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1. Introduction

Let S"'(n > 2) be the unit sphere in R™ with normalized Lebesgue measure do(z'). We say a function Q(z, z) defined on
R™ x R™ belongs to L>°(R™) x L™(S™ " (r > 1), if

(i) For any x,z € R", one has Q(z, A\z) = Q(z, 2);

1
™

(i) 1 poo rryxLr(sn—1) = s;lﬂgb(fsn,l [Q(z,2")|"do(2")) 7 < o0

For 0 < p1 < n the fractional integral operator with variable kernel Tq,, is defined by

9(1:7 €T — y)
T T) = —=7 dy, 1
nf@) = [ TR )y (1)
And the commutators of the fractional integral is defined by
m Q Z,T — m
b7, ot ) = [ EEEZ @) — b)) F )iy 2

Now we need the further assumption for Q(z, z). It satisfies

/ Q(z,2")do(2') = 0,Vz € R"
sn—1
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For r > 1, we say Kernel function Q(z, z) satisfies the L"- Dini condition, if Q meets the conditions (4),(i7) and

1
/ wr®) 45 < oo
, 0

where w,(d) denotes the integral modulus of continuity of order r of Q defined by

@)= s ([ |0 - Qe do)

z€R™,|p|<$

where p is the a rotation in R™

lo| = sup |pz' - 2|
z'esn—1

The corresponding fractional maximal operator with variable kernel is defined by

Mof @)= sup i [ 1062~ )l Sw)ldy 0

And the commutators of the fractional maximal operator with variable kernel is defined by

b, Mo, f(z) = Z‘i‘im / 12y) 1 (2,2 — y) (&) — bly)]"|dy (1)

Many results about the fractional integral operator with variable kernel have been achieved [1-5]. In 1971, Muckenhoupt and
Wheeden [6] had proved the operator T, was bounded from L? to LY. ITn 1991, Kovééik and Réakosnik [7] introduced variable
exponents Lebesgue and Sobolev spaces as a new method for dealing with nonlinear Dirichet boundary value problem. In
2004, Zhang Pu and Zhao Kai [8] introduced the Commutators of fractional integral operators with variable kernel on Hardy
spaces. In the last twenty years, more and more researchers have been interested in the theory of the variable exponent
function space and its applications [9-15]. In 2012, Wu Huiling and Lan Jiacheng [16] studied the bonudedness property
of T, with a rough kernel on variable exponents Lebesgue spaces. In 2010, M .Izuki [3] discussed the Commutators of
fractional integrals on Lebesgue and Herz spaces. Recently, L.Wang and S.Tao [17] introduced the class of Herz spaces with
two variable exponents. Throughout this paper |E| denotes the Lebesgue measure, xg means he characteristic function of
a measurable set S C R". C always means a positive constant independent of the main parameters and may change from

one occurrence to another.

2. Definition of Function Spaces with Variable Exponent

In this section we define the Lebesgue spaces with variable exponent and Herz spaces with two variable exponent, and also
define the mixed Lebesgue sequence spaces. Let E be a measurable set in R™ with |E| > 0. We first define the Lebesgue

spaces with variable exponent.

Definition 2.1 ([1]). Let p(-) : E — [1,00) be a measurable function. The Lebesgue space with variable exponent LPO)(E)

is defined by LPO)(E) = {f is measurable : fE(lf(n—z)‘)p(x)dx < oo for some constant nn > 0}. The space Lp(‘)(E) is defined by

loc

249 )( E) = {f is measurable : f € LP)(K) for all compact K C E}. The Lebesgue spaces LP)(E) is a Banach spaces with

loc

the norm defined by

HfHLp( N B) = =inf{n >0: / (‘ 571’)‘ )p(””)d:v <1}
E

We denote p— = essinf {p(x) : ¢ € E}, p+ = esssup{p(z) : x € E}. Then P(E) consists of all p(-) satisfying p— > 1 and
p+ < 00. Let M be the Hardy - Littlewood maximal operator. We denote B(E) to be the set of all function p(-) € P(E)
satisfying the M is bounded on L) (E).
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Definition 2.2 ([18]). Let p(-),q(-) € P(E). The mized Lebesgue sequence space with variable exponent 190 (LP) is the

collection of all sequences {f;}5%0 of the measurable functions on R™ such that

||{fj};iOqu(-)(Lp(~>) = inf {77 >0: Q14<')<LP(->> ( {%}jzo ) = 1} =

p(z)

qu()(Lp()) {f]}] 0 Z'Lnf M]v/n @ de <1

Noticing g+ < o0, we see that
Qi (Li}320) Z ([ P
Let By = {x € R™ : || < 2¥},Cx = B\ Br—1,xx = X4, k € Z.
Definition 2.3 ([17]). Let a € R, q(-),p(:) € P(R™). The homogeneous Herz space with two variable exponent Ks(’g(')(]R")
is defined by
RSO @) = {f € LEGENOD) 1l 000 gy < 0}

n

Where

oo

19¢)(Lr()) = inf {77 >0: Z

k=—o0

<1}.
p() —
ra()

ka oo
171 5200 ey = | 2" Lk 2
Remark 2.4 ([17]).
(1) If q1(-), a2(-) € P(R™) satisfying (@1)+ < (a2)+, then Kot (R") € Kop%Y (R™).

(2) If 1 (+), q2(-) € P(R™) and (q1)+ < (g2)+, then —E P(R™) and QZE > 1. Thus, by Lemma 3.7 and Remark 2.2, for

any f € K ’Q( >(]R"), we have

. I||IPh I||Ph DPx
i 2ka|ka| q2(+) < oo 2ko¢|ka‘ q1(+) - i 2ka|ka| q1(+) -1
n p() — n p() n () -
k=—o0 ra2() k=—o0 La1() k=—o00 ra1()
Where
a2(") 25| x|
pn = (G- o Sl
a2(") 25 fxp
G+ e >1
o0
min ap <1
Px = heN Ph, h§0 h
max pp, Sap>1
h=0

This implies that Kg(’gl(')(R") C K;‘(’_‘?(‘)(R").

Remark 2.5. Let h € Nyap > 0,1 < pp, < co. Then

Where
(o=}
min py, San <1
_ h=0
Dx = o]
max ph, Stan>1
he h=0



Commutators of Fractional Integral with Variable Kernel on Variable Exponent Herz and Lebesgue Spaces

3. Properties of Variable Exponent

In this section we state some properties of variable exponent belonging to the class B(R™) and Q € L (R™) x L"(S™ ).

Proposition 3.1 ([1]). If p(-) € P(R™) satisfies

Ip(x) — p(y)] |z —yl < 1/2

< I
~ log(|z —yl)

[p(x) — p(y) Nyl > |

C
< v
= Togle + Jal)
then, we have p(-) € B(R™).

Proposition 3.2 ([3]). Suppose that p1(-) € BR"), 0 < p < ﬁ. And define the variable exponent p2(-) by : ﬁ(z) -

L_ — & Then we have that
p2(x) n

1, Ll £l oo ey < ClBIEMO N1 e
For all f € LP*)(R™) and b € BMO.

Now, we need recall some lemmas.

Lemma 3.3 ([1]).

(1). Given p(-) : R™ — [1,00) have that for all function f and g,
[ 1#@a(@)dz < Ol st o llall s ey

(2). Ifp(-), q(-), () € R", define p(-) by : ﬁ = ﬁ—&—ﬁ. Then there exists a constant C such that for all f € LYO(R™), g €
L"O(R™), we have

150l o> < OISl oo o N9l o

Lemma 3.4. Suppose that 0 < p<n ,1<s < Qe L=(R") x L7(S™ ') is homogeneous of degree zero on R™. Then

we have

1
7

|Mo0f @)] < ClQl e oy sty (Musrn(1£17) (@)

Proof.  Applying Holder’s inequality, we get that

Mo f @) = sup i [ 19I5~ i)~ bw)ldy

1
o7

1

< iy ([ 100d)” (1 - i) - b))
< O e sty 580 —— x (12,2 — )bla) — blw) " dy)
R b e ( )

< ClQ g ey sn-ty (Mo (1117 (@)

]

The proof of Lemma 3.2 is finished. O

Lemma 3.5 ([19]). Suppose that x € R™, the variable function G(x) is defined by ﬁ =14 1 then for all measurable

q(z)’

Q=

function f and g, we have

£ (@)g(@) o) @ny < Cllg(@) |l a@m [1f (@) Lac) ny-
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Lemma 3.6 ([20]). Suppose that p(-) € B(R™) and 0 < p~ < p" < co.
(1). For any cube and |Q| < 2, all the x € Q, then : ||xall o) =~ |Q|"/P™

(2). For any cube and |Q| > 1, then ||xa|l»¢) = |Q|"/P> where poo = limy—yoo p(z).

Lemma 3.7 ([21]). Ifp(-) € B(R™), then there exist constants 61,82, C > 0 such that for all balls B in R™ and all measurable

subset S C R
i 5
HXBHLP(')(]R") |B‘ ||XS||Lp1(')(IR’n,) < c < is| ) 1 HXS”LPl(')(]Rn) <C ( S|

Ixsllzeey@ny = 117 Ixell oy o) g, 151 IXBll or@ny ~

Lemma 3.8 ([14]). If p(:) € B(R"), there exist a constant C > 0 such that for any balls B in R™.

1
|§|HXBHm«)@zn)\|XB||Lp'<-><Rn) <C.

Lemma 3.9 ([17]). Let p(-),q(-) € P(R™).If f € LPOIV)  then

m1n(||f| Lp(a) o Hf| Lo(a- )) < |||f|Q( )HLP(> < maX(||f| Lp(a() Hf| Lol )q()

1B]

)62.

We have

Lemma 3.10 ([9]). Let € BMO, n is a positive integer, and there constants C' > 0, such that for any l,j € Z with 1 > j

(1) bl < sup 16 = b5) x5 o ey < CIBIE

Lp( ) (R™)
(2). I(b=b5;)"xBy | Lr() @ny < CU—= )" I IxBk | o) gm)-

Lemma 3.11 ([10]). For anye >0 with 0 < p—e < p+ ¢, we have

[\J\»—A

Touof(2)] < C[Ma e f ()2 Moy f (2)]2.

4. Main Theorems and Their Proof

Theorem 4.1. Suppose thatb € BMO, pi(-) € B(R™), Q € L®°(R™) x L"(S™™1). Let0 < B < o

exponent pa2(-) by : pl(x) p;x) = £ Then we have that

1B, Taul Fll oo gy < ClIBlNF o gy

For all f € LP*O(R™).

Proof. Let 0 <e < min(u,n— ), and 7(-) : R® — [1,4+00). And let

1 1 _ p—e€
) rOp() T
pi(-) o 2
1 1 _pte
. "Op2()
p1(+) 7“()52( 2

By Lemma 3.11, we have

=

Tausf (@) < ClMa e f(2)]? [Ma e f ()]

Applying the generalized Hélder’s Inequality, we get that

1 1
1T,ubf (@) Lra) @ny < CNMapte s )2 | poarr o) | (Ma,u—c b f) 2l Lpacore)

and define the variable
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By Lemma 3.3 and Proposition 3.2, we obtain that

1 7o 1 1
[(Mo,i—e,0f) 2 oo crrr < CllMuecyor s (IFI7)I? pyhrey < CIBIZNIF 112, Py (@)

L 287 L 2s"
1 1
< CIIZ 1112, ) (5)
As the same way, we can concluded that
1 1 1
[(Maute0f) 2 oo ey < CIOIE NIy gm) (6)

Therefore by (5) and (6), we have that

“[b: TQ,#]fHLpz(')(Rn) < C”b”*”f”[,m(')(Rn)'

O

Theorem 4.2. Let b € BMO(R™), m € N. Suppose that 0 < < n, p—nds < o <néi+2, Q€ LR")x L"(S" ")(r >
p3), q1(-), q2(-) € P(R™) with (q2)— > (q1)+- If pi(-) € B(R™) satisfy 0 < p < L and define the variable exponent pz(x)

by rtz) - ﬁ@) = L. Then the commutators [b™, Ta,,) is bounded from K ’ql)( )(R”) to K* ’?2’)( J(R™).

Proof. Let b€ BMO, f € Kiv#\)(R™). We write

flx) = Z f@xe= Y fil»)

j=—oc j=—o0

From definition of }'(;‘(*g(‘)(R”)

<2m|[bm,Tn,u1<f>Xk>”“

1™, TQ,M](f)XkHK;,ZI;)(-)(R”) = inf {77 >0: Z n

k=—o0

Since
o B T (Dl
) 2% 0™, Ta,u)(f)xx
<z’m|[bm, To,)(F)x ) =0 - =
n L’;;E; - 721 + N22 + 723 "
La2()
k—2 a2(-) po BED q2()
21 30 ™, Tl (f)xx| 28 X2 [0, Ta,u)(f)x]
j=—o0 j=k—1
< +
731 132
p2() pra(-)
rLa2() rLa2()
& o q2(+)
2| 5 B Tl
n J=k+
733
p2(-)
L a2()

Where

oo

ot = { i b, T (D }

k=—oo|lj22() (Lr2())

oo

k+1

ma = |4 251 S0 ™ Tl (F)xl

j=k—1 k=—oollja2 () (Lr2())
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¢S]
oo

nas = |4 251 S0 ™ Tl (F)x

J=k+2 k=—o0lljaz(:) (Lp2())

And 1 = n21 + 122 + 123, thus

[e’s}

>

k=—o0

Gmwﬂmumhﬂym
n

That is

||[bm,Tg,#}(f)xk||Ka,?2)<.)(Rn) < On < Clna1 + 122 + 123
pr2(

Hence 121, n22, 23 < C’HbHT||f||Ka,((n)(.)(Rn). Denote n1 = ”'fHKO"‘(“)(')(]R")' Now we consider 722. Applying Lemma 3.9, we
p1(- p1(-

get
q2(+) k+1 (Q%)k
oo 2% Z Tﬂ w(f5)xk] w |21 % 1[bm»Tﬂ,u}(fj)Xk|
j=k j=k—
<C
2 N 2 MO
Fe
(a3)k
oo k+1 ka|[m
276", Ta,u] (f5)xk|
<0 ). Z: i |
k=—oo \j=k— * r2(")
Where
b k+1 42(‘)
28 Xk: 1[bm7TQ,u](fj)Xk|
=
(@2)- T =1
1 223
(g2)k = R a0y "
2ke| % 1[bm!TSZ,M](fj)Xk‘
=i
(@)+ T > 1
p2()
rLa2()
By the Theorem 4.1, we get
por Rt a2(+)
oo 2 Oél ) Z [bm7TQxM](fJ)Xk‘ o k+1 ko (¢3)k
>l c3 3|5
W m|b] o m o
p2(")
ra2()
Since f € K "“( )(R") then we have ’ 201 <1, and
n Lr(-)
o jo N 21 ()
)] g =
j=—oo n Lo
Again by Lemma 3.9 and Remark 2.5, we have
. ki1 q2() 1
o | (25012 T T ()Xl co || fgkal o\ O[T
> —= <o 3 ||(Bld)
[t ol W m Lr1()
10 a0
La2()
) gk q1()
k=—o0 n LP1()
a1 ()
Hence (p1)+, (p2)— < (¢3)k, and ¢, = mlg ((312)) this implies that
< m< m o .
2 < Om BT < CIBIT IS o oy (7)
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Now, we estimate of 721. Let © € C, j < k — 2, then |z — y| ~ |z|, we show that

0™, To,ul fi(= |<C/ |(b(x) = b(y))|™ | f5()ldy,

-y)
I:r* I” g

SZ‘M”‘“)/ |z, & — y)l|(b(z) — b)I™ |£3(y)|dy

J

< cpMnm {Ib(ﬂf)—bjm/ IQ(w,r—y)llfj(y)\der/ |9z, z — y)[(b(z) - ')mfj(y)ldy]

i Cj

Applying the generalized Hélder’s Inequality, we know that

™, Toul f5(2)] < C27* ) £ oy [I(b(fﬂ) =) 1922, 2 = y)x;sll L op o) + 1922, 2 = y) (b(y) — bj)ijHLp'1<~>] (8)

Define the variable exponent ml 5 = % + =— by Lemma 3.5, then we have

p’l()

" 1
19622~ wxill oy < 19060 =Dl g < | [ 7 I0Eraew)| ol
ok—1 s
According to Lemma 3.6 and the formula 7@ (z) ﬁ — %, then we get
19z, 2 —y)x;ll o < 27 Qoo @myx Lrism-n sl 7 Ao S C2"% 27 |xs, eper < C2% % x| o )
Similarly, by Lemma 3.10, we have
192G, & = ) (b(y) = b5)" Xill oy 0 < 1@z = Yl 1(0(y) = 0)" x5l 7
kn \m m k—j)2 M m
< C2 (k=) IbI Gl 57y < C20 % (k= 7)™ b2 x| o4 (10)

By (9), (10), and Lemma 3.8, we get

m —k(n— k—j)2 m
H[b 7TQ7/—t}fj7XkHLP2(') < (C2 ( “)2( D HfjHLm(') |:||(b(x) _bj) Xk”LPz(')”XBjHLp’l(-)
k= )" I e, o I o

< 027 (b — )™ fill s I, oy o I N o2 (11)

By (11), and using Lemmas 3.7-3.9, and

jo N\ 2 ()
1 p1() —
La1()
Note that [|x5y, || r2() < CQ?IWHXB/C 1), then (see [22])
N k—2 q2() B k—2 q2(")
o 28 3 ™ Tau) () x| o 251 32 [0™, Tau](fi) Xkl
j=—o0 j=—o0
<C
2 MEE Py ML
p2(:)
La20) r2()
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~ T k—2 (a2)
ka k(n— k—j)2 m f
<C Z > 2o (k) \4 Ixa; 1o o lIxmll oz o
k=—o00 j=—o0 T Lpl(')(R")
oo B k—2 , (‘1%)’v
<o Y |2 Y - gyrator | L IPea; Il o
I L j=—oo Ml pp1C) (rn) HXBkHLp’l(-)
0o r k—2 f (‘lg)k
<C 2k (k—5)™2Y~ ’“Wl—*)’i
k;oo L j;oo m LPl(‘)(Rn)
- 2k
i kif (G—k)(né1—2 12°7 i xx] a0 @ ()
<c (k— jymaU-Rms—2—a) (71 )
k=—o0 |j=—o0 m Lr1()a1 () (Rn)
Where
k—2 q2(-)
2ke | Y ™ T, W) () x|
j=—00
(g2)-, el Lt
p2 (-
Nk = )
(63)k = . PO
2k T T, W] () x|
j=—oo0
(g2)+, MU > 1
r2(-)
La2()
Since f € K ’(“( )(R") then we have ’ 2211 <1, and
n Lr()
3 (2ja|f><j|)“<'> -y
) —
=0 m Lo
k-2 q2(")
> 2R T ™ T W) () x|
Now if (q1)+ < 1, and o < nd1 + ﬁ , then we have ) J=— %0 o
k==oc0 p2(")
rLa2()
(a3)k
(a1) 4

k—2

IN

D>
k=—o0 | j=—o00

<|2ajfj><k|)“<‘)
m

o]

>

j=—o00

<C

L:D](')ql(')(

(a3)
Where q. = Ilzlelg <q12> If (¢1)+

Z (k 7j)m2(j*k)(n51*%*a)

> 1, and a < nd1 + 7, then we have

Lr1(a1()(Rn)

(|2“jfj><k|)ql(‘>
m

qx
Z (k._j)m2(j*k)(n51*%*a) <C
R7) k=j+2
kay PRS2 m )
o0 25 3 b Ta,ul(£5)xk|
j=—o0
> m

k=—oc0

(a3)k
k—2 - (q1) 4
<C i (k — j)mU—Rms—2 ey l1pE (IZ ’fi Xkl)ql(
=z =z m Sai (-
k=— Jj=—00 Lr1()a1() (rn)
& (qg)+
2 /] Wan) 4
{Z _ jymoURma -2 —a >““§+)} w
qx
S q1(+) e}
<C Z (|2 jf Xk|) ' Z (k_j)m2(j—k)(n51_%—a)i(qlgbr

—0o0

(q2) , this implies that

Where ¢. = min
ken (

Lr1 (a1 () (Rn) k=5+2

n21 < OIS < ClBIL 1S geovsar ) g
p1(*)

q2(+)
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Finally, we estimate n23. Let © € C j > k + 2, then |z — y| ~ |y|, we get

6™, Ta,u] f5(2)| < C/ |(b(x) = b(y))|™ |3 (y)dy,

)
va* I” m

§2‘j("“‘)/ 2z, = — y)l|(b(z) = b(y)|™|£3(v)|dy

J

< o277 m) [Ib(w)—bjlm/ IQ(ﬂf,x—y)I\fj(y)lder/ |2z, z = y)[[(b(z) — ')Imlfj(y)ldy}

j Cj

Applying the generalized Hélder’s Inequality, we know that

™, Toul f5(@)] < C277 " £l porc [I(b(l‘) =) 192, 2 = y)x;sll oy o) + 1922, 2 = y) (b(y) — bj)ijHLp'1<~>] (13)

Define the variable exponent ml 5 = % + =— by Lemma 3.5, then we have

p’l()

27 v
190622 = 9l g < 19060 =Dl g < | [ o7 [ 19@rdew)] ol g0
27 -2 °
According to Lemma 3.6 and the formula 7@ (z) ﬁ — %, then we get
in
1@, 2 = y)xill oy < C277 (1@ Loo ey gsm-) X1l 57y < C27 2 |xs, ot < Clixa;llere (14)

Similarly, by Lemma 3.10, we can concluded that

1@, z = y)(b(y) = b5)™ Xl g 0 < 1w,z =)l [1(6Cy) = b)) X5ll 7

< C 27 Qe (s (k= )" IBI I Loy SO K=" 1Bl xa; | p o)

(15)

By (14), (15) and again Lemma 3.10, then we get

m —k(n— m \m m
1™ Ty xilar < €27 UL orr [16() = )™kl a1, g + Gk = 3 187 T, g o o oot

< C277 I (k= )™ B fill s o 1 | oy o X [ oz (16)
By (16), Lemmas 3.7-3.9, and H(%) ‘ iy < 1. Note that [z, [0 < C27% x5, || 1o ), then (see [22])
La1(
b [o'e] Q2(') & o0 QQ<‘)
o 2k ;Jb s Ta,u) (i) x| o 2% Zk22[b s Ta,u) (f5) x|
J=k+ j=k+
<C
k;oo mllbll k;w bl
p2()
L a2() Lpr2()
Ve
oo oo
ka —j(n f
<o Y |2 S ariem ) \—J Iz, o I oo
k=—oo k42 M Al Lr1C) (R0
oo oo (QS)k
ko n f —k
<cC 2 27 ( — )™ || L ;o0 25 X3l o 0
L

k= —oo j—k+2 Ml Lr1 () (rn)
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- (a3)k
- - j f —jn —k
< C Z Qk Z (k - .7) 27K |12 2™/ HXBj HLpll(‘)z MHXBICHLM(')
k=—oo j=k+2 MAlLp1O) (me)
o T - (a3)k
<c Z gk Z (ke — jymali—Pn fi IxB o1
b oo oht2 M Al Lr1C) (rn) HXBJ‘HLM(J
- T - (a)k
<c gk (ke — jymotk=(ns2 = i
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Furthermore, since (¢2)— > (g1)+ and o« > g — ndz, as the same way to estimate 721, we get
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Where ¢. = min éqz)k , this implies that
keN (a1)+
s < I < CIBIT IS o (a7)
pr1l-
By (7), (12) and (12) the proof of Theorem 2.2 is finished. O
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