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1. Introduction

First Bellman [6] studied the existence of solutions for some classes of functional equation arising in Dynamic programming.

Bellman and Lee [7] gives the basic form of functional equations in dynamic programming as follows:

f(x) = optyep H{z,y, f (T (z,y))}, V z€S (1)

Where opt represents sup or inf,x and y denotes the state and decision vectors respectively, T" stands for the transformation
of the process and f(z) represents the optimal return function with the initial state z. After Bellman, many researcher
Baskaran and Subrahmanyam [8], Bhakta and Choudhury [4], Bhakta and Mitra [5], Chang and Ma [9], Liu [11-14], Liu,
Agarwal, and Kang [15], Liu and Ume [19], Pathak and Fisher [3], Zhang [10] investigate the existence and uniqueness of
solution and common solution for some kinds of functional equations and systems of functional equations. Ray [1] established

two common fixed point theorems for the following self mapping f, g, and h in a complete metric space (X,d):

d(fz,gy) <d(hz,hy) —w (d (hz,hy)), V z,y€X

Liu [11], introduced and studied a class contractive type mapping as:

d(fz,gy) < max{d (hz, hy),d (hz, fx),d(hy, gy)} — w(max{d (hz, hy),d (hz, fx),d(hy,gy)}), V z,yeX
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Z. Liu, L. Wang, H K. Kim and S. M. Kang [22], proved some common fixed point theorems for contractive type mappings

for three self mapping as follows

d(fz,g9) < o {d (b, ) d B ) (g gw) [ b )+ d )], T LR S 0) AR ) B )
o (max {d b)) g g0) 5 0 )+ (g, TRV ) A0 T A B

V z,y € X. In this paper we give some sufficient conditions for existence and uniqueness of common fixed point in rational

inequality on complete metric space (X, d):

d(hz,gy) .d(hy, fx) d(hx,gy).d(hy, fx) d(hz, fz).d(hy,gy)
4(f. 9y) < max { d(hz, fx) +d (hx, hy)’ d (hz, hy) + d (fz,gy)” d(fz,hy) +d (fz,gy)’
d(hz, fx).d(hy,gy)  d(fz, hz).d(fz, hy) }
d(fz,hy) + d(hz, fx)’ d(fz,hy) + d(hz, hy)
W (max{ d(hz,gy) .d(hy, fx)  d(hz,gy).d(hy, fz) d(hz, fz).d(hy,gy)
d (hz, fx) +d (ha, hy)’ d (hz, hy) +d (fz,gy) d(fz, hy) + d (fz,gy)’
d (hz, fz) .d(hy,g9y) d(fz,hz).d(fz, hy)
d(f, hy) + d(ha, f2)’ A(fz, hy) + d(ha, hy) }) TmyeR

As applications we use the fixed point theorems for the following functional equation and system of functional equations, in
the dynamic programming:

f(x) = OptyED{u (JZ, y) +H (JZ, Y, f (T (.T, y))} , VzeS (2)

And

fi (x) = OptyGD{u (1’, y) +H; (l',y,fi (T (a:,y))} ) v xES,i :{17 27 3} (3)

Here we assume W ={ w|w :RT—R™ is a continuous mapping with 0 < w (t) <t for all t > 0}. R"=[0,00), w denotes
the sets of all positive integer, N= set of all nonnegative integer. And define Cy (X)={ g| g : X—X is a continuous and

fg=gf}, where f is a self mapping in (X, d). Let I denotes the identity mapping in X.

2. Main Result

In this paper we prove some fixed point and common fixed point theorems for some classes of contractive type mapping in a
complete metric space (X, d), for self mapping f,g and h in (X, d) and zo€X put d= d(hzn,hzn+1) for all n€w. Our main

result are as follows:

Theorem 2.1. Let (X,d) be a complete metric space and f,g and h be three self mapping in X with heCy (X)NCy (X)
and f (X)Ug (X)Ch(X). If there exists a weW satisfying

d(hz,gy) .d(hy, fz) d(hx,gy).d(hy, fx) d(hz, fz).d(hy,gy)

) < e oy 41 ) 2y

d (hz, fx) .d(hy,gy) d(fz,hz).d(fz, hy) }

d(fz,hy) +d(hz, fz)’ d(fz,hy)+d(hz, hy)
W (max{ d(hx, gy) .d(hy, fz)  d(hz,gy).d(hy, fr) d(hz, fz).d(hy,gy)

d(hz, fz) +d (hz, hy)’ d (hz, hy) +d (fz,gy) d (fz,hy) +d (fz,gy)’
d (hz, fz).d(hy,gy) d(fz, hz).d(fz, hy) }) (@)
d(fz,hy) +d(hz, fz)’ d(fz, hy) +d(hz, hy)

Then f,g and h have a unique common fixed point in X.
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Proof. Let zp be any point in X, According to f(X)Ug(X)Ch(X), we choose a sequence {z,}, . EX such that

new

f2o,=hxant1 and gx,, =h2,42 for any n€w. By equation (4) we get,

) d(han, grant1).d(hTan+1, fTon))
d(fw2n, gT2n+1) < max { (d(hxan, fron) + d(hxon, hront1))’ (d (((f(mgn, hx2n+1))+ Ei(fl’zn, 9T2n+41))’
(d(hxzn, fxzn).d(hwgnH, gx2n+1)) (d(hl‘gn, f:L'Qn) d(hm2n+1, gx2n+1))
(d(fzan, hxant1) + d(foon, gTan+t1))’ (d(fran, hrans1) + d(haan, fran))’
(d(fr2n, hzan).-d(fr2n, htani1))
(d(fl'gn, hx2n+1) + d(hl‘Qn, hx2n+1)) }
o <max { (d(hxon, gTon+t1).d(htoni1, fron))  (d(hXon, gront1).d(hTant1, fTon))
(d(hxon, fran) + d(hxon, hxant1))’ (d(hxon, htont1) + d(fTon, grant1))’
(d(ha2n, fron).-d(htonti, g$2n+1)) (d(ha2n, fron).d(htont1, gT2ni1))
(d(fzan, hzant1) + d(f2an, gTant1))’ (d(fran, hroni1) + d(hzan, fran))’
(d(fran, hwon).d(fon, heani1))
(d(fzon, htont1) + d(hzan, hzont1)) })
(d(hl‘gn, hx2n+2).d(hm2n+1, h$2n+1) (d(hxzn, hI2n+2) d(hl‘gnJrl, h$2n+1))
(d(hl’zn, hCCQn.»,_l) + d(hl’gn, hx2n+1)) ( (hxzn, h$2n+1) + d(h£2n+1, h$2n+2))
(d(hx2n, htont1).d(htont1, hxont2)) (d(hon, htont1).d(hzonti, htoni2))
(d(h:cszrl h$2n+1) + d(hxan, h$2n+2)) (d(hx2n+1, h$2n+1) —+ d(hmzn, h$2n+1)) ’
(d(h$2n+1, ha?zn) d(hI2n+17 hl‘szrl))
(d(h@ant1, hwani1) + d(haan, htoni1)) }
—w (max { (d(hxgn, hzgn+2).d(hx2n+1, h$2n+1)) (d(h:l]gn, hx2n+2).d(hx2n+1, hx2n+1))
(d(hl‘gn, h$2n+1) + d(hxgn, hI2n+1)) ’ ( (hl‘gn, h$2n+1) + d(h$2n+1, h$2n+2)) ’
(d(hx2n, htont1).d(htont1, htont2)) (d(h@on, htont1).d(hzont1, htoni2))
(d(hl‘gnJrl, hl‘2n+1) +4 d(h$2n+1, h$2n+2)) ’ (d(h$2n+1, hI2n+1) +4 d(hxgn, h$2n+1))
(d(h$2n+1, hxzn).d(hl‘gnJrh hl‘gnJrl))
(d(hl’zn+1, h$2n+1) + d(hl‘Qn, hI2n+1)) })

d2n+1 S max 07 0’ (d2nd2n+l) , (d2nd2n+l) } —w (max {O7 0’ (d2nd2n+l) , (d2nd2n+l) , O})
d2n+1 d2n7 0 d2n+1 d2n

(d(hxan, gxant1)-d(heant1, fTan)

d(hz2nt1, hranyo) < max{

d2n+1<max{dzn,d2n+1}—w(maz{dzn,d2n+1}) (5)

Suppose that dont+1 > day, for some n € w. Then from Equation (5), dont+1 < dont+1 — w(dan+1) < dan+1 , a contradiction.
Hence we have dapt1 < da2n. And so dont1 < don — w(d2n), for any n € w. Consequently we get, don < don—1 — w (d2n—1)

for all n € N. It follows that,

dp <dp—1—w(dn-1), forall ne N. (6)
Next we prove that
lim d, =0 (M
n— o0

n

also Equation (6) written as, Y w(d;) < do — dny1 < do for all n € w and {d,}
=0

the series Z w(d,) and the sequence {d,}, ., are convergent. It is clear that lim w(d,) =0 and there exist some point

new 18 a decreasing sequence. Whereas

pERT such that lim dn,=p . In terms of the continuity of w, we derive that lim w(d,) =w (p) = 0 . This means that p =0,

n—r00 n—00

that is Equation (7), holds.

Now next we show that {hz,} is a Cauchy sequence, for this we prove that {hzan} is a Cauchy sequence. suppose

new new

that {hxo,} is not a Cauchy sequence. Thus there exist some € > 0 such that for any even integer 2k. There are even

new

integer 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k and d (h@2m(k), h@2n(r) ) >€. Further, let 2m(k) denote the least

even integer exceeding 2n(k) which satisfies that 2m (k) >2n (k) >2k,

d (hl‘gm(k)_z, hﬂ?gn(k)) <e and d (h.’rzm(k), hﬂ?zn(k)) >€ (8)
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Notice that for any ke N

d (h@am (i), hanky) <dam(k)—1+Hdom ) —2+d (Aam ) -2, ha2nw))
|d (h2m k), ht2ny+1) —d (h@am ), hznm) | <dan)
|d (h@am )41 han() 1) —d (RE2mys Ban(y+1) | <domr)
|d (h2mk)+15 hzn)+2) —d (hEam)+1; haznm)+2) | <dan)+1

Following (7), (8) and the above inequality, we infer that

€= kILH;o (h@2m(k), hT2n(k))

klingo d(h@am(k)s hTon(k)+1)

= Jggo (M 2m (k) +1> PT2n(k)+1)

khﬁngo Ad(hT2m (k)41 MTon(k)+1) ®)

Using Equation (4), we have V k€N,

d (h@2m k), 9T2n(k)+1) -d (h@2n(k)+1> fT2m(k))
d (h$2m(k)7 f$2m(k)) +d (hﬂizm(k), hl‘zn(k)ﬂ) '

d (fZ2m(k), 9T2n(k)+1) < max {

d (h@am (i), 9%angm)+1) -d (hzno+1, framm)  d (Wamms fT2mm)) -d (Mmoo +1, 9200 +1)
d (ham(y, htany+1) +d (fTamm), 9T2nm+1)  d (Frammy o)1) +d (fromm)s 9T2nm)+1)
d (ham k), fram) -d (ha2nm)+1, 9T2ny+1) A (FTamms hamr)) -A(fT2mm), han(e +1)

d (fxomk)s htan(y+1) +d (Aampys framm))  d (famm)s han+1) +d(h2m k), han()+1)

d (hZam(k), 92n(k)+1) -& (MT2n ()11, FT2m(k))
— w | max ,
d (R am k), [T2m)) +d (A2m k), ATan(k)+1)
d (hx2m(k)7 gx2n(k)+1) .d (thH(k)+l7 me'm(k)) d (th'm(k)? me'm(k)) .d (thn(k)+17 ngn(k)+l)
d (R am(k), h2n (i) +1) +d (FT2m)s 9T2n+1) & (fT2m k), hM2ny+1) +d (FT2mk) 9T2nm+1)
d (R 2m k), [T2m)) -d (h@2n)+15 9T2nky+1) A (FT2m(k)s h2m)) -A(fT2m(n), BT2n(k)+1)
d (fT2mk), Mm@ +1) +d (h@2mm), fTamk))  d (fTamk), hT2n)+1) FA(hT2m k) hE2n (k) +1)

Letting k — oo, by Equation (9) we get,

e ee dam@)-dan+1 d2mn)dan(e)+1 d2m(k)~€}
dom(k)+e€ €€’ e+e " etdomu) | ete

€.€ e.€ dom)-dank)+1 Dom(k)d2n(k)+1 d2m(k)-€
— w | max —, ) )
dop iy +e€ ete €+e e+dam(k) €+e

egmax{

Letting k — oo, by Equation (9) we get,

e < max{e, %,0,0,0} —w (max{e, %,0,0,0})

=e—w(e) <e

Which is a contradiction, hence {hzn}, ., is a Cauchy sequence. It follows from completeness of (X,d) that {hxn}, .,

converges to a point u€X. Since heCy (X)NCy (X) . We infer that

hu = lim fhxan= lim hfxon= lim hhxon+i1
n—o0 n—o0

n— o0
= lim ghxont1= lim hgTont1= lim hhTonio (10)
n—o0o n—oo n—oo
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From Equation (4), we get

d (hu, ghtont1) .d (hhtont1, fu) d(hu, ghtonti) .d (hhzont1, fu)
d(fu, ghwzn1) < max { d(hu, fu) +d (b, hhaans1) d (hw, hhazner) +d (fu, ghtanii)
d (hu, fu) .d (hhasns1, ghtznsr) d(hu, fu).d (hhasmst, ghtanst)
d (fu, hhwant1) +d (fu, ghzont1)’  d(fu, hhzoni1) +d (hu, fu)
d(fu,hu).d(fu,hhzont1)
d(F, hhwznsr) +d (b, hhwznsr) }
Cw (max { d (hu, ghwant1) .d (hhzanit, fu) d(hu, ghroni1) .d (Rhoont, fu)
d (hu, fu) +d (hu, hhzony1)  d(hu, hhzant1) +d (fu, ghzont1)
d (hu, fu) .d (hhzant1, ghzont1) d(hu, fu).d (hhxont1, ghrontt)
d (fu, hhwant1) +d (fu, ghzont1) ~ d(fu, Rhoont1) +d (hu, fu)
d (fu, hu) .d(fu, hhzont1)
d (fu, hhzant1) +d(hu, hhzony1) })

As n — oo, in above inequality

d (hu, hu) .d (hu, fu) d(hu, hu).d(hu, fu) d(hu, fu).d(hu, hu
d(fu, hu) < max { d ((hu, fu))er((hu, hu)) "d ((hu, hu))er(( fu, hu)) d ((fu, hu))+d(( fu, hu)) 7
d (hu, fu) .d (hu, hu) d(fu,hu).d(fu, hu)
d (fu, hu) +d (hu, fu)’d (fu, hu) +d (hu, hu) }
d (hu, hu) .d (hu, fu) d(hu, hu) .d(hu, fu) d(hu, fu).d(hu, hu)
v (max { d (hu, fu) +d (hu, hu) d (h, hu) +d (fu, k)" d (fu, ha) +d (fu, hu)
d (hu, fu) .d (hu,hu)  d(fu, hu).d(fu, hu)
d (fu, hu) +d (hu, fu) * d(fu, hu) +d (hu, hu) }>

=max{0,0,0,0,d (fu, hu)} — w(max{0,0,0,0,d (fu, hu)})

d (fu,hu) < d(fu,hu) —w(d(fu,hu))

This gives that fu = hu. Similarly we get hu = gu. Again from Equation (4), we get,

d hh$2n7 Ton+1 d hwzn 1, hl’zn d hhxzn, Ton+1 d h:Czn 1, h{lign
d(fhwan, gTan+1) S max { d ((hhxgn, ?hx;))m((hhxz:, hj;zn+1)) "d ((hhxgn, ffmn; ))er(( fhx;, ;mnﬂ))
d (hhxzn, fhxzn) d (h$2n+1, gx2n+1) d (hh:ﬂzn, thCQn) .d (hl‘g»,hq, g:Cszrl)
d (fhwg,r“ hCIfszrl) +d (fhil?zn, gCII‘Qn+1) d (fha)zn, hx2n+1) +d (hhl’zn, fhmzn)
d (fh.%‘gn, hh:lfzn) .d(fh:tzn, h$2n+1)
d (fhxzn, hl‘2n+1) +d(hhl‘2n, hx2n+1) }

—w (max { d (hhxzn, gm2n+1) .d (h$2n+1, fh.l‘gn) d (hhl‘Qn, gx2n+1) .d (hx2n+1, fhl‘zn)
d (hh$2n, fhl‘zn) +d (hhl)zn, h112n+1) d (hhxzn, hI2n+1) +d (fhl’zn, gx2n+1)
d (hhxon, fhxon) .d (hxont1,gTont1) d(hhxon, fhxon) .d (hXont1, gTont1)
d (fhxg,w h.’rszrl) +d (fh.’rzn, gw2n+1) d (fhl‘gn, h:Cszrl) +d (hhl’zn, fhl‘zn) ’
d (fh.TQT“ hhxzn) .d(fhxzn, h$2n+1) })
d (fhxgn, hm2n+1) +d(hhm2n, h$2n+1)

Taking the limit as n — oo, from Equation (10), we get

d (hu,u).d (u,hu) d(hu,u).d(u,hu) d(hu, hu).d(u,u)
d (hu, u) < max { d (hu, hu) +d (hu, w) " d (hu, w) +d (ha, u) " d (hu, w) +d (hu, u)
d (hu, hu) .d (u,u) d (hu, hu) .d(hu,u) }
d (hu,u) +d (hu, hu)’ d (hu, u) +d(hu, u)
d(hu,u) .d(u,hu) d(hu,u).d(u,hu) d(hu,hu).d(u,u)
e (max { d (hu, hu) +d (hu, w) d (hu, u) +d (h, u) " d (hu, u) +d (hu, u)
d (hu, hu) .d (u,u) d(hu, hu) .d (hu,u) })
d (hu,u) +d (hu, hu)’ d (hu, u) +d (hu, u)

d(hu,u) < max {d(hu7 u), d(h;’ u),O7 0, 0} —w (max {d(hu,u) , M, 0, 0,0})

d (hu,u) < d(hu,u) — w (d (hu,u))
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Which shows that, hu = u. Thus w is a common fixed point of f, g and h.

Uniqueness: If veX \ {u} is another common fixed point of f, g and h, from Equation (4) we get

d(u,v)=d(fu,gv) <d(u,v) —w (d (u,v))

Which shows that uv = v. Hence f, g and h have a unique common fixed point ueX. O

Theorem 2.2. Let f and g be two self mapping from a complete metric space (X, d) into itself. If there exist a w € W

satisfying

d(fx gy)<max{d(x7gy)-d(y,fw) d(z,9y) d(y, fz) d(z,fx).d(y.9y) d(z,fz).d(y,9y) d(fz,z) -d(frv’y)}
R d(z, fz) +d(z,y) d(z,y) +d (fz,g9y) d (fz,y) +d(fz,gy)" d(fz,y) +d (z, fz)" d(fz,y) +d(z,y)
_w(max{d(wygy).d(y,fw) d(z,gy).d(y, fr) d(z, fr).d(y,gy) d(z fr).d(y gy) d(fx,w)-d(fﬂc,y)}>
d(z, fr) +d(z,y) d (z,y) +d (fz, 9y) d (fz,y) +d (fz,gy)" d (fz,y) +d (z, fz)" d(fz,y) +d (2, y)

Then f and g have a unique common fized point in X.

Proof. Taking h = I in the Theorem 2.1 and remaining proof as above. O

3. Application

Let X and Y be a Banach space, SCX be the state space and DCY be the decision space. B(S) denotes the set of all

real-valued bounded functions on S. Put

d(a,b) = itelg la (z) =b(x)|, wa,beB(S),

It is obvious that (B (S),d) is a complete metric space. Define u: SxD - R, T:SxD — Sand Hi: SXDXR— R

for i € {1,2,3}. Now we study those conditions, which is guarantee the existence and uniqueness of solution and common

solution for the functional Equation (2) and the system of functional Equations (3).
Theorem 3.1. If the following conditions are satisfied
(a). w and H; are bounded for i€ {1,2,3}

(b). There exist a w € W satisfying

d(fsa,f2b).d(fsb,fia) d(fsa,f2b).d(fsb,fia) d(fsa,fia).d(fsb,f2b

e (0= Hatenb 0)] < max e i T e i
d(fsa,fra) .d(fsb,f2b) d(fia,fsa).d(fra,f3bhy) }
d(fia,f3b) +d(fsa,fra)’ d(fia,fsd) +d(fsa,fsb)
o (maX{ d(fsa,f2b) .d(fsb,fra) d(fsa,f2b).d(fsb,f1a)

d(fsa,fia) +d (fsa,f3b)’ d(fsa,fsb) +d (fia,f2b)
d(fsa,fia).d (f3b,f2b) d(fsa,fra).d(fsd,f2b) d(fia,fsa).d(fia,f3bhy) })
d(fra,f3b) +d (fra,f2b) d (fia,f3b) +d(fsa,fra)’ d(fia,fsb) +d(fsa,fsb)

for all (z,y) € S x D,a,b € B(S) and t€S, where the mapping fi,f> and fs are defined as follows,
vV z€S,a;€B(5),i€{1,2,3},

fiai (x) = optyep{u (z,y) +Hi(x,y,a: (T (z,y))} (11)

(c) f1(B(S))Uf2 (B(5)) Sfs (B (X)) and f3€Cs1 (B (S)) NCr2 (B(S)),
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then the system of functional Equation (3) possess a unique common solution in B (S).

Proof. Tt follows from (a) and (b) that fi, fo and f3 are self mapping in B (S). Let a,b € B (S) and z€S. We now have

to consider two possible cases

Case 1: Suppose that optyep = sup,cp for any € > 0, there exist y, 2 € D satisfying

fla(‘r) < U(I,y) +H, (‘rvyva(T (x,y))) +e
fob(z) < u(w,2)+Hz (z,2,b(T (x,2))) +e (12)
fra(z) > u(z,2) +H1 (z,2,a (T (z, 2)))

fgb(CC) > u (x,y) +H> (CIE, y7b(T (CIE, y)))

From the Equation (12) and (b), we get

|fra () —f2b (2)| < € + max{|H1 (z,y,a (T (z,y))) —Hz (2,9, b (T (z,9)))|, |H1 (z,2,a (T (2, 2))) —Hz (z,2,b(T (z, 2)))|}
d(fsa, f2b) .d(fsb, fra) d(fsa, f2b).d(fsb, fra)
§6+max{ d(fsa, fra) +d(fsa, fsb) d (fsa, fsb) +d (fia, f2b)
d(fsa, fra) .d(fsb, f2b) d(fsa, fia).d(fsb, f2b) d(fia, f3a).d(f1a, f3D) }
d(fia, fsb) +d (f1a, f2b)’d(fia, f3b) +d(fsa, fra)’ d(fia, f3b) +d(fsa, f3b)
W (max{ d(fsa, f2b) .d(fsb, fia) d(fsa, f2b).d(f3b, fra)
d(fsa, fia) +d(fsa, f3b)"d(fsa, f3b) +d (fia, f2b)
d(fsa, fia) .d(fsb, f2b) d(fsa, fra).d(fsb, f2b) d(fia, fsa).d(fia, fsb) })
d(fia, fsb) +d (fia, f2b)"d (fia, f3b) +d(fsa, fia)’ d(fia, f3b) +d(fsa, f3b)

Which yields that

U

3a, f2b) .d (f3b, fia 3a, fab 3b, fia
1) < e mex G ety )
d(fsa, fia) .d(fsb, f2b) d(fsa, fra).d(fsb, f2b) d(fia, fsa).d(fia, f3b) }

d(fia, fsb) +d (fia, f2b)"d (fia, f3b) +d(fsa, fia)’ d(fia, f3b) +d(fsa, f3b)
_w<max{ (fsa, f2b) .d(fsb, fra) d(fsa, f2b).d(fsb, fra) d(fsa, fia).d(fsb, f2b)

d(fsa, fra) +d (fsa, f3b) d (fsa, fsb) +d (fia, f2b)’d (fia, f3b) +d (fra, f2b)
d(fsa, fra) .d(f3d, fob) d(fia, fza).d(fia, f3b) }>
d(fra, fsb) +d(fsa, fra)’d (fia, fsb) +d(fsa, f3b)

:g&&

(13)

Case 2: Suppose that optyep = infycp. By using a method similar to the proof of Case 1, we see Equation (13) holds,

letting € — 0 in Equation (13), we get

d(fsa, f2b) .d(f3b, fia) d(fsa, f2b).d(fsb, fia)
d(ha, f2b) S et ma"{ (st fra) + (5, J3b) A (Jaa, fob) +d (Jra, f2b)

d

d(fsa, fra) .d(f3b, f2b) d(fsa, fra).d(f3b, f2b) d(f1a,f3a).d(f1a,f3b)}
d
d

d(fra, fsb) +d (fra, f2b)’ d(fia, f3b) +d(fsa,fia)’d(f1a, f3b) +d(f3a, f3b)
w (max (fsa, f2b) .d (fsb, fra) d(fsa, f2b).d(fsb, fra)

d(fsa, fra) +d(fsa, f3b)’d(fsa, f3b) +d (fia, f2b)
d(fsa, fia) .d(fsb, f2b) d(fsa, fra).d(fsb, f2b) d(fia, fsa).d(fia, f3b) }>
d(fia, fsb) +d (fia, f2b)"d (fia, f3b) +d(fsa, fia)’ d(fia, f3b) +d(fsa, f3b)

Therefore, in the theorem (4), fi, f2 and f3 have a unique common fixed point v € B(S).That is the system of functional

Equation (3) possess a unique common solution v € B (S). O
Theorem 3.2. Suppose that the following condition hold:

(d). w and H; are bounded for i = {1,2};
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(e). There exist a w € W satisfying

d (a, f2b) .d (b, fra) d(a, f2b).d (b, fra) d(a, fia).d (b, f2b)
(.0 0) a0 < max e ety (o
d(a, fia) .d(b, f2b) d(fia,a).d(fia,b) }
d(fia,b) +d(a, fra)’ d(fia,b) +d(a,b)
. (max{d(a,be) d(b, fra) d(a, fob).d(b, fra)  d(a, fra).d (b, fb)
d(a, fia) +d(a,b) 'd(a,b) +d (fia, f2b) d (fia,b) +d (fia, f2b)
d(a, f1a).d(b, f2b) d(fia,a).d(f1a,b) }>
d (fia,b) +d(a, fia)’ d(fia,b) +d(a,b)

for all (z,y) € Sx D, a,be B(S) andt € S, where the mapping f1 and fo are defined as follows, ¥V x € S, a; € B(S5),
ie{1,2},

fiai (z) = optyep{u(z,y) +Hi(x, y,a; (T (z,y))}

Then the system of functional equations

fi (1’) = OptyGD{u (mv y) +H’i(x7y7 fl (T (xvy))}7 vV z€S, i€ {17 2}

possesses a unique common solution in B (S).

Proof. In the Theorem 3.1, we take f3 = I and remaining proof as above. O
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