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1. Introduction

We consider simple, finite, undirected graph G = (p,q) (with p vertices and ¢ edges). The vertex set and the edge set of G
are denoted by V(G) and E(QG) respectively. For all other terminology and notations we follow Harary[1]. Sonchhatra and
Ghodasara[5] have initiated study of sum perfect square graphs in 2016. Due to [5] it becomes possible to construct a graph,
whose all edges can be labeled by perfect square integers only. In [5] we have proved P,, C,, cycle C, with one chord, cycle
C,, with twin chords, tree, K1 n, Tm,n are sum perfect square graphs. In this paper we prove that several snakes related

graphs are sum perfect square.

1.1. Definitions

Definition 1.1 ([5]). Let G = (p,q) be a graph. A bijection f : V(G) — {0,1,2,..., p — 1} is called sum perfect square
labeling of G, if the induced function f* : E(G) — N given by f*(uv) = (f(u))* 4+ (f(v))* + 2f(u) - f(v) is injective, for all

u,v € V(G). A graph which admits sum perfect square labeling is called sum perfect square graph.
Definition 1.2 ([4]). The triangular snakes T,,, n > 1 are obtained by replacing each edge of path P, by a triangle Cs.

Definition 1.3 ([4]). The double triangular snakes D(Ty), n > 1 are obtained by replacing each edge of P, by two triangles
Cs.

Definition 1.4 ([4]). The alternating triangular snakes A(Ty), n > 1 are obtained from a path {vi,vz2,...,vn} by joining

v; and vi41 (alternatively) to new vertexr u;. i.e. every alternate edge of a path is replaced by Cs.
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Definition 1.5 ([4]). The double alternating triangular snakes DA(T,) are obtained from a path {vi,va,...,vn} by joining
vi and viy1 (alternatively) to new vertices u; and w;. i.e. the double alternating triangular snakes DA(T,) consists of two

alternative triangular snakes that have a common path.

Definition 1.6 ([6]). The alternating quadrilateral snakes A(Qr) are obtained from a path {vi, vz, ..., v} by joining v; and
vit1 (alternatively) to new vertices u; and w;, in which each u; and w; are also joined by an edge. i.e. every alternate edge

of a path is replaced by Cly.

Definition 1.7 ([6]). The double alternating quadrilateral snakes DA(Qr) are obtained from a path {vi,va,...,vn} by
joining v; and vi41 (alternatively) to new vertices u;, w; and ui, wi, in which each u; is adjacent to w; and each u; is
adjacent to wi, for 1 <i < |Z]. i.e. double alternating quadrilateral snake DA(Qn) consists of two alternating quadrilateral

snakes that have a common path.

2. Main Results

Theorem 2.1. T, are sum perfect square graphs, ¥n € N.

Proof. Let V((T,)) = {vi;1 <i <n}U{vj;1 <i<n—1}, where {v1,v2,...,v,} are successive vertices of P, and v]
is adjacent with v; and vi41, for 1 < i < n—1, E(T,) = {e; = vivit1;1<i<n—-1} U {egl) =vvj;1<i<n-1}U
{652) =vi41v;;1 <i<n-—1}. Here |V(T,)| = 2n — 1 and |E(T,)| = 3n — 3. We define a bijection f : V(T,) —
{0,1,2,...,2n — 2} as f(v;) = 21— 2,1 < ¢ <mand f(v;) =20 —1,1 <i<n-—1 Let f*: E(T,) — N be the
induced edge labeling function defined by f*(uv) = (f(u))® + (f(v))* + 2f(u) - f(v), Yuv € E(T).

Injectivity for edge labels:

For 1 <i<n-—1, f*(e;) is increasing in terms of i = f*(vivit1) < f*(vit1vi42), 1 < ¢ < n — 2. Similarly f*(egl)) and
fr (652)) are also increasing, 1 <i<n — 1.

Claim: f*(e:) # f*(elV) # f*(ef), 1 <i<n—1.

We have f*(e;) = (4i —2)2, f*(elV) = (4i — 3)2, f*(!?) = @i —1)2 1< i <n—1 As f*(e) are odd, j = 1,2,
1<i<n-—1and f*(e;) are even, it is enough to prove f* (egl)) #* f* (e?)). Assume if possible f* (egl)) = f* (e§2>), for some
i1<i<n-—1

— 4i—3=4i—1lordi—3=1—4

= 3=1lori= %, which contradicts with the choice of ¢, as ¢ € N.

So f*: E(T,) — N is injective. Hence T, are sum perfect square graphs, Vn € N. O

The below illustration provides better idea of defined labeling pattern in above theorem.

1 3 5 7

Figure 1. Sum perfect square labeling of Ts.

Theorem 2.2. D(T,) are sum perfect square graphs, Vn € N.

158



S.G.Sonchhatra and G.V.Ghodasara

Proof. Let V(D(T,)) = {vi;1 <i < n}U{vj;1 <i<n—-1}U{vi;1 <i < n— 1}, where {v1,v2,...,v,} are suc-
cessive vertices of P, and v}, v are adjacent with v;, viy1, 1 <i < n—1. E(D(T,)) = {ei = viviy1;1 <i<n-—1}U
{eg1> =vvj;1<i<n-—1}U {6£2> =vipv;1<i<n-—1}U {623) =viv;1<i<n-—1} U {654) =vv);1<i<n-—1}
Here |V(D(Ty))| = 3n — 2 and |E(D(Tn))| = 5n — 5. We define a bijection f : V(D(Tn)) — {0,1,2,...,3n — 3} as
fwi)=3i—3,1<i<m, f(vj)=3i—2,1<i<n-—1land f(vi/) =3i—1,1<i<n-—1. Let f*: E(D(T,)) — N be the
induced edge labeling function defined by f*(uv) = (f(u))? + (f(v))? + 2f(u) - f(v), Yuv € E(D(T})).

Injectivity for edge labels:

For 1 <i<n-—1, f*(e;) is increasing in terms of i = f*(vivit+1) < f*(Vix1vi42), 1 <i < n — 2. Similarly f*(egj)) are also
increasing, 1 <757 <4,1<:<n—1.

Claim: f*(e:) # f*(el") # f*(e) # f(ef) # f*(ef), 1 <i<n—1.

We have f*(e;) = (6i —3)%, f*(e!") = (6i — 5)%, f* () = (6i —2)%,f*(e!¥) = (6i — 1)%, f*(e) = (6i —4)>, 1 <i<n—1.
As f*(e;) and f*(egj)) areodd, j=1,3,1<:<n-1, and f*(egt))7 t=2,4,1<1i<n-—1 are even, it is enough to prove

the following.
(W) {f ()1 <i<n—1} £ {f (el)),1<i<n—1}.
(2) {f*(e),1<i<n—1} #{f(e),1<i<n—1}.
@) {feMM1<i<n—1}#{f?)1<i<n—1}
@ {fEN1<i<n—1}y#{fE?),1<i<n—1}

Assume if possible {f*(e;),1 <i<n—1}= {f*(el(l)), 1 <i<n—1}, for some .
= 6i—3=6i—5o0r6i—3=>5—06i.

—3=bHori= %, which contradicts with the choice of ¢, as ¢ € N.

Assume if possible {f*(e;),1 <i<n—1} = {f*(el@), 1 <i<mn-—1}, for some 3.
= 6i—3=6i—1lor6i—3=1-—06:.

= 3=1lori= %, which contradicts with the choice of ¢, as ¢ € N.

Assume if possible {f*(e{"),1 <i<n—1} = {f*(e®),1 <i<n—1}, for some i.
= 6ti—5=6i—1lor6i—5=1—06i.

= o5=1lori= %, which contradicts with the choice of 7, as ¢ € N.

Assume if possible {f*(e{*),1 <i<n—1} = {f*(e*),1<i<n—1}, for some i.
= 6i—2=6i—4or6i—2=4-—6i.

== 2=4ori= %, which contradicts with the choice of i, as 7 € N.

So f*: E(D(T,)) — N is injective. Hence D(T,) are sum perfect square graphs, Vn € N. O

The below illustration provides better idea of defined labeling pattern in above theorem.

1 4 7

Figure 2. Sum perfect square labeling of DT}.
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Theorem 2.3. A(T%) are sum perfect square graphs, Vn € N.

Proof. Case 1 : Triangle starts from v;.

V(A(Th)) = {vi;1 <i <n}pUfu;l <i <[]}, where {v1,v2,...,vn} are successive vertices of P, and {u1,uz,...,uz }
are the vertices arranged between two consecutive vertices of P, alternatively, such that u; is adjacent with v2;,—1 and wve;,
1<i< 2] BA(Tw) = {ei = vivig;1<i <n—1} U {el” = wopi1;1 <0 < [ 2]} U {e® = wjuai;1 <i < |2]}. Here
[V(A(T»))| =n+ 5] and |[E(A(T%))| =n — 14 2|5 ]. We define a bijection f : V(A(T»)) = {0,1,2,...,n+ 5] — 1} as

%; 1 <i<n,iis even.

fvi) =

323, 1< i< n,iis odd.

f)=38i—1,1<i<|Z).

Let f* : E(A(T,)) — N be the induced edge labeling function defined by f*(uv) = (f(u))® + (f(v))* + 2f(u) - f(v),
Yuv € E(A(Th)).

Injectivity for edge labels for case 1:

For 1 <i<mn-—1, f*(e;) is increasing in terms of i = f*(vivit1) < [T (viy1vit2), 1 < i < n — 2. Similarly f*(egl)) and
f*(egz)) are also increasing, 1 <i<n — 1.

Claim: {f*(e:),1 < i < n—1} # {f*(ef),1 <i < [2]} # {f ()1 <i < [2]}. We have f*(e;) = (3i — 2)*,

fr (651)) = (61 — 4)27 I (652)) = (61 — 3)2. As f* (egl)) are even and f*(eZ@)) are odd, it is enough to prove the following.
W) {fe)l<i<sn—13#{f () 1<i< 5]}
@) {f (e, 1 <i<n—1} £ {f(e?),1<i< 2]}

Assume if possible {f*(e;),1 <i<n—1} = {f*(el(-l)), 1<i< | %]}, for some i.

= 3i—2=6i—4or3i—2=4-—6i.

— 1= % or ¢ = %, which contradicts with the choice of i, as i € N.

Assume if possible {f*(e;),1 <i<n—1} = {f*(el@)), 1<i< %]}, for some i.

— 3i—2=6i—3o0r31—2=3—6:.

== i= % ori= g, which contradicts with the choice of i, as i € N.

Case 2 : Triangle starts from vs.

Subcase 1 : n is odd.

For this subcase, the graph is isomorphic to the graph in case 1.

Subcase 2 : n is even.

V(A(T.)) = {vis1 < i < nfU{u;l < @ < |5] — 1}, where {v1,v2,...,v,} are successive vertices of P, and
{u1,us, ... 7ULgJ—1} are the vertices arranged between two consecutive vertices of P, alternatively, such that u; is adja-
cent with vz; and waip1, 1 <4 < | 3] — 1. E(A(Th)) = {ei = vivip1;1 <i<n—1} U {ez(-l) =uv;1 <i <[5 -1} U
{eg2> =uvzi+1;1 <4 < | 5] =1} Here |[V(A(Tn))| = n+ |5] — 1 and |E(A(T,))] = 2n — 3. We define a bijection
[ V(A(T.)) = {0,1,2,...,n+ | 5| — 2} as

[&T_E‘-‘a 2<i<mn, iis even.
f('Ui):

|35]; 2<i<m, iisodd.
flu)=3i, 1<i< 2] =1 and f(v2) =0.
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Let f* : E(A(T,)) — N be the induced edge labeling function defined by f*(uv) = (f(u))? + (f(v))?® + 2f(u) - f(v),
Yuv € E(A(T,)).

Injectivity for edge labels for subcase 2:

For 1 <i<n-—1, f*(e;) is increasing in terms of i = f*(vivit1) < f*(Vit1vi42), 1 < ¢ < n — 2. Similarly f*(egl)) and
fr (652)) are also increasing, 1 < i <n — 1.

Claim: {f*(e;),1<i<n—1}#{f ("), 1<i<[2] -1} £ {f () 1<i< 2] -1}

We have f*(e1) = 1 f*(e:) = (3i — 3)?, f*(elw) = (6i —2)?, f*(e§2>) = (6i — 1), For the arguments of rest of the edge

labelings, we apply the similar arguments, which we provided in case 1. So f* : E(A(T%)) — N is injective. Hence A(T%)

are sum perfect square graphs, Vn € N, n > 1. O

The below illustration provides better idea of defined labeling pattern in above theorem.

2 5 8 11
/\ A /\ A ®
0 1 3 4 6 7 9 10 12

Figure 3. Sum perfect square labeling of A(Tp).

Theorem 2.4. DA(T,) are sum perfect square graphs, ¥n € N.

Proof. Case 1 : Triangles start from v;.

V(DA(T)) = {vi;1 < i < n}pU{uisl <@ < [ F5]FU{wi;1 <0 < [5]}, where {v1,v2,...,v,} are successive vertices
of P, and {ul,ug,...,utgj} and {wl,wg,...,wL%J} are the vertices arranged between two consecutive vertices of P,
alternatively, such that u; and w; are adjacent with v;—1 and ve;, 1 < i < | 5], E(DA(T,)) = {ei = vivit1;1 <i<n—1}U
{e = wvg 131 <i < L%J}U{eg2> =wuv2;1 <4 < L%J}U{egg’) =wiv2i;1 <@ < L%J}U{ef) = wiv2i—1;1 <4 < [ 3]} Here
[V(DA(T,))| = n+2| %] and |[E(DA(T,))| = n—1+4|%|. We define a bijection f : V(DA(T»)) — {0,1,2,...,n+2| 5] -1}
as f(u;) =41 —3 and f(w;) =41 -2, 1<i< 5]

Subcase 1 : n is even.

21 —1;1 <1< n,1is even.
fvi) =
2t —2;1<¢<mn,iis odd.

Subcase 2 : n is odd.

21—1;1 <1< n-—1,17is even.

floi) =

21 —2;1<i<n-—1,iis odd.
Let f* : E(DA(T,)) — N be the induced edge labeling function defined by f*(uv) = (f(u))* + (f(v))* + 2f(u) - f(v),
Yuv € E(DA(Ty)).
Injectivity for edge labels for subcase 1:
For 1 <i<n—1, f*(e;) is increasing in terms of i = f*(v;vit1) < f*(Vig1vi42), 1 < i < n — 2. Similarly f*(egj)) are also
increasing, 1 <757 <4,1<:<n—1.
Claim: {f*(e:),1 < i <n—1} # ()1 <i< [5]) # (/@)1 <i <[5} # (/)1 <i < |51
{rea<i<lzly.
We have f*(e5) = (4 = 1)°, f(e”) = (81 = 7%, [(e”) = (8i = 4,17 (ef”) = (81 = 6)%, [7(ef") = (81 = 3)". As f*(e:)
and f*(eY)) are odd, j = 1,4, and f*(e"), t = 2,3, are even, it is enough to prove the following.
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() {f7 ()1 <i<n—1} £ {f(e),1<i <[5}
@) {f ()1 <i<n—1} £ {f () 1<i< [3]}
@) {1 <i< 5 A ) 1<i< 3]
@ {1 <i< |3 A @)1 <i< 5]}

Assume if possible {f*(e;),1 <i<n—1} = {f*(e!V),1<i < |51}, for some 3.
— 41 —1=8—-Tor4di—1=7-8i.

== 1= % or ¢ = %, which contradicts with the choice of i, as i € N.

Assume if possible {f*(e;),1 <i<n-—1} = {f*(ef)), 1<i< | %]}, for some i.

— 4 —-3=8—3ordi—1=3-8i.

= 1=0o0r7= %, which contradicts with the choice of i, as i € N.

Assume if possible {f*(eil))7 1<i< 2] ={f"(e (4)) 1<i< | %]}, for some i.

— 8 —T7T=8 —-3o0r8 —7=3-—8i.

— T7=3ori= g which contradicts with the choice of i, as i € N.

Assume if possible {f*(ef*), 1 <4 < 2]} = {f"(ef),1 < < | 3]}, for some i.

— 8 —4=8i—6or8& —4=6—8i.

= 4=6o0ri= %, which contradicts with the choice of i, as i € N.

Injectivity for edge labels for subcase 2:

The only difference in this case is due to f*(e,—1) = (4n — 6)2, which is the highest edge label among all the labelings in
DA(T,). Rest of the arguments for edge labelings will be similar as we provided in subcase 1.

Case 2 : Triangles start from vs.

Subcase 1 : n is even.

V(DA(T,)) = {vi;1 < i < npU{uil <i < |[3] -1} U{wi;l <@ < [2] — 1}, where {vi,v2,...,v,} are successive
vertices of P, and {u1,uz,..., U[gkl} and {w1,wa,... ,wL%J,l} are the vertices arranged between two consecutive ver-
tices of P, alternatively such that u; and w; are adjacent with ve; and wvaiy1, 1 < i < L%J — 1. E(DA(T,)) = {e; =
vivip1;1 <i<n— l}U{eEl) =wuve; 1 <i < | 5] — l}U{e( ) =uivgip1;1 <1 <[] — 1u{e§ =wive;1 <1 < | 5] — 11U
(Y = wivais1;1 < i < | 2] — 1}, We note that [V(DA(T,))| = n+ 22| — 2 and |E(DA(T,))| = n — 5+ 4[2]. We
define a bijection f : V(DA(T»)) — {0,1,2,...,n+ 2[5 ] — 3} as f(vi) = 0, f(va) = 2n — 3,f(wi) = 44, f(w;) = 45 — 3,
1<i<|[2] -1

[253],2<i<n—1,iis even.
f(vi):

[#55],2 <i <n—1,iis odd.
Injectivity for edge labels for subcase 1:
f(e1) = 4 is the smallest edge label and f*(e,—1) = (4n — 8)? is the highest edge label among all the labelings in DA(T,)).
For the injectivity of the remaining edge labels, we apply the similar arguments as per the subcase 1 of case 1.
Subcase 2 : n is odd.
For this subcase, the graph is isomorphic to the graph in subcase 2 of case 1. So f* : E(DA(T,)) — N is injective. Hence

DA(T,) are sum perfect square graphs, Vn € N. O

The below illustration provides better idea of defined labeling pattern in above theorem.
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10

Figure 4. Sum perfect square labeling of DA(Ts).

Theorem 2.5. A(Qn) are sum perfect square graphs, Vn € N.

Proof. Case 1 : Quadrilateral starts from v;.
V(AQn)) = {vi;1 < i < npU{usl <@ <[]} U{wisl <4 < [§]}, where {v1,v2,...,v,} are successive vertices

of P, and {u1,us,.. -v“L%J}» {w1, wa, .. -va%J} are the vertices arranged between two consecutive vertices of P, al-
ternatively such that u,; is adjacent with w; and ve; 1, w; is adjacent with u; and vai, 1 < 4 < |5]. E(A(Qn)) =
{ei =vivi1;1 <i<n—1}U{e") = wwg 131 <i < (511U () = ww; 1 <i < (511U (e = wiwai;1 < i < 5]} Here
[V(AQn)) =n+2[5], |[E(A(Qn))| =n—1+3[%]. We define a bijection f: V(A(Qn)) — {0,1,2,...,n+2[ 3] — 1} as
flui)=n+2i—2and f(w;)) =n+2i—1,1<i< 5],

Subcase 1: n is even.

flu)=i—1,1<i<n.

Subcase 2: n is odd.

f) =i 1 <i<n—1, f(va) =0,

Let f* : E(A(Qn)) — N be the induced edge labeling function defined by f*(uv) = (f(u))* + (f(v))? + 2f(u) - f(v),
Yuv € E(A(Qr)).

Injectivity for edge labels for subcase 1:

For 1 <i<n-—1, f*(e;) is increasing in terms of i = f*(v;vit1) < f*(Vix1vi42), 1 < i < n — 2. Similarly f*(egj)) are also
increasing, 1 <j <3,1<i< [§].

Claim: {f*(e;),1<i<n—1} £ {f ("), 1<i<[2]} A {f ) 1<i< 2]} A {f () 1<i< 2]}

We have f*(e;) = (2i — 1)%, f*(elV) = (n+4i — 4)%, () = 2n + 4i — 3)%, f*(e!¥) = (n + 4i — 2)%. As f*(e;) and

fr (e§2)) are odd and f* (egj)), j = 1,3 are even, it is enough to prove the following.
() {f (e 1 <i<n—1} £ {f" (V). 1 <i <[5}

@ {1 <i< B £ E@),1<i< 3]}

Assume if possible {f*(e;),1 <i<n—1} = {f*(e!?),1<i < 51}, for some 3.
= 2i—1=2n+4—3o0r2i—1=3—2n— 4.

= 2t=2—2nor 6t =4 —2n.

4—2n
6

= i=1—nori= , which contradicts with the choice of i, as ¢ € N.
Assume if possible {f*(e;1),1 <@ < [2]} = {f*(e),1 <i < [ 2]}, for some i.
— nt+4dt—4=n+4i—-2orn+4—-4=2—-—n—41.

— —4=—-2o0r 8 =6-—2n.

6—2n

= 4=2o0ri= "5

, which contradicts with the choice of i, as ¢ € N.

Injectivity for edge labels for subcase 2:
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For 1 <i<n—2, f*(e;) is increasing in terms of i = f*(vivit1) < f*(vVig1vi42), 1 < i < n — 3. Similarly f*(egj)) are also
increasing, 1 <j <3,1<i< [§].

Claim: {f*(e:),1 <i<n—2}# f (en-1) # {f (el), 1 <i < [3]} A {7 (), 1 <i <[5} A {7 (), 1 <i < [ 5]}
We have f*(e;) = (2i +1)%, f*(en_1) = (n—1)%, f*(el”) = (n+4i — 3) ,f*(e§2>) (2n +4i —3)%,f*(el¥) = (n+4i — 1),

As f*(e;) and f*(ez(-g)) are odd and f*(ez(-j)), j = 1,3 are even, it is enough to prove the following.
() {f (e 1<i<n =1} # {f(”), 1 <i< 5]}
@ /()1 <i< B A @) 1< i< 5]} # [ (en).

Assume if possible {f*(e;),1 <i<n-—1} = {f*(ef)), 1<i< | %]}, for some i.

= The highest edge label of f*e; is (2n — 3)? and smallest edge label of f*(el@)) is (2n + 1)?, which is larger than the
largest edge label of f*e;. It is clear that the smallest edge label of f*(ez(j)), j = 1,2 is larger than the value of f*(en—1).
Assume if possible {f*(e;V), 1 < < |2} = {f*(e{*)),1 <i <[]}, for some i.
—n+4—-3=n+4di—-lorn+4—-3=1—-—n—4i.

= —3=—-1lor8 =4-2n.

4—2n

= 4=2o0r1= 5

, which contradicts with the choice of 4, as ¢ € N.

Case 2 : Quadrilateral starts from wvs.

Subcase 1 : n is even.

V(AQn)) = {vi;1 <i <npU{ui1 <i < | 5] =1 U{wi;1 <4 < [5] — 1}, where {v1,v2,...,vn} are successive vertices
of P, and {u1,us,... 7“L%J—1} and {w1, w2, ..., ngJ—l} are the vertices arranged between two consecutive vertices of P,
alternatively such that u; is adjacent with w; and v2:, w; is adjacent with w; and vaiy1, 1 <i < [5] —1. E(A(Qn)) = {ei =
vivig; 1 < i <n =130 {ef! = wiva 1 <0< 3]~ 1 U{e? =wwi 1 <6< [5] - 13U {e”) = wivsins 1 <0 < 5] - 1),
Note that [V (A(Qn))| = n+2[2] —2, |E(A(Qn))| = 222, We define a bijection f : V(A(Qn)) — {0,1,2,...,n+2[2] -3}
as f(v1) =0,f(vn) =2n -3, f(vi) =i—1,2<i<n—1 f(w)=n+2i—2and f(w))=n+2i—-1,1<i<[5] -1
Injectivity for edge labels for subcase 1:

f*(e1) =1 is the smallest edge label and f*(en—1) = (3n — 5)? is the highest edge label among all the labelings in A(Qs,).
For the injectivity of the remaining edge labels, we apply the similar arguments as per the subcase 1 of case 1.

Subcase 2 : n is odd.

Here the graph is isomorphic to the graph in subcase 2 of case 1. So f*: E(A(Q»)) — N is injective. Hence A(Q,) are sum

perfect square graphs, Vn,n € N. O

The below illustration with figure provides the exact idea of defined labeling pattern in this theorem.

6 7 8 9 10 11

Figure 5. Sum perfect square labeling of A(Qg).

Theorem 2.6. DA(Qr) are sum perfect square graphs, ¥n € N.

Proof. Case 1 : Quadrilaterals start from v;.

V(DAQW) = {oil < i < n}Ufusl < i < [2]}Ufwsl < i < [2)JUfulsl < < [2))Ufull < i<
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L5}, where {vi,v2,...,vn} are successive vertices of P, and {ui,uz,...,u 2}, {wi,wa,...,w z} are the vertices ar-
ranged between two consecutive vertices of P, alternatively, such that wu; is adjacent with w; and wv2;—1. Similarly
ul,ub, ... ’UIL% |y WL, W, ,w'L% |, are the vertices arranged between two consecutive vertices of P, alternatively, such that
uj is adjacent with w} and ve;, 1 < ¢ < |2]. Moreover w; and wiis adjacent with v, 1 < @ < |2]. E(DA(Qn)) =
{es =vivipa; 1 <i<m— 13U {ef! = winio131 < < |2} U{e® =wwi;1 <i <[5} U{el” =wwai 1 <i < [5]}U
{ef = wivai 1 < i <[5} U {el® = ujwi;1 <i < [ 2]} {el” =ujvai1;1<i <[]} Here [V(DA(Qn)| = n +4[%],
|[E(DA(T,))] =n —1+6|%]. We define a bijection f: V(DA(Qx»)) —{0,1,2,...,n+ 4| 5] — 1} as follows.

Subcase 1 : n is even.

3t—3;1<17<mn, tis even.
fvi) =
3t—1;1 <7< n, iis odd.

Subcase 2 : n is odd.

3t—3;1<:<n-—1,qis even.

flvi) =

3i—1;1<i<n-—1,1iisodd.
flon) =n+413] =2, f(ui) = 6i—6, f(wi) =6i—5, f(u;) =6i—2,1<i<|F]and f(w)) =6i—1,1<i<[F]—1,
f(w'L%J) =n+4|%] — 1. Let f*: E(DA(Qn)) = N be the induced edge labeling function defined by f*(uv) = (f(u)* +
(f())? + 2f(u) - f(v), Vuv € E(DA(Qn)).
Injectivity for edge labels for subcase 1:
For 1 <i<n-—1, f*(e;) is increasing in terms of i = f*(v;vit+1) < f* (vVix1vi42), 1 < i < n — 2. Similarly f*(egj)) are also
increasing, 1 <j <6, 1 <i < [F].
Claim: {f*(e:),1 < i <n—1} # {f7(e"),1 <@ < [5]} # {7 ()1 < i < (5]} # (/€)1 <i < [5]} #
e 1<i< g} # (e <i< B # {0 (E). 1 <i< [5])
We have f*(e;) = (6i — 1)%, f*(elV) = (12i — 10)%, f*(el”) = (12i — 11)%, f*(e!¥) = (12i — 8)2, f*(elV) = (12i — 4)?,
f*(egs)) = (12i — 3)%, f*(e (6)) (12i — 6)%. As f*(e:), f*(eZ@)), f*(e§5)) are odd and f*(elw), j=1,3,4,6 are even, it is

enough to prove the following.

(W) {f* )1 <i<n—1} £ {f (), 1<i< [3]}
@) {F ) 1<i< |3 A {1 ) 1<i< 3]}
@) {f(e)1<i<n—1}#{f (), 1<i< 3]}

(@) {f eM)1<i< (2 A{f (), 1<i< | 2]}

(B) {1 <i < [2]y £ (M), 1< < (2]}
6) {/ () 1<i< (2]} #£{ (), 1< < (2]}
(M) {f ) 1<i< (2 #{f (), 1<i < | 2]}
(8) {f (), 1<i< 2]} #{f (), 1<i< 2]}

©) {f(e),1<i< 2} #{f (), 1<i< 2]}
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Assume if possible {f*(e;),1 <i<n-—1} = {f*(ef)), 1<i< | %]}, for some i.
—6t—1=12t—11lor 6¢ —1 =11 —123.

= 6¢ =10 or 18 = 12.

== 1= % or ¢ = %, which contradicts with the choice of i, as i € N.

Assume if possible {f*(e;?),1<i < |2} = {f*(eis)), 1 <4< | %]}, for some i.
= 12 —11=12t —3 or 12¢ — 11 = 3 — 121.

—> —11 = -3 or 247 = 14.

e
127

= 1l1=3o0r:= which contradicts with the choice of 7, as i € N.

Assume if possible {f*(e;),1 <i<n—1} = {f*(e!”),1<i < |51}, for some 3.
= 60—1=12t -3 o0or6: —1=3—12i.

— 6t =2 or 18 = 4.

— 1= % ori= %7 which contradicts with the choice of i, as ¢ € N.

Assume if possible {f*(e;1),1 <@ < [2]} = {f*(e),1 <i < [ 2]}, for some i.
= 120 - 10=12¢ — 8 or 12¢ — 10 = 8 — 121.

= —10 = —8 or 247 = 18.

= 10=8ori= %, which contradicts with the choice of ¢, as ¢ € N.

Assume if possible {f*(e;V),1 <i < |51} = {f*(e£4)),1 <i < [%]}, for some .
=12 —-10=12¢ —4 or 12 — 10 =4 — 124.

= —10 = —4 or 247 = 14.

= 10=4ori= %, which contradicts with the choice of i, as ¢ € N.

Assume if possible {f*(e;V),1 <i < 5]} = {f*(ez((j)),l <i < [%]}, for some .
= 12t —10=12t — 6 or 12¢ — 10 =6 — 123.

— —10 = —6 or 247 = 16.

— 10=6o0r:= %, which contradicts with the choice of i, as ¢ € N.

Assume if possible {f*(e;®),1 <i < 5]} = {f*(e§4)),l <i < [%]}, for some .
— 12 —-8=12i—4or 12/ — 8 =4 — 12i.

— —8 = —4 or 247 = 12.

== 8=4ori= %, which contradicts with the choice of i, as i € N.

Assume if possible {f*(e;®),1 <i < 5]} = {f*(ez(ﬁ)),l <4 < | 5]}, for some i.
— 12 —-8=12i—6or 12/ —8 =6 — 123.

— —8 = —6 or 247 = 14.

7

= 8=6ori= 3,

which contradicts with the choice of 7, as ¢ € N.
Assume if possible {f*(e;"),1<i < |2} = {f*(el(e))7 1<i< | %]}, for some i.
— 12 —-4=12i—6or 12/ —4 =6 — 123.

= —4 = —6 or 24¢ = 10.

5

= 4 =6 or i = {5, which contradicts with the choice of ¢, as 7 € N.

Injectivity for edge labels for subcase 2:
The change in this case is only due to edges en—_1, e(ﬁ%)J and e@J. f*(en—1) = (6n — 10)?, f*(e(f%),J) = (6n — 9)%, and
fr (ei‘z J) = (6n — 8)?, which are the first three highest edge labels in their respective ascending order. So by applying the

similar arguments, which we have applied in subcase 1, we get all the edge labels are distinct.

Case 2 : Quadrilaterals start from wvs.
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Subcase 1 : n is even.

V(DA(Qn)) = {vssl < i < mjUfusl < i < [5] -1} Ufwsl < i < [5] -1} Ufull < < (5] -1} U {wjl <
i < [ 5] — 1}, where {v1,v2,...,vn} are successive vertices of P, and {u1,uz,.. .,uL%J,l}, {wl,wz,...,wL%J,l} are the
vertices arranged between two consecutive vertices of P, alternatively such that u; is adjacent with w; and vg;. Simi-
larly uy,us, ..., u'L%kl,w'l, wh, ... ,w'L%J,1 are the vertices arranged between two consecutive vertices of P, alternatively
such that v is adjacent with w; and vy, 1 < ¢ < |Z] — 1. Moreover w; and w; is adjacent with vai41, 1 < i <
2] = 1. E(DA(Qn)) = {ei = vivig1;1 <i <n—1} U {el”) = wwa;1 <i < | 2] =1} U {e® =wwi;1 <i < [2] -1} U
() = wivaig1;1 < i < | 2] =1} U{el? = whvis;1 < i< | 2] -1} U

{ef?” = wiwi;1 <i < [3] = 13U {ef” = ufvai; 1 <i < [3] — 1} Note that [V(DA(Qn))| = n+4[3] — 4, [E(DA(Qn))| =
n—T7+6[%]. We define a bijection f: V(DA(Q»)) = {0,1,2,...,n+ 4[5 ]| — 5} as follows.

fw1))=3n—-17, f(vy) =3n—6, f(vp—1) =3n—>5.

3t —4;2<1i<n—2iis even.
floi) =
3t —6;2<i<n-—24is odd.
flui) =6i—6 and f(u))=6i—2, 1<i< L%J—l.

n

Fw)) =6i—1, 1<i < [T] =2, flw]y 1) =3n—1L

Injectivity for edge labels for subcase 1:

The change in this case is only due to edges e1, en—1, e(é)kl, efgjfl, 6(L¥J71 and e@kl.

f*(e1) = (6n — 5)%, f*(en—1) = (6n — 11)% f*(e(ézj) = (6n — 2)2, f*(e(fgj) = (6n — 14)?, f*(e(ézj) = (6n — 16)? and
f*(e(LS%)J) = (6n — 19)?, which are unique edge labels in DA(Q,). For the rest of the edge labels, we apply the similar
arguments as provided in subcase 1 of case 1.

Subcase 2 : n is odd.

Here we use the similar labeling pattern as defined in subcase 2 of case 1. So f* : E(DA(Qn)) — N is injective. Hence

DA(Qr) are sum perfect square graphs, Vn € N. O

The below illustration provides better idea of defined labeling pattern in above theorem.

0 6 7 12 13 18 19
2 3 9 14 15 20 1
4 5 10 1" 6 7 22 23

Figure 6. Sum perfect square labeling of DA(Qs).
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