
d(Av,Sv)+d(Av,Sv)





λ

d (Sv,Av) ≤ {φ {d (Av, Sv) , 1, d (Av, Sv) , 1}}λ

d (Sv,Av) ≤ dλ (Sv,Av) [using (iv)]

On the other hand λ ∈
(
0, 1

2

)
, implies that d(Sv,Av) = 1 i.e., Sv = Av. Since SX ⊂ BX, ∃ w ∈ X such that Bw = Sv.

Now we claim that Bw = Tw, if possible Bw 6= Tw. Putting x = v and y = w, in (E2), we have

d(Bw, Tw) = d (Sv, Tw)

≤

φ


d(Av,Bw)[d(Av,Sv)+d(Tw,Sv)]
d(Bw,Tw)+d(Bw,Av)

, d(Av,Bw)[d(Tw,Sv)+d(Av,Tw)]
d(Bw,Av)+d(Sv,Bw)

,

d(Tw,Sv)[d(Bw,Av)+d(Sv,Bw)]
d(Tw,Sv)+d(Av,Tw)

, d(Av,Sv)[d(Bw,Tw)+d(Bw,Av)]
d(Av,Sv)+d(Tw,Sv)



λ

≤

φ


d(Bw,Bw)[d(Bw,Bw)+d(Tw,Bw)]
d(Bw,Tw)+d(Bw,Bw)

, d(Bw,Bw)[d(Tw,Bw)+d(Bw,Tw)]
d(Bw,Bw)+d(Bw,Bw)

,

d(Tw,Bw)[d(Bw,Bw)+d(Bw,Bw)]
d(Tw,Bw)+d(Bw,Tw)

, d(Bw,Bw)[d(Bw,Tw)+d(Bw,Bw)]
d(Bw,Bw)+d(Tw,Bw)



λ

[since, Av=Bw, Sv=Bw]

d (Bw, Tw) ≤ {φ {1, d (Tw,Bw) , 1, 1}}λ

d(Bw, Tw) = dλ(Bw, Tw), [using (iii)]

Which is a contradiction, since λ ∈
(
0, 1

2

)
, hence Bw = Tw and hence Tw=Av=Sv=Bw. Since the pairs (A, S) and (B, T)

are weakly compatible and Sv=Av and Tw=Bw. Hence ASv = SAv = AAv = SSv, TBw = BTw = BBw = TTw. Finally

we claim that SAv=Av. Putting x=Av and y=w in (E2) we have

d(SAv,Av) = d(SAv, Tw)

≤


φ



d(AAv,Bw)[d(AAv,SAv)+d(Tw,SAv)]
d(Bw,Tw)+d(Bw,AAv)

,

d(AAv,Bw)[d(Tw,SAv)+d(AAv,Tw)]
d(Bw,AAv)+d(SAv,Bw)

,

d(Tw,SAv)[d(Bw,AAv)+d(SAv,Bw)]
d(Tw,SAv)+d(AAv,Tw)

,

d(AAv,SAv)[d(Bw,Tw)+d(Bw,AAv)]
d(AAv,SAv)+d(Tw,SAv)





λ

[since AAv=SAv, Tw=Av, Bw=Av]

d(SAv,Av) ≤


φ



d(SAv,Av)[d(SAv,SAv)+d(Av,SAv)]
d(Av,Av)+d(Av,SAv)

,

d(SAv,Av)[d(Av,SAv)+d(SAv,Av)]
d(Av,SAv)+d(SAv,Av)

,

d(Av,SAv)[d(Av,SAv)+d(SAv,Av)]
d(Av,SAv)+d(SAv,Av)

,

d(SAv,SAv)[d(Av,Av)+d(Av,SAv)]
d(SAv,SAv)+d(Av,SAv)





λ

d (SA, v,Av) ≤ {φ {d (SAv,Av) , d (SAv,Av) , d (SAv,Av) , 1}}λ

d(SAv,Av) = dλ(SAv,Av), [using (v)]
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on the other hand since λ ∈
(
0, 1

2

)
, implies that d(SAv, Av)=1, i.e. SAv=Av and hence SAv=Av= AAv, which implies

that Av is a common fixed point of A and S. Also, one can easily prove that BBw=Bw=TBw, i.e. Bw is common fixed

point of B and T. As Av=Bw, Av is a common fixed point of A, B, S and T. The uniqueness follows easily from (E2).

This completes the proof.
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