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1. Introduction

In the year of 1909, queueing theory originated in telephony with the work of Erlang [2]. After his work many authors to
develop different types of queueing models, incorporating different arrival patterns, different service time distributions and
various service disciplines. In the year of 1963, Takacs [12] first introduced queues with feedback mechanism which includes
the possibility for a customer return to the counter for additional service. In the year of 2000, Santhakumaran and Thangaraj
[10] have studied a single server queue with impatient and feedback customers. In the year of 2008, Santhakumaran and
Shanmugasundaram [11] have focused to study a Preparatory Work on Arrival Customers with a Single Server Feedback
Queue.

In queueing theory, the time independent solutions only derived for a long time. According to the theory and applications of
queueing theory time dependent solution is necessary. Parthasarathy [8] and Parthasarathy and Shafarali [7] have discussed
single and multiple server poisson queues of transient state solution in easiest manner. Krishna Kumar and Arivudainambi
[6] has proposed a transient state solution for the mean queue size of M/M/1 queueing model when catastrophes occurred
at the service station. Parthasarathy and Sudesh [9] have introduced transient solution of a multiserver poisson queue with
N-policy. Al-Seady, El-sherbiny, El-Sherhawy and Ammar [1] have discussed transient solution of the M/M/C queue with
balking and reneging. Darmaraja and Rakesh Kumar [2] have studied transient solution of a Markovian queueing model
with heterogeneous servers and catastrophes.

In this paper we analyze the time dependent solution of M/M/C feedback queue with catastrophes.
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2. Model Description and Analysis
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Figure 1.

Figure 1, illustrates the flow of customers through the queueing system. The queueing system is denoted by M/M/C
heterogeneous queue with instantaneous Bernoulli feedback. Here the arrival rate of the customer enter into the queue is
a poisson process with rate A\¢. If the server is idle upon an arrival, service of an arriving customer starts instantaneously.
Service rate follows exponential distributions with rate p;(¢). After receiving service the customer a decision is made whether
or not feedback. If the customer does feedback, he joins the feedback stream with probability q. If the customer does not
feedback, he joins the departure process with probability p. The queue discipline is FIFO and infinite in capacity, the
service times are non-negative, independent and identically distributed random variables. Catastrophes occurs from the
arrival and service process follows poisson process with rate v;. All the available customers are destroyed immediately when
the catastrophes occurred in the system, the server gets inactivated. The server is ready for service when a new arrival
happens. The motivation for this model comes from Hospitals, Production System, Banks, Restaurant, etc.

Let Qn (t) = Q[X (t) =n], n = 0,1,... denote the transient state probabilities of n customers in the system at a time t.
Let Q (z,t) be the probability generating function. Generally we assume that there are no customers in the system at a

time ¢ = 0. The system of differential-difference equations for the probability Q- (t) is

Qo (t) = —(Ae + v)Qo (t) + [ppa (t) + qua (1)] Q1 () + v
Qo () = —(Ae +v0)Qo (t) + pa(t) [P+ ¢l Q1 () + ve
Qo (t) = —(Ae +v)Qo (t) + pa (1) Q1 (t) + 11 (1)

Q’n(t)——<At+vt+pZm +q2u3 ) () + AeQn—1 (t)
i=1
n+1 n+1

+ pZul +qZuJ }Qnﬂ(t), l<n<ec-1 (2)

<)\t+Vt+leh(t +qZM; ) e (£) + MQe—1 () + leM t)+qZuJ Qet1 (1), (3)
<>\t+ut+pzuz +qZuJ > () + XQn1 (t)

pZuz +qZug

Qn+1(t), n=c+1, c+2, ... (4)

With @, (0) = don, Kronecker delta symbol. The probability generating function @ (x,t) for the transient state probabilities
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Qn (¢) is given by
Q@ﬁ:mw+§pwmanwm:1 %)
=§p<>
pe () = Qo (1) + Qe (t +2Qn
pe(t) = Qo (1) + Qu (¢ +ZQn (6)

Substituting equations (1), (2) & (3) we get

dpc(t
pdf ) _ nee pZuz +q2uy }Qm £) = vipe (8) + vt (7)
Multiply equation (4) by z", we get,
. P W e m®\] -
A} ey @ne (8)}a” i=1 j=1
Lo = |- ,\t+ut+p;ul +qZug + [ Mz + - ;ch(ﬂx
A 1 {pZuz I ] Qe ®

Differentiate equation (5) with respect to t and substitute equations (7) & (8) we get,

00 (e.) . péMWﬂéw@
e = —<At+ut+pi_zluz +qZu] >+ A+ —— . = Q (z,t)
pguz( +QE1NJ( ]
- AT + = . = (Az‘FPZMz +QZN1 > +A(@-1)Qc () +ve  (9)

Using the integrating factor as

P é i (t)+q Zi) wj (1)
—| | rex+—=2 _J=1 (/\t+Vt+P E wi(t)+a Z M](t)>
e

j=1

Solving the above first order differential equation (9) we get,

o

p 5 mi®+a z g () . . ]
— || xz+—= = *<>\t+l’t+? ‘Zlui(th _Zluj(t>)
i= i=

t P 3 m®)+a 3 ()
+/0 M (= 1) Qe (u) — | | Aex + —= - . <At+p2uz +qZug >

P g} i (t)+aq ZZ wj(t) . e

—| | ree+—= = 7<>\t+w+p _Zlui(t)Jrq _Zl Mj(t)> (t—u)
= i=

e du

P Z ri(t)+a Z () . .
At = = —(At+w+p 2 miltta Zluj(t)) (t—u)
= i=

]

du (10)
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C C
Let v =2, [Ap > pi(t) +q > pj(t) and 6 = z At , then using the modified Bessel function of first kind
i=1 j=1 P Zl wi(t)+q _El g (t)
i= i=
I,(.) and the Bessel function properties, we get
P Z ni(t)+a Z ()
— || Atz+ =1 = t o

e = 3 (69 Ialr) (11)

Substitute equation (11) in equation (10), we get,

—(Aetvetp X wi+a 3 u'(t)ﬂt &
):6[ ( = = ST (6a) L (1)

n=-—oo

3 [ o LD Eror Emo) [ S - ) - 1 -

n=-—oo

+/0 pe (e [ (At+u¢+P Z pi(t)+a Z m(t))](t—u) i [ (6) ™ Tnor ((t — w))] du

Q (x,t

(/\tﬂnzm +q2u] )n (t —u)) (pZuz +q2m )n+1 (tU))]
Fu /Ote[_ (A‘Mﬂ)f; ”’i(t)ﬂjgl“j(t))}(t_u) i (62)" I (7(t — ) du (12)

|: <>\t+l/t+l7 _il wi(t)+q _il 12 (”)]t >
i= i=

+ Z QnJrC(t Z (&EYLI’L ('Yt)
3 [ Gt (v B0 EmO)J 0 S5 o611t s = ) 1ot —

t [— (At+ut+p S nit e 3 uj(t)ﬂ(t—u) > )
+ / pe (w)e SO A () et (1t — )] du
(0]

<)\t+pZNz +QZH1 ) n t—u (pZuz +qzu‘] > n+1 (t—u)):|
t [— (At+l/t+17 > ni(t)+q ‘Z l»"j(t)>:| (t—u) 2 "
o / e S (62)" I (3(t — w)) du (13)
0 n=-—oo

Equating the co efficient of 2" on both sides, and forn =1,2,3,...

c c
— | Xetvetp El wi(t)+q -21 w(ﬂ)t
= =

Qnitec (t) =e€ ( 5n[” (’Yt)
¢ [7 (AWW 3 i+ 3 wm)}(t—w L
e [t (96— ) 6™ = Lo (3(t — 0)3™)] Qe (u)
t [7 <>\t+w+p 2 wi(t)+q 2 w(ﬂ)](t*u) 1
[ e pe () ALy (7 (t =) 8
(x\t+p2uz +qZuJ > 7t —w) <pZuz +QZu] ) ni1 (v(t =)™ ™) | du

t {7 </\t+w+p Z wi(t)+q _Z w(ﬂ)](t*w
+ / c ST 5" L (y(t — w)) du (14)
0
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Substituting n = 0 and comparing the constant terms of Equation (13) we get,

- (At+w+p 3 milta ¥ uj(t))t
i= Jj=

pe(t)=e Io (71)

¢ {7 <At+ut+p S uil)+a u,-(t>)]<t—u) .
+>\t/ e =t =t [T (y(t =)™ = To (y(t — )] Qc (u) du
0
t = (Aetvetr ¥ wi®)+a u'(t)ﬂ(t*u)
_/ e{ ( =1 = pe(u) | -Ml_1 (v (t —w)) <)\t—|—pz,ul +q2u3 ) v(t—u))| du
0

¢ [7 </\t+w+17 S mi4a 3 w(t))}(t—m
+ vy / e i=t i=1 Io (v (t —u))du (15)
0

The terms in left hand side of equation (14) have no negative powers of z, therefore left hand side replaced by zero and

using I, (v (t —w)) = I_» (v (t — u)). We have

¢ —(Aetridp 3 wi()+a 2 uv(t))]osfu) o .
/ Pe (u)e{ < = = [/\tln+1 (y(t—u)s" " — (At +pZm +qZug > vt —u)s™)
0

Mtvetp 3 wi®)4q 3 uj(t>>]t
i=1 j=1

(pZuz +qZuJ >n 1 (—u)é"“)] du:e{7< 8" I (1)

t [7 (At“rl’t+p 2 wi(t)+q ‘Z w(t)ﬂ (t—u) ne1 n
[ e Qe () [Tnts ((t — ) 6" — I (4(t — u)) "] du
0

t [— (At+ut+p S wi+a 3 uj(t))](t—u) .
—|—1/t/ ¢ &S In (7 (t — ) " du (16)
0
Substituting equation (16) in equation (14) we get

t = (Aetvetr > wi+a 3 -<t>>](t—u) _
Qn+e (t) = n(;n/ 6[ ( o pi:lu qul " MQC (U) du (17)
0

t—u

The remaining probabilities Qn (t) , n = 0,1,2,...c can be obtained by solving the equations (1) and (2). Equations (1)

and (2) can be written in matrix form as

—d?lit) (pZuz +QZNJ ) t) I + vl (18)

vt ) i (t) 0
At —(Ae+ve+pa(t)) ... 0
Where A = 1 "
0 0 T mlt)+a % uj(t)]
e—1 el
0 0 _(At+Vt+pZ;Mi(t)+q];uj(t)>

And Q1) = (Qo(t) Qi(t)...Qer1 (1), =00 ... )", =10 ... 0)7 are column vector of order c. Let Q* (s) =

(Qo* (5) @17 (s) ... Qe—17(s))” denotes the Laplace transform of Q (). Taking Laplace transform of equation (18) we get,

5Q7 () —Q(0) = A (pZuz +qzuj ) )11+f12

(sI—A)Q" (s) = <pZuz +q2ug > )11+—Ig
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Q" (s) = (SI—A)_I{ (pZuz +q2m t)) Q" () +V;f2} (19)

With @ (0)=(1 0 ... 0)". Tofind Q.*(s),ife=(1 1 ... 1)7__, ,then

Q" (5) + Q" (s) = pe” (s) (20)

Let w = <s+>\t+ut+p2€:m(t)+qi:lu]-(t)) —\j <s+)\t+vt+p2u1()+q§:1uj(t)) — a2

i=1 =

Laplace transform of p. (t) we get,

s(s+v)pe” (s) = (s+ve) + Q" (s) w (21)

* _1 1 * S (IU—’YCS)
Pc (S)_S+(S+l/t)Qc (s) 2

PR
BRCEYS

* I (w=—9d)] _1 O (s
Q" (s) [1—(8+W)T}—S+ Q" (s)

(w —~6)

QR () + Q. (5) = Q. ()5

Substitute equation (19) we get,

QC*(S)P_ 1 W;Vﬂ_iﬂT(sI—A)l{ <pzu, +q2ug > )11+12}

(s+ve)

s+1/t) " 1—sef(sI—A)! (Q(0) + 415) (22)

QC* (S) - ( S c c
(s+X+u)— %+ (s+w)el(sI—A)~"'I <p _:Zlm(t) +q ;uj(t)>

By Raju and Bhat we get the value of the matrix (sI — A)~'. Let us assume that (sI — A)™" = (a,(s)),.y,. For u =

0,1,2, ...c—1

— 1 — ge,v+1(5)gu, Ogsjo(gsl; vt1(8)ge, 0(9) v=0,1,2 ...c—2
a, (s) = p ;;::1 bE(t)+q ;;::1 kg (t) (23)
e v=c-1
Where
Juu =1, w=0,1,2, ...c—1

s+ Fve+p Y pe(t) +q D0 pue(t)
k=1 k=1

Gutlu = u+1 u+1

p kZ::l p(t) +q kZZ)l pe(t)

(S + At + +p Z ,Uk(t) +q Z /J«k(t)> Guu—v — Atgu—l,u—v
k=1 k=1

Juttu—v = ut1 ut1

P k; pr(t) +q k; pe(t)

(24)

c—1 u
(sm S () £ 3 w)) Georo — Moy =0, 1,2, ...c—2
k=1 k=1
Ggev = (

c—1 u
s hE et S (0 +a S o) v=c-1
k=1 k=1
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And gu,» = 0 for other u and v. Using the above equations in equation (21), we get

c—1

1-(s+v ay, o(s
ey (s 94) T o)
X

(s+X+wv)— 5+ (s+w) Z W €)) <P __chlﬂi(t)-f-qglﬂj(t))

Q" ()=

From equation (18) for =0,1,2,...,¢ — 1, we get

Q" () = (%) dio (9 <p2uz +q2u3 >a;;,c_1<s>czc*<s> (26)

We have seen that a;, , (s) are all rational algebraic functions in s. The cofactor of the (u,v)™ element of (sI — A) is a
polynomial of degree ¢ — 1 — |u — v|. The characteristic roots of the matrix A are all distinct. Let s, , u=0, 1, ...c—1

be the characteristic roots of the matrix A. Then

0" (5) = (1+%)B(s) @)

2(;: ,il i (8)+q il Mm) (1-C*(s)
R =

NS

1—

c—1 u c=1 U 2
<s+>\t+ut+p ;El ki (t)+a kgl ch(ﬂ) 7\j <5+>\t+1’t+? k¥1 pr(t)+a kgl Bk (t)> -2

Where
e1 limg s, (s — su) {1 - Cf (s +w)aio( )}
B* (s) = > p ;ZO (28)
e—1 lims g, (s Su) ril( + ) aj .y (3)]
¢ (s) = A )
u=0 “
Qc*(s):i i (n+ )(8+Vt)

o n _1\ym ntl n S+ vt * * m
0= 5 Sen —— () ) () e
n=0m=0 (lem(t)Jrq_Zl s (t)) K

n+1

k=1

(s—i—At + v +p22:uk(t) +q Xu: Mk(t)) — \/(8+>\t +u +p;2:ltk(t) +qu::1Mk(t)> -2

(n 4 1)yt

By taking inverse Laplace transform, we get

c—1 u
B c© n (—1)m l n+1 n /t B /u e(m) B 7(xt+yt+pkgluk(t)+qk§1,uk(t)>v
I Spap U L A

n=0m=0 <p_21m( P

j=1

c—1 u
—</\t+’/t+p > pe(t)+a X Mk(t))v
k=1 k=1

In v t w In v
Dt gy 4 / Glt—w) [ w—v)e = dud (31)
0 0

Where G (¢ fo u)du and C°™)(t) is m-fold convolution of C(t) with itself and C*®) = §(t). By taking Laplace

transform of equation (26), we get

Qr (t) = ar,o (t)+ut/ ak,o (u)du + (pz,ul —‘,—qZuj (t)) /0 ake—1 (WQc (t —u)du, k=0,1,...c—1 (32)

0
[ 69
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Hence equations (17), (31) & (32) completely determine all the state probabilities.

Particular Case: The server is single server, i.e. when ¢ = 1. From equations (1) & (6) we get

(s+X+1)Qo" (s) =1+ Q1" (s) + %

p1*(s) =Qo" (s) + Q1" (s)

Substituting the above equations in equation (22), we get

n+1
stuy 1S ~ n+1 A n+1{(8+/\t+l/t+ul)*\/(S+)\t+vt+u1)2*’y2
" (s) = - T n+1
@)= )m;(%) ( )(<s+At+w>> (n+ D)y
(33)
By taking inverse Laplace transform, we get
1 & ’Y n+1 /t +1 ute~ QAetriu edvet ) )In+1(—y(t—u))
t)=— — n+1 AT VI D du
Q= 0(2&) (1) ) & ! =)
+ i = l e (TL + 1) /t A n+1K (u) e—()\t+uf,+#1)(t—u) In+1("/(t*u>> du (34)
M1 7=0 2)\75 0 k ! (t - u)
Where K (t) = fot u” Ef(jf!t)u du. For n = 0 from equation (32), we get
t t
Qo (t) = e~ Getve)t | Ml/ e*()\tJth)(t*u)Ql (w) du + Vt/ e~ Aetve)u g (35)
0 0
For n =1, 2, ... from equation (17), we get
n [ et —w) In(r—w)
Qn+1 (t) = n5 / e t tTHL m@l (u) du (36)
0

3. Stationary Probability Distribution

The Stationary Probability Distribution ; for the M/M/C feedback queue with catastrophes vy > 0 is

I 7 * _ e n (_1)m ’Y n+1 n S+Vt X i -
Te = lim Q. (t)—shgg) 5Qc" (s) —gmzﬂ(n—&—l) - - OTw i ( : )B (5)(C* ()
—0m= lem(t)Jquluj(t)
i= j=
n+1
! U c—1 m 2
(At tretp 3 pk(t) a2 uk(t)) - (At tuitp Y () +q uk(t)> 2
k=1 k=1 k=1 k=1
(n+1)yntt
Let ¢ =1 we get,
m1 = lim Q1 (t) = lim sQ1" (s)
t—o0 s—=0
n+1
i n n A — A 2 _ .2
L E () )L
s H1 = 2X¢ (s+ At + 1) (n+ 1)+l
n+1
_ ﬁi ()‘t+yt+“1)_\/(At-l-Vt-i—Ml)Q—’y?
120 2(Ae + 1)

—1

Ve (At+ut+u1)—\/(Az+ut+u1)2—72 ) (>\t+Vt+/-t1)_\/()\t+Vt+V1)2_’Y2

©1 2(Ae + 1) 2(Ae + 1)

_n_p

pa (1 =p)
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vV Aetvetp1)?—+2

Where p = (Ae+ve+pr)

4. Numerical Analysis

2(At+vt)

In this section some numerical analysis along the steady state probabilities with the related graph based on different arrival

rate with fixed service rate u1 = 4 and 8 and catastrophic effect v, = 0.2, 0.4, 0.6.

Table 1.

Table 2.

—

annchy st abe Probat b

03000

02500 -

22000

215

01500

v(0.2)

v(0.4)

v(0.6)

0.1796

0.1725

0.1660

0.2482

0.2445

0.2400

0.2260

0.2400

0.2465

0.1600

0.1972

0.2174

0.1050

0.1517

0.1802

0.0731

0.1174

0.1480

0.0549

0.0938

0.1231

0.0436

0.0773

0.1043

O[O0 (N[O W[N]+

0.0360

0.0654

0.0900

—
o

0.0306

0.0566

0.0789

a

Arrival rabe

]

v(0.2)

v(0.4)

v(0.6)

0.1068

0.1043

0.1020

0.1834

0.1796

0.1759

0.2306

0.2270

0.2234

0.2495

0.2482

0.2465

0.2421

0.2463

0.2486

0.2126

0.2260

0.2344

0.1692

0.1944

0.2100

0.1248

0.1600

0.1818

O[O0 [N|O|U kW[N]

0.0900

0.1293

0.1549

—
o

0.0668

0.1050

0.1316
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—#+—ll)
==l 4]
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03000
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02000
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01500
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5. Conclusion

Time dependent solution of M/M/C feedback queue have derived using generating function method. The numerical example
illustrate that the steady state probabilities decreased with arrival rate on different catastrophic effect and on different service

rate.
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