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1. Introduction

The Collatz conjecture is a well known conjecture. This is also quoted in the literature as the 3z + 1 problem and Ulams
conjecture. The conjecture is that T"(x) eventually reaches 1, for any given x € N, for the function T : N — N defined by

5 if z is even

T(xz) =
%, if z is odd.

Here z and T'(z) are all natural numbers. The following discussion is about the same problem with a restriction of starting
with “x modulo m” value and “T'(z) modulo m” value in A,,={1,2,3,..., m} for a given m. More precisely, let us define a
new function T}, : A, — Ay, defined by

if x is even

Tn(z) = 2

32t (mod m) if @ is odd.

xz 3z+1

2, 3= (mod m) are in A,,. Suppose m = 1. Then A,, = {1} and the only possible value of z is 1 and T7,(1) may

when z,
be considered as 1. So hereafter it is assumed that m > 2 for a non-trivial situation. It is expected that T7% (z) eventually
produce the value 1, for any x € A,, and for some k. But this is not true. A detailed discussion about this one is presented
in this article. If there is some x # 1, for which Trlfl(x) = x, for some k£ > 1, then it would lead to a cycle, that may

not receive the value 1 in subsequent application of the function Ty,. So there is a possibility that T (z) # 1 for some z

and for any k, when there is such a cycle. So these exceptional cases are analyzed in this article so that the favourable
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cases for original conjecture can be identified. Thus different cases are to be discussed to analyze the possibility of having
a relation T () = x. There are articles which provide theoretical positive results for the original Collatz problem. Some
of them are [2, 3, 5, 7, 14, 15]. The article [8] of Everett provides an unexpected result on asymptotic density of the set
{2 =1,2,3,4..;Tk (x) < z}, for some . The most interesting result is theorem 1 in [8] which helps to evaluate the
asymptotic density of the previous set as 1. There are no other significant articles giving theoretical results. There are a
number of articles (for example[1, 4, 9, 11]) which discuss particular cases for the original Collatz problem. There are many
survey articles ( for example [10]). There are articles which discuss about generalizations and variations of Collatz problem.
(for example [5, 6, 10, 12, 13]). One among them is the article [13], which discusses a generalization of Collatz problem in
Zs[x], collection of the polynomials with variable z and coefficients in Z;. This particular article provides a motivation for
a restricted Collatz problem, which restricted to the set {An, = 1,2,3,4...m}. The section 2 discusses about the case when

x is odd and section 3 discusses about the case when x is even.

2. Cases for Odd Integers

1. Let « € A,, be arbitrary such that x is odd. Then

3 1
Tm(z) = 1:2—1— (mod m); with Tr,(x) € Am .
3z+1—2m e 3z+1
s, iR > m
3z+1 e 3z+1
=5 if == <m.

Suppose T (z) = . Then the following cases will arise.

Case 1: Suppose w = x, then x = 2m — 1. Here m > 2, and so = ¢ A,,. So, this is impossible. So, in this case,

T (z) # z, for all z > 2.

. 3z+1
Case 2: Suppose “5—=

=z, then x = —1. This is impossible. So in this case T}, (z) # z, for all z > 2.

2. Let x € A, be arbitrary such that x is odd and T}, (z) is even. Then

Tm(z) = Sw; ! (mod m); with Tr,(z) € Am, .

3z+1—2m i 3z+1
2 if =5

, >m

3z+1 o 3z+1
=5, if =5= <m.

3z+1—2m o 3z+1
) SEEEE A 2R > m
T ()

3z+1 i 3z+1
S if =52 <m.

Suppose T2 (x) = z, then the following cases will arise.

Case 1: Suppose W =z, then x = 1 — 2m. Here m > 2, and so ¢ & A,,. So this is impossible. So in this case

T2 (x) # x, for all z > 2.

Case 2: Suppose 3”4—"“ =z, then z = 1. Thus T2, (z) = z happens in this case only when x = 1.
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3. Let x € Ay, be arbitrary such that x and T;,,(x) are odd. Then

3z +1 .
Tm(z) = 5 (mod m); with Ty (z) € Ap,.
3z+12—2m, 1f 3124—1 >m
3124»17 if 3$2+1 S m.
91+5;10m7 lf 3z2+1 >m and 917?17714»5 >m
9x7im+5, lf 3ac2+1 >m and 9:c7(3’1m+5 S m

92—im+57 lf 3z2+1 S m and 9.22—5 >m

9x+5 lf 3z2+1

s <m and 255 < m.

Suppose T2 (x) = x, then the following cases will arise.

Case 1: Suppose w =z, then x = 2m — 1. Here m > 2, and so = ¢ A,,. So this is impossible. So in this case

T2 (z) # x, for all x > 2.

. 9x—6m—+5
Case 2: Suppose ===

=z, then 5z+5 = 6m. Hence 5 | m and m = 5y for some y. Then 5z+5 = 6(5y) and z = 6y —1
that is = 6(F) — 1. Also here z € A, s0 1 <z and = < m gives m > 2 and m < 5. Thus 2 <m < 5 and m = 5y,

for some y. So the possible value of m is 5, and if m = 5, the corresponding value of x is 5. Moreover 312“ >m

and W < m are also satisfied for these values m = 5 and = 5. Thus in this case if m = 5 and = = 5, then

T2 (x) = z. That is T2(5) = 5.

Case 3: Suppose 222=4™ — 2 then 52 + 5 = 4m. So, 5 | m and m = 5y, for some y. Now 5z + 5 = 4(5y) and = = 4y — 1,
that is = 4(%) — 1. Here © € Ay, so that 1 < z and < m which imply 1 < %” — 1 and 477” — 1 < m, so that

3 <m and m > —5. Thus —5 < m and m > 3 and m = 5y for some y. So the possible values of m are 5, 10, 15,

. and the corresponding values of x are 3, 7, 11, .... Also here 3z +1 < 2m < 3(47’“ -1 +1<2mem<5and

9z +5 > 4m < 9(4* — 1) +5 > 4m < m > 2. Also here m = 5y, for some y. So the possible values of x and m

satisfying T2 (z) = x are © = 3 and m = 5. Clearly T5(3) = 5, T2(3) = 3.

sz‘r’ =z, then 2 = —1. So this is impossible. So in this case T%(x) # x, for every > 2.

Case 4: Suppose

4. Let © € A, be arbitrary such that z is odd and Tin(z) is even and T2 (z) is even. Then

3+ 1 .
Tr(z) = 5 (mod m); with T, (x) € A
3z+1272m’ lf 31;»1 >m
3:102—‘,-17 if 3352-4-1 S m.
3z+1-—-2 i 3z+1
) %’ if CUT >m
Trn(z) =
3:02-17 lf 31;—1 S m.
3z+1-2 ie 3x+1
5 %’ if wT >m
Ton(z) =

3:08-‘,-1’ if 312—0—1 S m

Suppose T35, (x)=z , then the following cases will arise.
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=z, then z = % Here m > 2, and so z is negative and then = ¢ A,,. So this is impossible.

Case 1: Suppose w

So in this case T3 (z) # =, for all > 2.
Case 2: Suppose % =z, then z = % <1 and = € A,,, which is impossible. So in this case T5,(x) # z, for all z > 2.
If T3, (x) < z , then the following cases are considered.

Case 1: w <resT> 1752”, which is possible for > 2 and = € A,,,. Hence T2 (z) < =, for all z > 2 and m > 2.

Case 2: % <rsST> %, which is possible for x > 2 and x € A,,. Hence T,%L(x) < z, for all x > 2 and m > 2.
Result 2.1. If z is odd and T% () is even for all k, then TP (z) # z, for allz > 2 andp > 2 , m > 2.

5. Let & € A,, be arbitrary such that x is odd, T (z) is even and T?2 (z) is odd. Then

Tn(z) = 3x2+ L (mod m); with Tp,(z) € Ap,.

390-&-12—2m7 lf 3:c2+1 >m
3z2+17 if 312+1 S m.

3z+1—2m lf 3;&2-&-1 >m

2 4 ’
Trn(z) =
3z+1 i 3z+1
=, if =5 <m.
92+78—14m’ lf 32;—1 >m and 9z+78—6m >m
s 91«%7876777‘7 lf 312+1 >m and 9z+7876m S m
T(z) =
9zc+7878m’ lf 3:1:2+1 S m and 9;2{»7 >m
92;77 if 322-&-1 S m and 917;-7 S m.

Suppose T3, (xz)=z, then the following cases will arise.

Case 1: Suppose 22H7=14™ — 5 then # = 14m — 7 > m for m > 2. Hence x € A,,. So this is impossible. So in this case

T3 (x) # x, for all z > 2.

Case 2: Suppose w =z, then x = 6m — 7 > m for m > 2. Hence = ¢ A,,. So this is impossible. So in this case

T3 (z) # x, for all x > 2.

Case 3: Suppose w =z, then z = 8 — 7 > m for m > 2. Hence x ¢ A,,. So this is impossible. So in this case

T3 () # =, for all z > 2.

Case 4: Suppose % =z, then x = =7 < 0. Hence © ¢ A,,. So this is impossible. So in this case T2 (z) # z, for all

T > 2.
If T3 (z) < 2, then the following cases are considered.
Case 1: 2247-1m < 3 & 3 < 7(2m — 1), which is possible for all # € A,,. Hence T}, (z) < x, for all z > 2 and m > 2.
Case 2: W%Gm < x & x < 6m — 7, which is possible for all x € A,,,. Hence T2 (2) < z, for all > 2 and m > 2.

Case 3: WT_S’" < x & x < 8m — 7, which is possible for all x € A,,,. Hence T2 (2) < z, for all > 2 and m > 2.
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Case 4: 227 < g & x < —7 which is impossible. Also for this case, if T}, () is even then Ty, (z) = 227 and Ty, (z) <

9x+7

z & 2L < & 2 > 1 which is possible. So in this case Ti () < x, for all z > 2 and m > 2, when T3,(z) is even.

Result 2.2. If z is odd, Trm(x) is even and T2 (x) is odd and T (z) is even, for all k > 3, then TE (x) # = for all p > 4,

x> 2 and m > 2.

6. Let © € A, be arbitrary such that « and Ty, () are odd and T2 (x) is even. Then

Tn(z) = 3x2+ L (mod m); with Tp,(z) € Ap,.

3z+1—2m i 341
SR if S > m

3z+1 e 3z+1

=, if =5 <m.

991:-&-54—1071’17 lf 33:2-&-1 >m and 9x+54—6m >m
R 9z+5:176m7 lf 3z2+1 >m and 92+5476m S m

To(z) =

9;2:+E:174'm7 lf 312+1 S m and 9z2»5 >m

gﬁi7 if%gmandgﬁigm.

9x+5§10m, lf 3:1:2+1 >m and 9w+5476m >m
5 99:-‘,—58—6m7 lf 32;—1 >m and 9z+58—6m S m

91«%5874777‘7 lf 312+1 S m and 9z4+5 >m

%, if%gmand‘gzﬁgm.

Suppose T (x)=x, then the following cases will arise.

92+5—10m
8

Case 1: Suppose = x, then £ = 10m — 5 > m, for m > 2. Hence = ¢€ A,,, so this is impossible. So in this case

T3 () # =, for all z > 2.

Case 2: Suppose 2££5-6m

= x, then £ = 6m — 5 > m, for m > 2. Hence © & A,,, so this is impossible. So in this case
T3 (z) # =, for all z > 2.

9z +5—4m
8

Case 3: Suppose =z, then x = 4m — 5 > m, for m > 2. Hence x ¢ A,,, So this is impossible. So in this case

T3 () # =, for all z > 2.

Case 4: Suppose 9‘”8'*'5 =2, then = —5 < 0. Hence z & A,,, so this is impossible. So in this case To () # x, for all

T > 2.
If T3, (z) < z, then the following cases are considered.

Case 1: 2243-10m < g & ¢ < 5(2m — 1), which is possible for > 2 and @ € Ay,. Hence T}, (z) < w, for all # > 2 and

m > 2.
Case 2: 2243=6m < 7 & 4 < 6m — 5, which is possible for # > 2 and « € A,,. Hence T}},(z) < , for all > 2 and m > 2.
Case 3: W < x < x < 4m — 5, which is possible for z > 2 and x € A,,. Hence T;}L(ac) <z, for all £ > 2 and m > 2.

Case 4: 225 < 7 & g < —5, which is impossible. Also for this case, if T}, (z) is even then T, (z) = 222 and Tj,(z) <

x e 2485 < g x> 2, which is possible. So in this case Ty, (z) < «, for all z > 2 and m > 2, when T}y, () is even.
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Result 2.3. If z is odd, T),(z) is odd and TY () is even, for all k > 2, then TP, (z) # x, for all p > 4.

7. Let © € A,, be arbitrary such that z is odd, Tm (z) is odd and T2 (z) is odd, then

Tr(z) = 3x2+ 1(mod m); with T0,, (z) € Am,.

3z+1—2m ¢ 3x+1
SRSt SRR > m

N
990-0—54—10m7 lf 3902-0—1 >m and 9x+54—6m >m
) 91‘-&-54—6m, lf 3:1_‘2-',-1 >m and 91+i—6m S m
T (z) =
91«&»5474777,7 lf 312+1 S m and 91::5 >m
gleﬁ, ifo—;lgmand%Sm.
27@4»12*38777,7 lf 3124»1 >m 91+5476m >m and 27z+189730'm >m
279:+lg—30m’ lf 3952-{—1 >m 9x+54—6m >m and 27x+189—30m S m
_ . 5— —z
27z+1$83 261%7 if 3z2+1 >m 91«1»3l 6m S m and 27z+1§ 30m >m
s 27@4»12*18777,7 lf 3124»1 >m 91+5476m S m and 27z+189730'm S m
Ton(x) =
27x+lg—12m’ if 3x2+l S m 9952—5 > m and 27x+1!83—12m >m
_ . 5 _
27z+1$83 201%7 lf 312+1 S m szo >m and 27z+1§ 12m S m
2'71«#189787717 lf 3124»1 S m 912»5 S m and 27z8+19 >m
27:1:8-!—197 if 3x2+l <m 9952—5 S m and 279?—19 S m.

Suppose T (x)=x, then the following cases will arise.

Case 1: Suppose W =z, then £ = 2m — 1 > m, for m > 2. Hence x ¢ A,,. So this is impossible. So in this case
T3 (z) # x, for all x > 2.

. 2724+19—-30m
Case 2: Suppose S

= z, then 192 = 30m — 19 and z is integer. So 19|m and m = 19y for some y. Now

192 = 30(19y) — 19 then

30m

r = 55" — L.Here x € A, so that 1 < x and x < m which imply m > 2 and m < 1. So there exist no m satisfying

these conditions. So in this case T3 (z) # , for all z > 2.

Case 3: Suppose w = z, then 19z = 26m — 19 and =z is integer.So 19|m and m = 19y for some y. Now
19z = 26(19y) — 19 then
T = % — 1.Here = € A,,, so that 1 < z and & < m which imply m > 2 and m < 2. Hence the possible value of m is
2. But this m is not of the form m = 19y for some y. So there exist no m satisfying these conditions. So in this case
T3 (x) # x, for all x > 2.

. 272+19—18m
Case 4: Suppose S

= x, then 19z = 18m — 19 and z is an integer. So 19|m and m = 19y for some y. Now
19z = 18(19y) — 19 then z = 1875 — 1.Here = € A, so that 1 <z and # < m which imply m > 3 and m > —1. But
here m is of the form m = 19y for some y. Hence the possible values of m are 19,38,57,...and the corresponding values
of x are 17,35,53,...

Also here (i)3z + 1 > 2m < 3(™ — 1) + 1 > 2m < m > 3, which is possible. Hence 3% > m.
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(ii) 92 + 5 < 10m < 9(£2* — 1) + 5 < 10m < m > 1, which is possible. Hence 2255 <'m.

(iii) 27z + 19 > 26m < 27(8™ — 1) + 1 > 26m < m > —61, which is possible. Hence 2729 <.

Result 2.4. If m = 19y, for some y, and x is odd of the form x = 1?—;” —1 then T3 (x) = , when T(z) and T?(z) are odd.

= z, then 192z = 12m — 19 and z is integer. So 19 | m and m = 19y for some y. Now

. 272+419—12m
Case 5: Suppose S

19z = 12(19y) — 19 then = = 1?;” — 1.Here « € A,,, so that 1 < z and z < m which imply m > 4 and m > %19.
But here m is of the form m = 19y for some y. Hence the possible values of m are 19,38,57,...and the corresponding
values of x are 11,23,35,... Also here

i) 3z+1<2m & 3(1f—gm —1)+1<2m < m > —19, which is possible. Hence 3””2“ <m.

9x+5
0 > m.

(ii) 92 + 5> 4m < 9(X2* — 1) +5 > 4m < m > 3, which is possible. Hence

(iii) 27z + 19 < 20m < 27(22 — 1) + 1 < 20m < m > (—3), which is possible. Hence 242 < .

Result 2.5. If m =19y for some y and x is odd of the form x = 20 — 1, then Ty, (x) = @, when T(z) and T?(x) are odd.

Case 6: Suppose w = z, then 19z = 20m — 19 and =z is integer. So 19|m and m = 19y for some y. Now
192 = 20(19y) — 19 then z = 2(1)—:)" — 1.Here x€eA,,, so that 1 < x and x < m which imply m > 2 and m < 19. But
here m is of the form m = 19y for some y. Hence the possible value of m is 19 and the corresponding value of x is 19.
But here if # = 19 and m = 19 then 3z +1 = 57 and 2m = 38. Hence 3z +1 £ 2m. So this condition was not satisfied.

So in this case T, (z) # « for all > 2.

Case T: Suppose w = z, then 192z = 8m — 19 and =z is integer. So 19/m and m = 19y for some y. Now

19z = 8(19y) — 19 then = = 81—’51 — 1.Here z € A, so that 1 < z and < m which imply m > 5 and m > 71—119. But

here m is of the form m = 19y for some y. Hence the possible values of m are 19,38,57,...and the corresponding values
of x are 7,15,23,31... Also here

(i)3z +1<2m < 3(52 — 1)+ 1 < 2m < m > —3, which is possible. Hence 255 < m.

(ii) 92 + 5 < 4m < 9(82 — 1) + 5 < 4m < m > —19, which is possible. Hence 255 < m.

(iii) 27z + 19 > 8m < 27(%2 — 1) + 1 > 8m < m > —3, which is possible. Hence 2722 > m.

Result 2.6. If m = 19y for some y and x is odd of the form x = 81—’;; — 1, then T3 (z) = x for all x > 2.

=z, then z = —1. So this is not possible. So in this case T, (z) # z for all =, when T'(z) and

Case 8: Suppose 27219

T?%(z) are odd.

If T3 () < x, then the following cases are considered.

Case 1: 2TZHI=38m g o 3 < (2m — 1), which is possible for > 2 and z € Ap,. Hence T}},(z) < , for all z > 2 and

m > 2.

Case 2: w <z < 3(1)—;" — 1, which is possible for # > 2 and = € A,,. Hence T2 (z) < x, for all z > 2 and

m > 2.

Case 3: w <z s r< 2%” — 1, which is not possible for z > 2 and = € A,,. For this case T2 (z) = W

and mﬂ% <rsz< w, which is possible for > 2 and z € A,,. Hence Tps(x) < z, for all 2 > 2 and

m > 2.

Case 4: 2ZHI=IIm g oy 5 < 18m219 which is not possible for z > 2 and @ € A,,. For this case Tp,(z) = 21zt19-18m

and ZEHLOZISm g o g < B8mo19 which is not possible for ¢ > 2 and @ € A, Now Tp,(z) = Z2H9=18m 4pq

MetII_I8m g o g < =B which is possible for > 2 and © € Ap,. Hence Ty, (z) < w, for all z > 2 and m > 2.

32
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27x4+19—18m

Case 5: ZelI=lIm o » o 3 < L2m-19 which is not possible for z > 2 and z € A,,. For this case To(x) = 33

8

and T),(z) = ZEt9=12m apq 2Tebl9=12m o 5 o g < =12m419 which is possible for ¢ > 2 and @ € Ay,. Hence

T2 (x) <z, for all x > 2 and m > 2.

27x419—-20m

Case 6: 2ToHI=20m o o g < 20m=19  which is not possible for z > 2 and © € Ap,. For this case Tp,(z) = o

9

and T3, (z) = 279”“392*20” and 27“”*1392720m < z is possible for > 2 and = € A,,. Hence T3, (z) < z, for all > 2 and

m > 2.

Case T: w <r&exr< 87”1;19, which is not possible for z > 2 and z € A,,. For this case T (z) = W and

T) (z) = 21et9=8m gpq 272198 4 j5 possible for # > 2 and @ € A,,. Hence T, (z) < , for all z > 2 and m > 2.

Case 8: 2ZH% < g & 2 < —1, which is not possible for > 2 and € A,. For this case Tp(z) = 2ZH2 and

TS (z) = 212419 and 27282 < g is possible for z > 2 and z € Ap,. Hence T, (z) < z, for all z > 2 and m > 2.

Result 2.7. If z, Tr(x) and T2 (x) are odd and T (z) is even, for all k > 3, then TE (x) # x, for all p > 4.

8. Let © € A, be arbitrary such that z is odd, Tim (), T () are even and T3, (z) is odd. Then

3z +1

Tn(z) = 3 (mod m); with Tp,(z) € Ap,.
31-‘,—12—2m7 lf 31‘;—1 >m
312+17 if 3a:2+1 S m.
) 314—14—27717 lf 31‘2-',-1 >m
To(2) =
31;17 if 3zz+1 S m.
s 31+18—2m7 lf 31‘;1 >m
Tn(z) =
?:zg»l7 if 3z2+1 S m.
9z+118722m,7 if 3z2+1 >m and 91+1§76m >m
. 91+18176m, lf 312+1 >m and 9z+18176m S m
Ton(x) =
9zx+11—6m e 3z+1 9xr+11
e, i 2= <moand TR > m
9z+11 e 3z+1 9z+11
2, if =22 <m and 5= <m.

Suppose Ti (x)=2x, then the following cases will arise.

) 9z+11-22m
Case 1: Suppose 5

=z, then x = w > m for m > 2. Hence x ¢ A,,. So this is impossible. So in this case

Ta(x) # , for all x > 2.

> m for m > 2. Hence z & A,,, which is impossible. So in this case

. 9zx+11—6m
Case 2: Suppose ="

= x, then z = 1=

Ta(x) # , for all x > 2.

Case 3: Suppose w = x, then z = @ > m for m > 2. Hence € A,,. So this is impossible. So in this case

Th(x) # , for all x > 2.

Case 4: Suppose 9”17'211 =z, then z = 1—71 Hence x € A,,, which is

impossible. So in this case Tin (2) # z, for all .

If T3 (x) < x, then the following cases are considered.
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Case 1: 22HL=22M o« g o g < =221 which is possible for # > 2 and @ € A,,. Hence To(z) < x, for all z > 2 and

m > 2.
Case 2: w <zer< %7 which is possible for 2 > 2 and « € A,,. Hence Tis () < x, for all z > 2 and m > 2.
Case 3: W <zsr< %, which is possible for 2 > 2 and « € A,,. Hence Tis(z) < «, for all z > 2 and m > 2.
Case 4: % <z& x> 1—71, which is possible. So in this case Tiy(z) < z, for all > 2 and m > 2.
Result 2.8. Ifx € A, and x is odd, T, (z) is even, T (x) is even and T3, (x) is odd then, (i) There exist no x € Ay, such

that Tk (x) = x. (i) In addition if T (x) is even, for all k > 4, there exist no x € Am such that TE (x) # x, for all p > 4

and k > 3.
9. Let « € A,,, be arbitrary such that x is odd, Tin () is even and T3 () is odd and T3 (z) are odd. Then

Tm(z) = 31:2—1— L (mod m); with Tr,(z) € Ap,.

3z+1272m7 lf 312+1 >m

3z+1 i 3z+1
=, if #5= <m.

3z+1—2m lf 3:02+1 >m

2 4 ’
Ton(x) =
3z+1 i 3z+1
= if =55 <m.
91«1»78714771,7 lf 3z2+1 >m and 91+7876m >m
X 97;+78767n’ lf 37;2+1 >m and 9:c+7876'm S m
Tn(z) =
93134—78—8m7 if 3m2+l S m and 9.178-&-7 >m
918+77 if 3z2+1 S m and 91;»7 S m.
27z+21%—58m, lf dz;—l > m, 91+';—6m >m and 27z+21%—42m >m
27z+2196742m’ lf 31;1 > m, 9z+7876m >m and 27z+2196742'm S m
279c+21%734m’ lf 3x2+1 > m, 9x+7876m S m and 279c+2196718m >m
. 27z+21%—18m, if dz;—l > m, 91+';—6m S m and 27I+21%—18m >m
To(x) =
27z+2196740m’ lf 3z2+1 S m, 9z8+7 >m and 27z+11278m >m
279c+21%724m’ lf 3x2+1 S m, 93084»7 >m and 27a:+11278m S m
272+29—16m i 3zt 9z+7 27x+29
g, if 2 <my, 2R <moand FEEE > m
27x+29 i 3z+41 9x+47 27x+429
T if =5 <m, 2 <m and == <m.

Suppose T4 (z)==z, then the following cases will arise.

Case 1: Suppose mﬁ# =, then z = % > m for m > 2. Hence © & A,,. So this is impossible. So in this case
T2 (x) # z, for all z > 2.

27x4+29—-42m
16

42m—29

Case 2: Suppose =z, then z = =77= > m for m > 2. Hence x ¢ A,,, which is impossible. So in this case

T2 (x) # z, for all z > 2.

Case 3: Suppose W =z then =z = % > m for m > 2. Hence z € A,,. So this is impossible. So in this case

T3 (z) # =, for all z > 2.
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Case 4: Suppose mﬁ# =z, then x = 18’"77_29 > m. Hence 2 ¢ A,,, which is impossible. So in this case Tiy(z) # ,
for all x > 2.

Case 5: Suppose W =z, then x = w > m. Hence = ¢ A,,, which is impossible. So in this case Tiy(z) # ,
for all x > 2.

Case 6: Suppose 27ZH29=24m — gz then g = 24m=29 > ;. Hence @ € A, which is impossible. So in this case T}, (z) # =,
for all x > 2.

Case T: Suppose w =z, then x = 16’"77_29 > m. Hence 2 ¢ A,,, which is impossible. So in this case Tiy(z) # 1,
for all x > 2.

Case 8: Suppose % =z, then x = _TQQ. Hence 2 ¢ A,,, which is impossible. So in this case Ti, () # x, for all > 2.

Also for this case, if T (2) is even, then:

27z+2392758m7 lf 312+1 >m , 9z+7876m >m and 27z+2196742m >m
27a:+2392742’m7 lf 3124»1 >m , 9z+7876m >m and 271:+21%742m S m
2791:-&-2392—34m7 lf 3902-!—1 >m , 9x+78—6m S m and 27:c+21$)6—18m >m
27z+29718m7 lf 3z+1 >m 791+776'm S m and 27x+29—18m >m
5 32 2 8 16

Ty (z) =
27a:+2392740’m7 lf 3124»1 S m, 9z8+7 >m and 27z+1lg)78m >m
2791:-&-2392—24m7 lf 3902-!—1 S m, 9x8+7 >m and 27x+1165—8m S m
27x+29—16m e 3z41 9z +7 272429
see=om s if 2B <m, 2EE <moand =EEE > m
27x429 i 3xz41 9x+7 27x429
===, if 255 <m, == <m and == <m.

and clearly TP, (z) < =, for all z.

Result 2.9. Ifz € A, is odd, Trm(x) is even, T2 (x) is odd T2 (x) is odd and TF (x) is even, for all k > 3, then TE (z) # =,

for all p > 5.

10. Let © € A,,, be arbitrary such that x is odd, Ton(x) is odd, T2 (z) is even and T3, (z) is odd. Then

27x+23—46m lf 3z+1 >m 9x+5—6m >m and 27x+23—30m >m
16 ) 2 ) 4 16
27x+23—30m lf 3z+1 >m 9z+5—6m >m and 27x+23—30m S m
16 ) 2 ’ 4 16
27x+23—34m lf 3z+1 >m 9x+5—6m <m and 27x+19—18m >m
16 ’ 2 ’ 4 — 16
. 273:-&-2196—18m7 1f 3902+1 >m , 9x+78—6m S m and 27:c+21$)6—18m >m
Tn(z) =
_ . 5_
27x+29—40m lf 3z+1 <m 9x+7 >m and 27x+15—8m >m
16 ’ 2 ’ 8 16
27x+29—24m lf 3z+1 <m 9x+7 >m and 27x+15—8m <m
16 ’ 2 — ’ 8 16 —
27x+29—16m 1f 3z+1 S m 9x+T S m and 27x+19 >m
16 ’ 2 ’ 8 8
27z1<6k23’ if 312+1 S m, 922»5 S m and 27184»29 S m.

Suppose T (z)==z, then the following eight cases will arise.

46m—23

27x+423—-46m
16 16

Case 1: Suppose =z, then x = > m, for m > 2. Hence © € A,,. So this is impossible. So in this case

T3 (z) # =, for all z > 2.
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27x+23—30m

Case 2: Suppose =“TZ5==" = r, then = =

307?7_23 > m, for m > 2. Hence © ¢ A,,, which is impossible. So in this case

1

T3 (z) # =, for all z > 2.

Case 3: Suppose W =z, then x = 34?71_23 > m, for m > 2. Hence © € A,,. So this is impossible. So in this case
T3 (z) # =, for all z > 2.

27x+23—18m

Case 4: Suppose === = x, then © = 18m—23

7, for m > 2. Hence x € A,,, which is impossible. So in this case

T3 4z) # =, for all z > 2.

27x+19—-39m
16

Case 5: Suppose =z, then x = w > m, for m > 2. Hence = &€ A,,. So this is impossible. So in this case

Ta(x) # , for all x > 2.

27x423—12m 12m—23
16 11

Case 6: Suppose = z,, then x = > m, for m > 2. Hence = ¢ A,,, which is impossible. So in this case

Ta(x) # , for all x > 2.

Case T7: Suppose W =z, then z = % > m, for m > 2. Hence = &€ A,,. So this is impossible. So in this case
Th (z) # x, for all z > 2.

—23

272423
16 11

Case 8: Suppose =z, then z = for m > 2. Hence x € A, which is impossible. So in this case Tj, () # x, for

all z > 2.

Also here if Tp, () is even, then

27x+23—46m lf 3z+1 >m 9x+5—6m >m and 27x+23—30m >m
32 ’ 2 ? 4 16
273:-0—2332—30m’ lf 3302-!—1 >m , 9x+54—6m >m and 27m+2136—30m S m
27z+?5—34m lf 3z+1 >m 9x+5—6m S m and 27:c+19l—18m >m
32 ’ 2 ’ 4 16
27@«&»233271877’:,7 lf 3z2+1 >m , 91+7876m S m and 27a:+2196718m >m

To(z) =

273:-0—1322—39m’ lf 312-!—1 S m, 9:1:8+7 >m and 27ac+llg—8m >m

27x+12—12m if 3124—1 <m , 918—0—7 >m and 27z+112—8m S m

32 ) >
27z~&»233271677’:,7 lf 3$2+1 S m, 918+7 S m and 27z8+19 >m
273:3—20—23’ if 3x2+1 S m, 9:1::5 S m and 27x8+29 S m

Clearly here Ty, (z) < x, for all z € A,,.

Result 2.10. If x € A, and z, T () are odd, T2 (z) is even and T3 (x) is odd then, (i) there exist no x € A,, such that
T (x) = x. (i) In addition if TY (x) is even, for all k > 4, there exist no x € Ay, such that TE (x) # x, for all p > 4 and

k> 3.
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11. Let © € A, be arbitrary such that z, Trn (), Ta (), Ta (z) are odd, then

8114»6?67130777‘7 lf 3a:2+1 > m, Qz+5476m > m, 27z+1196730m >m and 811+615g114m >m

81x+6f(;114m’ if 31;»1 >m, 9x+54767n >m, 27m+11%730m > m and 81x+ﬁfgll4m S m

81x4+65—106m if 3x+1 >m 9x+5—6m >m 27x4+19—-30m S m and 81x+65—90m >m
16 ) 2 ) 4 ) 16 16
811+6156790m’ lf 3a:2+1 > m, Qz+5476m > m, 27z+1196730m S m and 81z+6156790m S m

81x+6f(;104m’ lf 3z2+1 > m,9w+5476m S m, 27zc+1196718m >m and 81x+6156778m >m

81lz+65—T78m lf 3x+1 >m 9z +5—6m S m 27x+19—19m >m and 8lz+65—65m S m
16 ’ 2 ’ 4 ’ 16 16

81lx+65—70m lf 3z+1 >m 9x+5—6m S m 27x+19—19m S m and 81lx+65—65m >m
16 ’ 2 ’ 4 ’ 16 16

81x+6f(;130m’ lf 3z2+1 > m, 9x+‘176m S m, 27w+11%7l8m S m and 81x+6156754m S m

8lx+65—52m lf 31‘;—1 S m

5 , 912—5 > m, 27x+19—12m >m and 8lx+65—36m >m

8 16

> m an

A
E

81lx+65—36m lf 3a:2+1 < > m,

9x+5
16 ? 4

27$+1§712m d 81a:+6156736m S m

81x+6156796m’ lf 3x2+1 S m, 990:5 > m, 27x+1§712m S m and 81ac+6156736m >m

Slz+6156—60m7 if 5::72-&-1 S m, 912—5 > m, 27x4+19—12m S m and 811‘-&-61%—36"1, S m

8

81lx+65—40m lf 3z+1 S m 9x+5 S m 27x+19 >m and 8lx+65—24m >m
16 ) 2 ’ 4 ’ 8 16

8lx+65—24m lf 3xz+1 <m 9x+5 <m 27x+19 >m and 8lx+65—24m <m
16 ’ 2 — ’ 4 — ’ 8 16 —

Slz+6156—16m7 if .5::72-',-1 S m, 912—5 S m, 272:84—19 S m and 812{(};65 >m

9x+5

81lx+65 lf 3a:2+1 <

272419 81z 465
6 5 <mand =57 <m

A
3
N
3

Suppose T (z)==z, then the following cases will arise.

81x+65—130m

5 =z, then z = (2m — 1) > m for m > 2. Hence z ¢ A.,. So this is impossible. So in this

Case 1: Suppose

case Ty (z) # x, for all > 2.

Case 2: Suppose W =z, then x = 11476"75_65 > m for m > 2. Hence © € A,,, which is impossible. So in this case
T3 (z) # =, for all z > 2.

Case 3: Suppose w =z, then x = % > m for m > 2. Hence x € A,,, which is impossible. So in this case
T3 (z) # =, for all z > 2.

Case 4: Suppose w =z, then x = w > m for m > 3. Hence = ¢ A,,, which is impossible. So in this case
Ta(x) # , for all x > 2.

Case 5: Suppose W =z, then x = 1042.”75_65 > m for m > 2. Hence x € A,,, which is impossible. So in this case
Ta(x) # , for all x > 2.

Case 6: Suppose W = z, then = %. Here x € A, so that 1 < z and x < m which imply m > 2 and

m < 5. Hence the possible value of m are 2,3,4,5...and the corresponding value of x are not integer except m = 5 and
x = 5. So in this case T (z) = z, for z = 5 and m = 5. So in this case for = 5 and m = 5, Tps () = z.

81x+65—70m

14m—13
16 3 .

3 Here x € A,,, so that 1 < z and x < m which imply m > 2 and

Case T: Suppose = x, then =z =
m < 13.Hence the possible value of m are 2,3,4,5....and the corresponding value of z are not integer except m = 13

and x = 13. But W £ z, for z = 13,m = 13. So in this case Ta (x) # x, for all z > 2.
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81x+65—54m

16 . Here z € A,,, so that 1 < z and z < m which imply m > 3 and

Case 8: Suppose = x, then =z =

e
m > —5. Hence the possible value of m are 3,4,5...and the corresponding value of x are of the form =z = %. Also
here

(i) 3z + 1> 2m < 3(%2 — 1) + 1 > 2m which is possible. Hence 22 > m.

(i) 92 +5 < 10m < 9(342 — 1) + 5 < 10m < m > =21%, which is possible. Hence 2212 < 10m.

(iii) 27z + 19 < 26m © 27(%™ — 1) + 19 < 26m & m > 229 which is possible. Hence 27219 < 26m.

Result 2.11. If x € A, is odd, Tr(z) is even, Tr,(x) is odd and Ty,(z) is odd and if x = 54%2=%5 and m = 65p, then

T3 (x) # x, for allp > 1.

81x465—52m

s . Here z € A,,, so that 1 < z and z < m which imply m > 3 and

Case 9: Suppose

- _ 52m—65
= z, then z = >

52m—65

m > —5. Hence the possible values of m are 3,4,5...and the corresponding values of x are of the form x = =%

Also here

(i) 3z + 1 < 2m < 3(%2 — 1) + 1 > 2m which is possible. Hence 22 > m.

(ii) 9x+5§10m®9(5§g"71)+1§2m@m§%@mf& Hence the range of m is 3 < m < 5. But in this

range the value of x is not an integer. Hence in this case Tﬁz(a:) # x for all x.

. Here z € A,,, so that 1 < x and x < m which imply m > 4 and

) 812+65—36m
Case 10: Suppose 16

— _ 36m—65
=z, then x = =

m > S22, Also here

(i) 3z + 1 <2m < 3(%2 — 1) +1 < 2m < m > =12% which is possible. Hence 225 < m.

(ii) 92 + 5> 4m < 9(3™ — 1) + 1 > 4m < m > 8, which is possible. Hence 252 > m.

(iii) 27z + 19 < 20m < 27(32—;” — 1)+ 19 < 20m < m < 1, which is not possible. Hence in this case T (z) # « for

all z.
Case 11: Suppose W =z, then z = % > m, which is not possible. Hence in this case Tfn(:c) # x for all z.
Case 12: Suppose w = x, then z = % Here x € A,,, so that 1 < z and < m which imply m > 3 and

m > —13. Also here

(i) 3z 4+1<2m < 3(22 — 1) +1 < 2m < m < 1 which is not possible. Hence in this case T}, (z) # x for all .

Case 13: Suppose w =z, then x = 8’”1513. Here x € A,,, so that 1 < z and x < m which imply m > 4 and
m > =—==. Also here

(i) 3z + 1 < 2m < m > —13 which is possible. Hence % <m.

(i) 9z +5 < 4m < 9(22 — 1) + 5 < 4m < m < 2, which is not possible. Hence in this case Ty, (z) # x for all z.

Case 14: Suppose w =z, then z = %. Here x € A, so that 1 < z and x < m which imply m > 6 and

m > =22. Also here

(i) 3z +1<2m < 3(32 — 1)+ 1 < 2m < m > =13 which is possible. Hence 255 < m.

(il) 9z +5<4m < 9(24m )+5 <4m < m > =220 which is possible. Hence 225 < m,

(iii) 272 419 < 8m < 81(F — 1) + 65 < 40m < m > =420 which is possible. Hence 2122 < m,

(iv) 81z + 65 < 40m < 81(24m )+ 65 <40m < m > 761&;107 which is possible. Hence the possible values of m are

6,7,8,... and the corresponding possible values of  are x =24p — 1, p=1,2,3, ....

Result 2.12. If z € Ay is odd, Trn(z) is even, Tp,(z) is odd and T3 (z) is odd and if v = 222=5% and m = 65p then

Ta(x) # x, for all z > 2 and p > 1.
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Case 15: Suppose W =z, then z = % Here x € A,,, sol <z and x <m =m >9 and m > —2. Also here
i) 3z +1<2m <« 3(1% — 1)+ 1 < 2m < m > 2, which is possible. Hence 3%t < m.

ii) 92 + 5 < 4m < 9(X™ — 1) +1 < 4m < m > 532 which is possible. Hence 25 < m.

(
(
(iii) 272 419 < 8m < 81(X™ — 1) + 19 < 8m < m > =22°, which is possible. Hence 2722 < m,
(

iv) 81z + 65 > 16m < 81(X2 — 1) + 16 > 16m < m > 4.

Result 2.13. Ifz € Ay, is odd , Ty (x) is even, Tp,(z), T, (x) are odd and if v = 192=5% and m = 65p then Ty, (z) # x for

allz > 2 andp > 1.

=2, then 2 = —1 and z not in A,,. Hence in this case Tpy(x) # « for all 2.

. 812465
Case 16: Suppose 575~

Result 2.14. If x € A, is odd, Trm () is even, T2 (x) is odd and T3, (x) is odd and if T5,(2), TS, (x) are even then Ty, (z) < x

for all & and hence if T (x) are even for all k > 5, then TP, (z) # x, for all x > 2 and for all p > 7.

Theorem 2.15. If x is odd and © € A,,, then the following table provides some failure cases of the expected statement

Tffl(x) =1 for some k, corresponding to “modulo m problem”.

Serial number| = |Tp(z)|T2 (z)| T3, (x) | RESULT
1 odd| - - - |Tm(z) # x, for all z
) 2( ) # z, for all ©

2 odd| even - -
b) T2,(x) = z only if =1

a) T2 (z) # x, for all z

b) T2(z) =5

c) T2(3) =3

4 odd| even | even - |Tm(z) # =, for all x and T3, (x) < x for all x if T (z) is even, for all k> 3,
then T%, (z) # =, for all z,p> 4.

5 odd| even | odd - |Tm(z) # z,for all z and T3,(z) < z, for all z if T (z) is even, for all k> 3,
then Th, (z) # x, for all z,p> 4.

6 odd| odd | even - |Tm(2) # 2, for all x and T3, (x) < x for all = if T (z) is even, for all k> 3,
then Th, (z) # z, for all z,p> 4.

(a
(
3 odd| odd - - (
(
(

7 odd| odd | odd - ) if m = 19y, for some y and z = 18m —1, then T3 (z) =«

b) if m = 19y, for some y and = 12m — 1, then T3, (z) =z

¢) if m = 19y, for some y and z = —9 1, then T2, (z) = x

d) if T, () is even, for all p > 3,

# x,for all x.

<z

x) is even, for all p > 5, then T} (z) # =, for all z ,if k > 5.
# x,for all x.

< z, only if T2 (2) is even.

x) is even, for all p > 5, then T (z) # =, for all z ,if k > 5.
a) Tk (z) # x,for all .

b) T3 (z) < z, only if T2 (x) is even.

c) if TZ (x) is even, for all p > 5, then T (z) # x, for all = ,if k > 5.
a) ifz =5 and m =5 then T (z) = =

8 odd| even | even | odd |(a

)
4 (z
b) T4 (x
c) if TP,
T (x
)
)

T35, (x
if TP,

=

9 odd| even | odd | odd

o

- —

<)

—

10 odd| odd | even | odd

~ —

11 odd| odd | odd | odd
b) if m = 65y, for y =1,2,3..... andw:%Tm—l,thenTTi(z):x

)
c) if m = 65y, fory =1,2,3..... andx:%—g”—l,thenﬂi(x):
)

d) if m = 65y, for y =1,2,3..... anda::lg—;"—l,thenTﬁl(x):

(a
(
(
(
(a) T,
(
(
(a)
(b
(
(a)
(
(
(a)
(
(
(

3. Cases for Even Integers

1. Let x € A,, be arbitrary such that x is even. Then Tr,(x) = § < m. So in this case T;,(x) # z, for all 2 > 2.

2. Let © € A,, be arbitrary and z is even and Tjn(z) is even. Then T, (z) = £ < m, T (z) = £ < m. So in this case
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T2 (z) # =, for all z > 2.

3. Let z € A,,, be arbitrary and z is even and Ty, (z) is odd. Then

T
Tm(z) = 3 <m
3z+2—4m i 342
2 (x) = SEEE=EI L f SRS > m
m
3w+2 e Bw42
o=, if 2= <m.

Suppose T2 (x) = z, then the following cases arise.
Case 1: Suppose W =4z, then 3z +2 —4m =4z, 2 —4dm =z,
z=2(1—2m) <0, for m > 2. Hence x & A, which is a contradiction. So in this case T2 (z) # =, for all x > 2.

Case 2: Suppose

3“”4—“ =z, then z = 2, which is a trivial case.

4. Let © € A, be arbitrary and z is even, T (x) is even, and T3 (z) is even.

Tr(z) = g <m.
T2 (z) = % < m.
T3 (z) = % <m.

So in this case T3, (x) # x, for all z > 2. Here T () < x, for all m >2. So if T}% (z) is even, for all k > 3 then T% (z) # ,
for all z > 2 and p > 4.

5. Let © € Ay, be arbitrary and z is even, Ty, (z) is even, and T2 (z) is odd. Then

T
Tm(z) = 5 <m
T
T2 (z) = 7 <m
3r—8m—+4 ¢ 3z+4
To(z) =
Seta  gpsetd oy

Suppose T35, (x) = z, then the following cases arise.

Case 1: Suppose W =z, then x = w < 0, for m > 2. Here x ¢ A,,, which is a contradiction. So in this case

T3 (x) # z, for all z > 2.

Case 2: Suppose 3“”;4 = z,then bx =4, v = % & A, so that in this case T, (x) # z, for all z > 2.

Suppose T3 (x) < z, then the following cases are considered.

Case 1: w <re3r+4-8m<8r & -8m+4<dbr & x> *875”*4 which is possible for x > 2 and m > 2. Here

T3 (z) < x, for all 2 > 2 and m > 2.
Case 2: 32 < 7 & 304+ 4 <8z < 4 <5z < x> 1 which is possible for > 2 and m > 2. Here T}, (z) < =, for all z > 2

and m > 2.

Result 3.1. Let x € Ay, such that © is even, Ty, (x) is even and T2 (x) is odd. Then T3 (z) < x, for all x and m > 2. Also

if TX () is even, for all k > 3, then TP (x) # x, for all x > 2, for allp > 3.
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6. Let © € A,,, be arbitrary such that z is even, Tp,(z) is odd, and T2 (x) is odd, then.

T
Tr(z) = 5 <m
3:L‘+24—4m, lf 312—2 >m
Th(z) =
3172»27 if 322»2 S m

9x4+10—20m if3ac+2
8 ? 4

d 9x4+10—12m >

> m an 3

m

9x+10—12m if3z2—2 >m and 9:U+1()8—12m S m

3 8 ’
Ton(2) =
90:«&»1378777‘7 lf 31:2 S m and 9z§10 >m
990;107 if 32::2 S m and 9:&48»10 S m

Suppose T35, (x) = z, then the following cases arise.
Case 1: Suppose T5,(z) = z, then z = 20m —10 andz = 10(2m—1) > m, for m >2. Hence z ¢ A,, which is a contradiction.
Hence in this case T3, (z) # «, for all > 2.

. 9z+10—12m
Case 2: Suppose “*#=——="

=z, then z = 2(6m — 5) > m, for m > 2. Hence x ¢ A,, which is a contradiction. So in this
case T3 (z) # z, for all z > 2.

Case 3: Suppose 22H0=8™ — 4 then 9z + 10 — 8m = 8z and

x = 8m — 10 > m, for m > 2. Hence & ¢ A, which is a contradiction. So in this case T (x) # x, for all > 2.

Case 4: Suppose 2210 = g then = —10 € A, which is a contradiction. So in this case T}, (z) # =, for all x > 2.

Suppose T35, (x) is even, then

9x+10—12m :f 9z+10—12m
16 , if S >

m

9z+10—12m ¢ 92+10—12m
16 , if 8 <m

9z+10—8m ¢ 92+10
15 , if == >m

92410 - 92410
6 if =55 <m

Suppose T4 (z) < z, then the following cases are considered.

Case 1: 9z — 12m + 10 < 162 < x > M, which is possible for all > 2 and m > 2. So in this case T (z) < z, for

all x > 2 and m > 2.

Case 2: 9z — 12m + 10 < 162 < x > M, which is possible for all 2 > 2 and m > 2. So in this case Ti () < z, for

all x > 2 and m > 2.

Case 3: 9z —8m + 10 < 16z & = > M, which is possible for all > 2 and m > 2. So in this case Ti, (z) < z, for all

x> 2and m > 2.

Case 4: 9z —8m + 10 < 16z & = > M, which is possible for all > 2 and m > 2. So in this case Ti, (z) < z, for all

x> 2and m > 2.
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Case 5: 9z + 10 < 8z < 2 < —10, which is possible for all  and m > 2. So in this case T (z) < x, for all x > 2 and

m > 2.

Result 3.2. Let x € A,,. If x is even and Ty, (z) is odd, T2 (x) is odd and T (x) is even k > 3 then TE(x) # x, for all

x>2andm>2 andp > 4.

7. Let © € A,, such that z is even, Tr,(z) is odd, T2 (z) is even. Then

T
Tn(z) = 9
3z+2—4m e 342
, SEEE=ER L f TR > m
Ton(x) =
m 3x+2 lf 342 <m
4 4 =
335+28—4m7 lf 3:0:—2 >m
T3 () =
m ) 3z+2 lf 3x+2 <
8 7 4 =

Suppose T, (x) = x, then the following cases may arise.

2—4m

= x then r = =™

. 3z+2—4m
Case 1: Suppose =*F=—"

< 0, for all m > 2. Hence x ¢ A,,, which is impossible. So in this case
T3 () # =, for all z > 2.

Case 2: Suppose % =z. Then z = % ¢ A, which is a contradiction. So in this case T, (x) # z, for all z > 2.

Suppose T3, (x) < z,then the following case are considered.

Case 1: 3z +2—4m < 8z & 747;”, which is possible for all z € A,, and m > 2. So in this case T (z) < x, for all z > 2

and m > 2.

Case 2: 3z +2< 8z & %, which is possible for all z € A,, and m > 2. So in this case T,:’;L(:v) <z, for all x > 2 and m > 2.

Result 3.3. Let x € Ay, If x is even,Tin(x) is odd, T2 (z) is even and T (x) is even, k > 3 then TE (x) # x, for all x > 2

andm > 2 and p > 4.

8. Let © € A, be arbitrary such that z is even, Trn(z) is even, T2 () is even, and T3 (z) is odd. Then,

3x—16m—+8 o 348
§ S, i T > m
Ton(z) =
3x+8 lf 3z+8
16 16

<m

Suppose T4 (z) = =z, then the following cases may arise.

Case 1: Suppose 3z — 16m + 8 = 16z, then = = %g”g, Here z € A, so that 1 <z and < m which imply 1 < %

and %’;*‘8 < m so that m < I—g and m > 2%. This is not possible. So in this case T;,ﬂ(:c) # x, for all z > 2.

Case 2: Suppose 3“;?3'8 =z then z = % which is not an integer. So in this case Tpn () # x, for all z > 2

Suppose T3 (z) < z then the following cases are considered.
Case 1: 3x — 16 +8 < 16z < = > %7 which is possible for all > 2. So in this case Tp, () < x, for all z > 2.

Case 2: 3z +8 < 16z & = > %7 which is possible. So in this case T, () < x, for all > 2.

Result 3.4. Let x € Ap. If x is even, Tm(z) is even, T (x) is even and Tk (x) is even, k > 3 then TE (z) # =, for all

r>2andm>2 andp > 4.



Collatz Conjecture for Modulo an Integer

9. Let ® € A, be arbitrary and z is even, T, (z) even, T2 (x) is odd and T3 (z) is odd. Then

9304»2?(;40%17 lf 9m+2;)(;24m >m and 3x8+4 >m

9x+20—24m if 9w+2(1)6—24m S m and 3x8+4 >m

16 J
Tp(x) =
9x+20—24m ¢ 92+20 3x+4
i , if #EE= > moand 2= <m
92420 e 92420 3w44
S if #5= <m and 5= <m
Suppose Ti (x) = x, then the following cases may arise.
Case 1: Suppose 9z — 40m + 20 = 16z, then x = M, which is not possible for m > 2, since x < m. So in this case
T (x) # z, for all z > 2.
Case 2: Suppose 9z — 24m + 20 = 16z, then = = w, which is not possible for m > 2, since x < m. So in this case
T (z) # x, for all x > 2.
Case 3: Suppose 9z — 16m + 20 = 16z, then x = M, which is not possible for m > 2, since x < m. So in this case

T2 (x) # z, for all z > 2.
Case 4: Suppose 9z + 20 = 16z, then = = % ¢ A, for any m > 2. So in this case also Tk (z) # z, for all 2 > 2.
Suppose T (z) < z, then the following cases are considered.
Case 1: 92 —40m + 20 < 16z & = > w, which is possible for m > 2. So in this case Tj,(x) < x, for all z > 2.
Case 2: & 9z —24m + 20 < 16z < = > w, which is possible for m > 2. So in this case Tp,(z) < x, for all z > 2.
Case 3: 9z — 16m + 20 < 16z < x > M, which is possible for m > 2. So in this case Tp, () < x, for all z > 2.

Case 4: 2220 <y & 2> 29 which is possible for m > 2. So in this case Tj,(z) < x, for all z > 2.

Result 3.5. (i) If x € A, is even, Tm(x) is even, T (x) is odd, To(x) is odd, then T (x) # z, for all x > 2. (ii) In
addition if T (x) is even, k > 4, then TP, (z) # x, for all p > 5.

10. Let © € A,,, be arbitrary such that x is even, T, (x) is odd, T2 (z) is odd, T3 (z) is odd. Then

27z+3188776m’ lf 27z+3186760m > m, 917128m+10 > m, 312»2 >m

27x+38—60m i 27x+38—60m 9x—12m+10 3x+2

16 ,if 16 <m, === >m, == >m
27x+38—52m p 27x+38—36m 9x—12m+10 3x+2

T , if 16 > m, Z—grt= <m, SEE > m

27x+38—36m e 27x438—36m 9x—12m+10
16 , if 16 <m, 3 <m, =3 >m
27x438—40m  :pr 27x+38—24m

i ,if 1 >m,

92410 3z+2
s > m, =5 <m

27z+38—24m  :¢ 272+38—24m 9z+10 3342
16 , if 16 <m, == >m, == <m

27x+38—16m i 272438 9x+10 3x+2
16 , Af 2EEE > m, 2 <m, 25 <m

272438 e 272438 92410 3x42
e if =55= <m, = <m, = <m

Suppose Ti () = x then following cases may arise.

Case 1: Suppose 27x —76m+ 38 = 16z, then z = w. Here x € A, so that 1 < x and z < m, which imply 1 < w
and w < m which imply m > 471—2 and m < % < 1, which is not possible, since m > 2. So in this case Tp, (z) # =z,

for all x > 2.
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Case

Case

Case

Case

Case

Case

Case

2: Suppose 27z —60m + 38 = 16z, then = = w. Here z € A,,, so that 1 < x and x < m, which imply 1 < w

and %97=3% < which imply m > 42 and m < 3% | which is not possible, since m > 2. So in this case Ty, (z) # z, for
all z > 2.
3: Suppose 27z — 52m + 38 = 16z, then z = 222=3%_ Here 2 € Ay, so that 1 < z and # < m which imply 1 < 52m=38

52m—38 R 49 38 R . . . . 4
and 7= < m which imply m > 25 and m < 57 < 1, which is not possible, since m > 2. So in this case T}, (z) # =,

for all x > 2.

4: Suppose 27z —36m+ 38 = 16x, then x = w. Here x € A, so that 1 < x and z < m, which imply 1 < w
and w < m which imply m > % and m < % < 2, which is not possible, since m > 2. So in this case Ty, () # x,

for all x > 2.

and

. .\ 27z—40m+38
5: Suppose 16

40m—38
11

=z, then x =

. Here x € A,,,, so that 1 < 2 and x < m, which imply 1 < w

38

55 < 2, which is not possible, since m > 2. So in this case T2 (x) # =, for

40m—38 PRI 49
=47 < m which imply m > 75 and m <

all z > 2.

6: Suppose 27x —24m+ 38 = 16z, then x = w. Here x € A, so that 1 < x and z < m, which imply 1 < w
and W < m which imply m > % >2and m < % < 3 and 2 < m < 3, which is not possible, since m > 2 and m

is an integer. So in this case Tp, () # =, for all z > 2.

7: Suppose 27z — 16m + 38 = 16z, then = = w. Here xz € Ay, so that 1 < x and z < m, which imply 1 < w
and w < m which imply m > % >4 and m < % < 8 for 4 < m < 7 the value of x is not an integer. So in this
case T (z) # z, for all z > 2.

272438
16

38

8: Suppose =z, then 2 = 37 which is not possible, So in this case Ta(z) # x, for all z > 2.

Result 3.6. Ifx € A, is even, and T () is odd, T2 (x) is odd, Ty, (x) is odd, then T (x) # x, for all x > 2.

Let x

€ Ay, is even such that Tin () is odd, T2 (z) is odd, T3 (z) is odd, and if T}4 () is even then

27x—76m—+38

of 27x—60m+-38 9x—12m+10 3x+42

35 , if 16 >m, =g > om, 2 > m
27x—60m—+38 if 27x—60m—+38 S m 9x—12m-+10 >m 3x+2 >m

32 ’ 16 ’ 8 74
27x—52m+38 if 27x—36m+-38 9z—12m+-10 3z+42

£ ,if 16 >m, =g >m, S > m
27x—36m+38 lf 27x—36m—+38 S m 9z —12m+10 >m 3x+2 >m

32 ’ 16 ? 8 r 4

Tn(z) =

27x—40m—+38 if 27T2—24m+-38 9x—12m—+10 3x+2

25 ,if 6 >m, =g >m, == <m
27x—24m—+38 o 27Tx—24m+-38 9x—12m+10 3x+42

32 , if 16 <m, 3 >m, =5 <m
27x—16m—+38 i 27438 9z —12m+10 3z+2

35 , if = > m, 5 >m, = <m
272;387 if 27zl<g38 S m, 91—128m+1() > m, 312—2 S m

Suppose T3, (x) < z then following cases may arise.

Case

Case

Case

Case

Case

1: 27’“_73# <z > M, which is possible for m > 2. So in this case T (x) < x, for all z > 2.
2: Wg}# <z T > M, which is possible for m > 2. So in this case Tp (x) < x, for all > 2.
3: W <rsST> w, which is possible m > 2. So in this case T;?L(m) <z, for all z > 2.
4: W <z T > M, which is possible m > 2. So in this case T?,(z) < z, for all z > 2.
5: w <z T > w, which is possible m > 2. So in this case T?,(z) < z, for all z > 2.
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Case 6: w <z & x> 28 which is possible m > 2. So in this case Th (z) < =z, for all > 2.
Case T: W <z &S T > w, which is possible m > 2. So in this case Tp(x) < x, for all z > 2.

Case 8: 27Tz + 38 < 32x & = > %, which is possible m > 2. So in this case T (x) < x, for all z > 2.

Result 3.7. (i) If x € An, is even, Ty, (2) is odd , T2 () is odd, Ts (x) is odd, then T (x) # x for all z > 2. (ii) In addition
if TE (z) are even, k > 4, then TP, (z) # x, for all p > 5.

11. Let © € A, be arbitrary such that z is even, Tr,(z) is odd, T2 (z) is even and T () is odd, then

9z—28m+14 ¢ 9z—12m+14 3z+2
T, i PR >m and *5= >m
92—11257‘-4—147 lf 91—112£n+14 S m and 312—2 >m
T:; T) =
( ) 9z —16m+14 lf 9x+14 >m and 342 <m
16 ) 16 R
9z+14 e 9z414 3242
e if #= <m and 5= <m
Suppose Ti (x) = , then the following case may arise.
Case 1: Suppose 9x — 28m + 14 = 16x,then x = M, which is not possible, for all m > 2 and x < m. So in this case
T3 (x) # x, for all z > 2.
Case 2: Suppose 9z — 12m + 14 = 16z, then x = M, which is not possible, for all m > 2 and < m. So in this case
Th (z) # x, for all x > 2.
Case 3: Suppose 9 — 16m + 14 = 16z, then = = M, which is not possible, for all m > 2 and x < m. So in this case

T3 (x) # z, for all z > 2.

Case 4: Suppose % =z, then © = 2, which is trivial.So in this case Tf;l(x) # x for all x > 2.

Suppose Ti () < x, then the following cases are considered.

Case 1: © 9z —28m + 14 < 16z < = > w, which is possible. So in this case Tpy () < z, for all z > 2.
Case 2: 9z — 12m + 14 < 16z & = > %‘*‘M, which is possible. So in this case T, () < x, for all > 2.
Case 3: 9z — 16m + 14 < 16z < & > =824 which is possible. So in this case Ty, (z) < w, for all > 2.
Case 4: x4+ 14 < 16z < = > % = 2, which is possible. So in this case Tr () < z, for all 2 > 2.

Result 3.8. (i) If v € A,, is even Trn(x) is odd, T2 (x) is even, To, () is odd, then T (z) < x for allx > 2. (i) In addition
if TX () is Even for all k > 5, then TE (x) # z for all z > 2 and p > 5.

Theorem 3.9. If z is even and x € A,,, then the following table provides some failure cases of the expected statement

T,ﬁ(m) =1, for some k corresponding to “modulo m problem”.

Serial Number| z |Tm(z)|T2 (z)|T3, (x)| RESULT

1 even| - - - |Tm(x) #x for all ©

2 even| even - - |(a) T2 (2) # = for all =

3 even| odd - - |(a)T2 (x) # « for all ©

4 even| even | even - |T3/(2) # 2 for all z and T3, (x) < = for all z if T)% (z) is even, for all k > 3,
then T%, (z) # x for all  ,p> 4.

5 even| even | odd - |T3(2) # zfor all z and T3, (x) < = for all z if )% (z) is even, for all k > 3,
then T%, (z) # x for all z ,p> 4.
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Serial Number| z |Ty,(z)|T2 (z)|T3, (z)|RESULT

6 even| odd | odd - |T3(2) # zfor all  and T3, (x) < = for all z if T (z) is even, for all k > 3,
then T}, (z) # z for all z ,p> 4.

7 even| odd | even - |T3(2) # zfor all  and T3, (x) < = for all z if T}¥,(z) is even, for all k > 3,
then T%, (z) # x for all  ,p> 4.

8 even| even | even | odd |(a) T4 (z) # ,for all z.
(b) TA(2) < 2
(c) if T% (x) is even, for all p > 5, then T)% (x) # x for all x if k > 5.

9 even| even | odd | odd |(a) T (x) # ,for all x.
(b) T (2) < a,
(c) if TZ, (x) is even, for all p > 5, then T (x) # « for all z ,if k > 5.

10 even| odd | odd | odd |(a) T4 (z) # z,for all x.
(b) T4 (x) < z.
(c) if TH (z) is even, for all p > 5, then T)% (x) # x for all = ,if k > 5.

11 even| odd | even | odd |(a) T4 (z) # ,for all z.
(b) T (2) < .
(c) if T (z) is even, for all p > 5, then T}% (x) # x for all x ,if k > 5.

4. Conclusion

Theorem 2.15 and Theorem 3.9 provide some failure cases of the problem: T (x) = 1 for some k. This work has been carried
out by having discussion on the possibilities: T}, (z) = z, T%(x) = x, T3 (z) = , Tim(x) = x. Further discussion may also be

carried out for Trlfl(x) =z with £=5,6,7.... They may provide a class of non-good numbers for the original collatz problem.
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