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1. Introduction and Preliminaries

Fixed point theory investigates whether a function f defined on abstract space, have at least one fixed point, that is a fixed
point x such that f(z) = z under some conditions on f and on the space. Results of this theory has been used in various
fields. In Particular, the fixed point theory techniques plays a crucial role in the solutions of differential equations. Banach
contraction principle [1] is one of the initial and also a fundamental results in the theory of fixed points. Which sates that
every contraction on a complete metric space has a unique fixed point.

Many authors have generalized and extended the fixed point theory by defining new contractive conditions and replacing
complete metric spaces with some convenient abstract space. Among them we would like to mention one of the interesting
results given by Geraghty [2]. For the sake of completeness, we shall recall Geraghty’s theorem. We first remind the class of

F all functions 8 : [0,00) — [0,1) which satisfies the conditions: limp— e B(trn) =1 = limp 00 tn = 0.

Theorem 1.1 ([2]). Let (X,d) be a complete metric space and f : X — X be an mapping. Suppose that there exists

B :10,00) = (0,1) satisfying the following inequality:
d(f(z), f(y)) < B(d(z,y))d(z,y) for any z,y € X,
then f has unique fized point.

Recently Samet et al [5] has reported interesting fixed point results by introducing the notion of o —1-contractive mappings.

Let ¥ denote the class functions.

(a) ¥ is nondecreasing
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(b) % is sub additive that (s +t) < 1(s) + ¥ (t);
(c) v is continuous
(d) ¥(t) =0 if and only if ¢ = 0.

Definition 1.2 ([5]). Let (X,d) be a metric space and f : X — X be a given mapping. We say that f is an a—1) contractive

mapping if there exists two functions a: X X X — [0,00) and ¢ € U such that

a(z,y)d(f(z), f(y) < ¢(d(z,y)), for all z,y € X.

Clearly any contractive mapping, that is, a mapping satisfying Banach contraction, is an o — 1) contractive mapping with

a(z,y) =1 for all z,y € X and ¢¥(t) = kt, where k € (0,1).

Definition 1.3 ([5]). Let (X,d) be a metric space and f : X — X be a given mapping. We say that f is a generalized o — 1)

contractive mapping if there exists two functions a: X x X — [0,00) and 1 € U such that for all z,y € X, and we have

a(z,y)d(f(z), f(y) < P(M(z,y)),

where M (z,y) = max{d(z,y),

(d(z’f(l));d(y’f(y))), (d(z’f(y));d(y’“z)))}. Clearly, since v is nondecreasing, every o — ¢ con-

tractive mapping is a generalized o — 1 contractive mapping.

Definition 1.4 ([5]). Let f: X — X be a map and a: X X X — R be a function. Then f is said to be a-admissible if

a(z,y) 2 1= a(f(z), f(y) 21 (1)

Definition 1.5 ([4]). An a-admissible map fis said to be triangular a-admissible if
a(r,z) >1 and oa(z,y) > 1= a(z,y) >1 (2)

In this paper the notion of generalized a—1)-Geraghty contraction type mapping is modified and the existence and uniqueness
of best proximity point of mappings under the assumption of a-Geraghty contraction and P-property is researched in the

setting of complete metric spaces.

Lemma 1.6 ([4]). Let f : X — X be a triangular a-admissible map. Assume that there exists r1 € X such that

a(z1, f(z1)) > 1. Define a sequence {zn} by Tni1 = f(xn). Then we have a(zn,xm) > 1 for all m,n € N with n < m.

Definition 1.7 ([3]). Let (X,d) be a metric space, and let « : X x X — R be a function. A mapping f: X — X is said to

be a o — Y-Geraghty contraction if there exists § € F such that

a(z, y)p(d(f(2), f(y) < B((d(z,y)))¢(d(z,y)) for any z,y € X,

Definition 1.8 ([3]). Let (X,d) be a metric space, and let a : X X X — R be a function. A mapping f: X — X is said to

be a generalized o — 1p-geraghty contraction if there exists 8 € F such that

a(z, y)y(d(f(z), f(v) < B (M(x, ) (M (z,y)) for any z,y € X,

where M (z,y) = max{d(z,y),d(z, f(z)),d(y, f(y))}, and ¥ € ¥. Notice that if we take ¥(t) =t in the definition, then f is

called generalized a-Geraghty contraction mapping.



S.Arul Ravi and A.Anthony Eldred

Definition 1.9 ([7]). Let (X,d) be a metric space, and let o : X x X — R be a function. A map f: X — X is called a

generalized a- Geraghty contraction type map if there exists € F such that for all x,y € X,
a(z,y)d(f(x), f(y)) < BM (z,y))M(z,y).
Where M (z,y) = max{d(z,y), d(z, f(z)),d(y, f(y))}.

Definition 1.10 ([7]). Let (X,d) be a metric space, and let o : X x X — R be a function. A map f: X — X is called

a-Geraghty contraction type map if there exists f € F such that for all x,y € X,

a(z, y)d(f(x), f(y) < Bld(x, y))d(z, y).

Definition 1.11. Let (X, d) be a metric space. Let A and B be nonempty closed subsets of a complete metric space X and
let a: X x X — R be a function. A mapping f : A — B is said to be a generalized a — ¥-Geraghty contraction if there

exists B € F such that

a(z, y)p(d(f(2), f(y))) < B(M(z,9)p(M(z,y))  for any xz,y € A, ®3)

where M (z,y) = max{d(z,y),d(z, f(z)) — d(4A, B),d(y, f(y)) — d(A, B)} and ¢ € V.
Define

Ag={zx € A:d(z,y) =d(A,B), forsome yé€c B}
Bo={y € B:d(z,y) =d(A,B), forsome z €& A} where d(A,B)=inf{d(z,y):z € A,y € B}.

Definition 1.12 ([6]). Let (A, B) be a pair of nonempty subsets of a metric space (X, d) with Ao # 0. Then the pair (A, B)

s said to have the P-property if and only if for any x1,x2 € Ao and y1,y2 € Bo
d(z1,y1) = d(A, B) and d(x2,y2) = d(A, B)
implies that
d(x1,x2) = d(y1,y2)-

It is easy to see that, for any nonempty subset A of X, the pair (A, A) has the p-property. Also, it has been shown in [6],
that any pair (A, B) of nonempty closed convex subsets of a real Hilbert space H satisfies the p-property. It is shown in [6]

that strict convezity is equivalent to p-property.

2. Main Results

Theorem 2.1. Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X, d) satisfying the p-property,
such that Ao # 0 and let a : X X X — R be a function, f : A — B be a map satisfying f(Ao) C Bo. Suppose that the

following conditions are satisfied;

(a) f is generalized o — 1-Geraghty contraction type map;
(b) f is triangular a-admissible;

(c) there exists x1 € A such that oz, f(x1)) > 1;

(d) f is continuous.
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Then there exists a unique ©* € A such that d(z*, f(z*)) = d(A4, B).

Proof.  Choose zg € Ag. Since f(zo) € f(Ao) C Bo, there exists z1 € Ag such that
d(z1, f(z0)) = d(A, B).

Since f(z1) € f(Ao) C Bo, we determine x2 € Ao such that
d(z2, f(z1)) = d(A, B).

We define a sequence {z,} C Ao satisfying d(xn+1, f(zn)) = d(A, B). Suppose that £, = Zny+1 for some ng € N. Then it

is clear that z,, is a best proximity point of f. By the P-property we assume x, # zn4+1 for each n € N

d(l‘n.H, ZIZ’n+2) - d(f(ﬂ?n)7 f(xn+1))

where z,, # xn+1 for all n € N. Due to the Lemma 1.6 we have

&(Tn,Tny1)>1 forall neN (4)

From (3),

Y(d(Tny1, Tnrz)) = Y(A(f(Tn), f(@Tns1)))
< a(@n, Tos1(d(f (Tn), f(@nt1))) ()

S BWM (2n, 2n+1)))P(M (20, Tnt1))

for all n € N where

M(zn, @p41) = max{d(@n, Znt1), d(@n, f(2n)) = d(A, B), d(@nt1, f(zn+1)) — d(A, B)}

IA

max{d(mn, $n+1), d(xﬂa $n+1) + d(l’n+1, f(m")) - d(Aa B)7
d(@n+41, Tnt2) + d(@n2, f(Tns1)) — d(A, B)}

= max{d(zn, Tnt1), d(Tn, Tnt1), d(Tnt1, Tnt2)}

Y(d(Tr+1, Tny2)) < BEO(M (Tn, Tnt1))) (M (X0, Tnt1))
< B((max(d(zn, Tnt1), d(Tnt1, Tnt2))))p(max(d(n, Tnt1), d(Tnt1, Tny2)))

If

d(wn+1,xn+2) Z d(xn,x'nA»I)
Y(d(@nt1,Tny2) < B(d(Tnt1, Tns2)))P(d(Tnt1, Tnt2)) from  (7)

< Y(d(®nt1,Tny2)) since B(z,y) =1

which is a contradiction. Therefore
d(Tn+1, Tnt2) < d(Tn, Tny1) for all n € N.
Hence sequence {d(zn,Zn+1)} is nonnegative and non-increasing. Consequently there exists » > 0 such that

limy—s 00 A(Tn, Tnt1) = 7.
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We claim that » = 0.

Suppose on the contrary r > 0. Since
d(@n, [(xr)) — d(A, B) < d(zn, Tnt1) and d(Tnt1, f(Tnt1)) — d(A, B) < d(@Tnt1, Tny2) < d(Tn, Tnt1),
we have
M(%n, Tnt1) = d(Tn, Tnt1)-
Hence from (5) we have

P(d(@nt1,Tn42))
Gortany S BE(M(@n, 2a41)) < 1.

Since 9 is non-decreasing and continuous,
limy, 00 B("/)(M(wnvanJrl))) =1L

Owing to the fact that 5 € F, we have

HILII;O¢(M($n,$n+1)) =0 (M)
Hence we conclude that
r= lim d(Zn,Znt+1) =0 (8)
n— oo

we observe that

M(Zm,xn) = max{d(Tm,Zn),d(Tm, f(zm)) — d(A, B),d(zn, f(zn)) — d(A, B)}
= max{d(mm,;tn), d($m717m+1) + d(l’m+17 f(xm)) - d(Av B)v

d(Tn, Tn+1) + d(Tnt1, f(.Tn)) —d(A, B)}

IN

max{d(Tm, Tn), d(Tm; Tm+1), d(Tn, Tnt1)}

Since d(%n, Trn+1) — 0. We have

limsup M (Zm, Tn) = limsup d(Tm, Tn). 9)

m,n— oo m,n— oo

We assert that {z,} is a cauchy sequence. By using the triangular inequality and since

d(xni1, Tny2) = d(f(2n), f(@ny1)) and

d(Tn+1, Tmy1) = d(f(zn), f(2m)),

d(xm xm) < d(xm xn-&-l) + d(xn-&-l: grm+1) + d(xm-&-l: xm)

(10)
= d(mnv $n+1) + d(f(mn)v f(fvm)) + d($m+17 mm)
combining (3) and (10) with the sub additive properties of 1) we have
P(d(zn, xm)) < P(d(@n, Tri1) +d(f(@n), f(2n)) + d(@mi1, Tm))
SP(d(@n, 2pt1)) + P(A(f (2n), f(2m)) + P(d(@mt1; Tm)) an

< P(d(@n; Tnt1)) + a(zn, ©m)P(d(f(2n), f(@m))) + Y(d(@mt1, Tm))

< P(d(@n; Tnt1)) + BO(M (20, 2m)))Y (M (20, 2m)) + P(d(@mt1, Tm))
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Together with (9), (11) and (8),

limsup ¥(d(zn, zm)) < limsup S8(¢Y(M(zn,zm))) limsup (M (m, xn))
= Timsup BE(M (@0, 2m))) lim sup (d(zm, 7))

which implies that

limsup,, ,, oo M (Tn,Tm) =0
and hence

limsup,y, ,, oo d(Tn,Tm) = 0.

Therefore {z,} is a cauchy sequence. Since A is a closed subset of the complete metric space (X,d), z, — z* for some

xzx € A. Since f is continuous we have f(z,) — f(z*). This implies that

d(CIZ'n+1, f(mn)) — d(m*v f(:t’*))

Taking into account that the sequence {d(xn+1, f(zn))} is a constant sequence with the value d(A, B), we deduce that
d(z™, f(z*)) = d(A, B). For the uniqueness, suppose that z1 and z2 are two best proximity points of f with 1 # 2. This
means that d(z;, f(x;)) = d(A, B) for i = 1,2. Using the P-property we have d(z1,z2) = d(f(x1), f(z2)) and using the fact

that f is a generalized a — y-Geraghty contraction map we have

P(d(z1,22)) = Y(d(f(21), f(22)))

< ald(zy, x2))¥(d(f (21), f(22)))
< BWM(z1,22))0(M (21, 22))
we have
Y(d(x1,22)) < BP(M (1, 22))) (M (21, 22))
< ByY(d(zr, 2))(d(w1, 72))
< P(d(@1,2))
which is a contradiction. This completes the proof. O

Definition 2.2 ([3]). Let A and B be nonempty closed subsets of a complete metric space (X,d), and let &« : X x X — R
be a function, f: A — B be a map. We say that the sequence {z,} is a a-regular if the following condition is satisfied. If
{zn} is a sequence in A such that a(zn,Tnt+1) > 1 for all n and z, — © € A as n — oo, then there exists a subsequence

{zn, } of {xn} such that a(zn,,x) > 1 for all k.

Theorem 2.3. Let (A, B) be a pair of nonempty closed subsets of a complete metric space (X, d) such that Ao # 0 and let
a: X XX — R be a function, f: A — B be a map satisfying f(Ao) C Bo. Furthermore the pair (A, B) has the P-property.

Suppose that the following conditions are satisfied;

(a) f is generalized ow — vp-Geraghty contraction type map;
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(b) f is triangular c-admissible;

(c) there exists x1 € A such that a(z1, f(x1)) > 1;

(d) {xn} is a-regular.

Then there exists a best prozimity point ™ € A such that d(z*, f(z*)) = d(A, B).

Proof.  Following proof of Theorem 2.1, we know that the sequence {z,} satisfying d(zn+1, f(zn)) = d(A, B) for all n > 0,
converges to z* € A. From (4) and assumption (d) of the theorem, there exists a subsequence {z,,} of {zn} such that

lim a(zn,,2z") > 1. Applying (3) for all k, we get

k—oo

(@n,, 2 )P(A(f (0, ), f(27))) < BO(M (Tny, 7)) P(M (20, 7)) (12)
On the other hand there exists y € A such that d(y, f(z*) = d(A, B) we have

M(:an,:c*) = max{d(xnwx*)vd(xnkvf(m’ﬂk)) - d(A7B)7d(x*vf(m*)) - d(A7 B)}

< max{d(l:nk ) :L’*), d(xnk ’ z"k-‘-l)v d(x*: y)}

and hence

lim (M (zn,,z")) = ¥(d(z",y)) From (12)

k—o0

and since a(zn,,z*) > 1 we have

P(d(f(zny ), f(z7)))
P(M (@, 7))

¢(d($nk+17y)) < a(xnwm*)

Y(d(z*,y) < BY(M (2, 27))) < 1.

Letting k — oo in the above inequality we obtain

lim B(p(M (2, 27))) =1,

kE—oo

since 1 is non-decreasing and continuous,

V(A" y) = Jim $(M(za,, 7)) = 0.

Therefore " = y and d(z*, f(z*)) = d(A4, B). O
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