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1. Introduction

The Banach contraction principle [1] is the most celebrated fixed point theorem. It is very useful, simple and classical tool
in nonlinear analysis. Moreover this principle has many generalizations (see for example [2-10]). Among the most relevant

results in this direction, one can give that of Meir and Keeler [3] who proved the following fixed point result.

Theorem 1.1. Let (X, d) be a complete metric space and T be a self mapping from X into itself satisfying the following

condition:

Ve>0, 36(e) >0 such that e < d(z, y) <e+d(e) = d(Tz, Ty) <e¢
Then T has a unique fized point z € X. Moreover, for all x € X, the sequence {T"x} converges to z.
Wong [2] proved the following fixed point result:

Theorem 1.2. Let T be a self mapping on a complete metric space (X, d). Suppose there exists symmetric functions o,

i=1,2,..., 5, of X x X into [0, 1) such that
5
(a). r=sup{> ai(z, y) 1z, ye X} <1
=1
(b). for any z, y in X

d(Tz, Ty) < ard(z, y) + a2d(z, Tx) + azd(y, Ty) + asd(z, Ty) + asd(y, Tx), where a; = a;(z, y)

then T has a unique fized point.

In this paper, a new fixed point theorem of Meir Keeler type that generalizes Theorem 1.2 of Wong, Chi Song in the case

when each a; is assumed to be the constant in [0, 1/5] has been derived.
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2. Main Result

Theorem 2.1. Let (X, d) be a complete metric space and T be a mapping of X into itself. We assume that the following

hypothesis holds: given € > 0, 3 d(€) > 0 such that
5e < d(z, y) +d(z, Tz)+d(y, Ty) +d(z, Ty) +d(y, Tz) <5e+d(c) = d(Tz, Ty) <e. (1)

Then T has a unique fized point z € X. Moreover, for all x € X, the sequence {T"x} converges to z.
To prove the Theorem we need the following lemma :

Lemma 2.2. Let (X, d) be a complete metric space and T be a mapping of X into itself. Then the conditions (A) & (B)

are equivalent :
(A). Givene > 0,3 0(e) > 0 such that be < d(z, y)+d(z, Tz)+d(y, Ty)+d(z, Ty)+d(y, Tz) < be+d(e) = d(Tz, Ty) < e.
(B). Given € >0, 3 (¢) > 0 such that d(x, y)+d(z, Tx)+d(y, Ty)+d(z, Ty)+d(y, Tx) < 5e+d(c) = d(Tz, Ty) < e.

Proof.  Clearly (B) = (A). Now suppose condition (A) holds. For convenience, let M(z, y) = +{d(z, y) + d(z, Tz) +
d(y, Ty) + d(z, Ty) + d(y, Tx)}. If M(z, y) < €, then by condition (A), we have d(Tx, Ty) < M(z, y) and thus

d(Tz, Ty) < e. If M(z, y) > e then condition (B) immediately holds. O

Proof of Main Theorem. First note that trivially (1) implies
1
d(Tz, Ty) < {d(z, y) +d(z, Tz) +d(y, Ty) +d(z, Ty) +d(y, Tz) for z#y )

Let z9 € X and consider the sequence {z,} = {T"20}, n € N, we will prove that {z,} is a Cauchy sequence in X. If there
exists t € N such that z; = x+41, the clearly = is a fixed point of T. So assume that =, # z,4+1 for all n.

Define s, = d(zn, Tnt1) ¥V n. By (2), we have

1
sn = d(@n, Tn41) = d(Ton-1, Ton) < c{d(@n-1, @n) +d(@n-1, 2n) +d(@n, Tnt1) +d(@n-1, Tnt1) +d(@n, 2n)}

IA

1
g{d(xnflg xn) +d(mn717 mn)+d(xn7 xn+l) +d(xn717 mn)‘i’d(xny xn+1)}

gsn—l + 5571,

= $p < Sp—1 V n. Thus the sequence {s,} is strictly decreasing. Therefore the sequence {s,} is convergent. Let it converge
to s, where s > 0. If possible, let s > 0. Now 2s, + sp—1 — 5s as n — oo. According to condition (1), for 5s > 0, there

exists §(5s) > 0 with the given property. Now for 6(5s) > 0, there exists M such that 5s < 2sas + 3sar—1 < 5s + §(5s)

= 2d(zm, Tmt1) + 3d(zm—1, zam) < 55+ 6(5s)

= d(xm-1, om) + d(xpm—1, Txrvi—1) +d(zv, Taem) + d(@r—1, Txm) + d(@av, Torar—1)
=d(zm—-1, zm) +d(xm—1, xm) +d(@pm, Trm+1) + d@r—1, Trm+1) + dxm, T)
<2d(xm-1, zm) +d(@m, xavgr) Fd(@n—1, om) +d(@ar, Tarsr)

=2d(xnm, xm+1) +3d(xpm—1, Tar)

< 55+ 6(5s)
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thus by Lemma 2.2, d(Txn—1, Taxm) < s = d(zm, Tv+1) < s = su < s, which is a contradiction. Thus we deduce that

s, — 0 as n — co. Now, let 6'(¢) = min{d(e), ¢}. By the convergence of the sequence {s,} to 0, there exists L € N such

that
1
d(xn, Tnt1) < 61(;) Vn>L (3)
Define Q = {z, : p > L, d(zp, z1) < +$}, we will show that
T(Q) CQ (4)

let u € Q, then there exists p > L such that u = x, and d(zp, xr) < % + 615(5). If p = L, then clearly T'(u) = 2141 € Q by

(3). So assume that p > L. Now we have two cases:

Case I:
51
d(ay, ar) < 2+ 21 (5)
3 5
We shall show that
1 §'(e)
€< g{d(xp, xr) +d(z, zpy1) +d(zr, xr4+1) + d(xp, To+1) + d(Tpt1, o)} < e+ = (6)
From (3) & (5), we have
3 3 2 2
€< gd(xpa rr) < gd(fﬂpv rL) 5d($p+17 zp) + gd(‘rL+17 zL)
3 [5e  6%(e) 4 [6%(e)
<3 [? A A AT
5'(e)
=€+ 5
3
=>e< gd(acp, xL) (7)
and
3 2 2 5t
gd(xp, xr) + 5d(zp+1, zp) + 5d(xL+1, xr) < €+ % (8)
From (7), we have,
st 1 1 1 1 1
e+ 5(6) < g d(zp, wr) + pd(@p, 2p1) + pd(@per, wr) + pd(@p, 141) + pd@rer, 1) (9)
From (8), we have,
1
sld@p, z1) +d(zp, 2pi1) +d(@psr, 22) +d(2p, Tr41) +d@Lsr, 21)}
1
< gld(zp, 1) +d(@p, Tp+1) +d(@pt1, 2p) +d(@p, 21) +d(@p, 20) +d(2r, Tr41) +d(@rer, o)}
3 2 2
= gd(mpa QZL) + gd(l‘p+1, m:ﬂ) + gd(SCL+1, $’L)
1
<et 21 (10)

Combining (9) & (10), (6) is established. From (1), (3) & (6), we have

59 _ 5, 8

d(Tzyp, 1) < d(Tzp, Tar) +d(Tzr, zr) < e+ 10 3 5

=Tz, €Q=>Tuc)
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Case IL: d(wp, z1) < 5

d(Tzp, z1) < d(Tzp, Txr) +d(TzL, x1)

<
1 1 1 1 1 1

< gd(ffp’ xr) + 5d(93p+17 Tp) + gd(l’Ly Tr1) + gd(l’L+h zp) + gd(l’La Tpi1) + gd(l’LH, rL)
3 2 2

= gd(ﬂﬁp, zr) + gd(%+1, zp) + gd(l’LH, zL)

Thus d(Tzp, x1) < 2(3¢) + 2(5E) 4 3(20@y — ¢4 220 :
p L) < 2(5) + £ ( )+ & ( ) =€+ =Tz, € Q= Tu € Q. Thus (4) is proved. Now from (4), we

10
have,
3" (e)

d(xm, x1) < ge—i—? Vm>L
10 24
= d(Tm, Tn) < d(Tm, z1) +d(zL, Tn) < —€+ 55 () Vm,n>1L

6
1 2 2
= d(Tm, Tn) < €06+g51(6) <26+56<3E VYm,n>L

Thus the sequence {z,} is a Cauchy sequence. Since X is complete, the sequence z,, — z (say). Now

d(Tz, z) <d(Tz, Tzn) +d(Tzn, 2) < %{d(z, Tn) +d(z, T2) + d(xn, Tn+1) +d(z, Tzn) + d(zn, T2)} + d(Tnt1, 2)

4 1 1 1
= gcl(Tz7 z) < gd(z, Zn) + gd(xn, Tnt1) + 6d(:rn7 Tz)+ gd(xn+1, 2)

Letting n — oo, we get:

%d(Tz, 2) < =d(Tz, z) = d(Tz, 2) <0=>Tz = z.

U] =

Uniqueness : Let w be another fixed point of T, then Tz = z & Tw = w, z # w. Now

d(z, w) =d(Tz, Tw) < é{d(z, w) +d(z, Tz) 4+ d(w, Tw) +d(z, Tw) + d(w, Tz)}

=d(z, w) < %d(z7 w)=1< %,

a contradiction. Thus the uniqueness of fixed point is proved, and it completes the proof of the theorem. O

From the main theorem, we immediately get the following corollary which extends the known result of Wong [2] for the case

when each a; is assumed to be the constant in [0, 1/5]

Corollary 2.3 ([2]). Let T be a self mapping on a complete metric space (X, d). Suppose there exist a constant k such that
for any z, y in X,

d(Tz, Ty) < k{d(z, y) +d(z, Tz) +d(y, Ty) +d(z, Ty) +d(y, Tz)}

where k € [0, 1/5] then T has a unique fized point z € X. Also the sequence {T"xz} converges to z for every xz € X.
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