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Abstract: Balanced mean cordial labeling is a mean cordial labeling f with v (i) —vs(5)] = 0, lef (i) —ef(j)| = 0,V 4,5 € {0,1,2}. In
this paper, we investigate mean cordial labeling for P(¢- H), where H be any graph and ¢ = 0(mod 3). We also investigate
balanced mean cordial labeling for TP (¢ - H), G*, Py xG, C¢xXG, where H and G both are balanced cordial graphs.

Keywords: Path Union, Mean Cordial, Balanced mean cordial.
© JS Publication.

1. Introduction

Mean cordial labeling of a graph defined by Ponraj etal.[4] and they investigated mean cordial labeling for P,, C,, K1 »,
K., Wn, P, UP,,, P? and triangular snake. Balanced mean cordial graph, which is a mean cordial graph with additional
condition |vf (i) — vs(j)|=|es (i) — ef(4)| = 0¥ 4,5 € {0,1,2}. Path union of a graph G obtained by t copies G, G .
G® of the graph G and it is denoted by P(t-G). It is obtained by joining a vertex v of G with same vertex of G+ by an
edge,Vi=1,2,...,t—1. It is obvious that P(¢-G) can be obtained by |V (G)| different ways and P(¢-k1)=P:. Star of a graph
G is denoted by G* and is obtain by p+1 copies G, G®) ../ G® of a graph G with V(G)= {v1,vz, - v,}. It is obtained

by joining each vertex v; of G with the corresponding vertex v; of G, Vi =1,2,...,p. We call G as central copy of G*.

It is obvious that K=K, Ki=Ps. Let G be a graph and G, G@ . .. G® (t> 2) be t copies of G. Then the graph
obtained by joining a triplet of distinct vertices say u, v, w of G with same vertices of the graph G®*tY by three distinct
edges, Vi = 1,2,...,t — 1 is called triple path union of t copies of the graph G, such graph we obtain by PC5 differ-
ent ways, where p=|V(G)|. We denote such graph by TP(¢-G) and it is obvious that TP(¢t- Ps)= P; x P3, TP(t-Cs)= P, x Cs3.

All graphs in this paper are finite, undirected. The vertex set of graph G and the edge set of G are denoted by V(G)
and E(G) respectively. Take p= |V(G)| and q= |E(G)|. Terminology not defined here are used in the sense of Harary [2].
Double path union of a graph G defined by kaneria, Teraiya and meera [3] and proved that D(n- K, ), D(n- Py), D(n-Cy,)

(m = 0(mod 4)) are a-graceful graphs.
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2. Main Results

Theorem 2.1. Path union of t copies of a graph H is a mean cordial, where t = 0(mod 3).

Proof. Let H be a graph with p = |V(H)|, ¢ = |E(H)|. Let t = 3s for some s€ N. Let V(H) = {v1, v2, ... v} and
G=P(t- G). Take V(G)={vi,1,vs,2,. . .,Vs,p / i=1,2,... ,t}. For each i=1,2,..., t — 1, join v;  with v;41,% by an edge to form
P(t- G), for some ke{1,2,...,p}. Define vertex labeling function f:V(G)—{0,1,2} as follows.
f(vij) =2;if1<i<s

=1;ifs+1<i <28

=0;if 2s+1<i < 35,V j=1,2,---,p
It is obvious to that vy (2)=v;(1)=v;(0)=sp, ef(2)=s(q+1)=es(1), ey (0)=sq+s-1 in P(¢- H). Because for each (v x, Vit1,k)
€ E(G),
P (i) (v 1)) =] LR

—2:if1<i<s

)

1;ifs+1<i< 2s

0;if2s+1<i<3s—1

Thus, above defined labeling function f give rise a mean cordial labeling to the graph G and so, it is a mean cordial graph. [

Theorem 2.2. Let H be a balanced mean cordial graph and f:V(H)— {0, 1, 2} be a balanced mean cordial labeling for
H. Let u, v, w € V(H) be such that f(u)=2, f(v)=1 and f(w)=0. Then the triple path union of t copies of H obtained by

joining the triplet u, v, w in H is also balanced mean cordial graph.

Proof. Let V(H)={v1, v, ... vp}, where p = |V(H)|. Let f:V(H)— {0, 1, 2} be a balanced mean cordial labeling for
H. Let u, v, w € V(H) be such that f(u)=2, f(v)=1, f(w)=0. Let G=TP(¢- H) and V(H(i)):{vj(-i)/ 1 <j < p} the set of
vertices of i*" copy of H in TP(t- H). Now join vertices u®, V(i), @ of H® with u+D) | v+ i+ respectively by three
distinct edges , V i=1, 2. ... ¢ — 1. It is obvious that V(G)= U V(H®) and E(G)= U E(H)U{ (v D), (0@ D),
(w® w1 /i=1,2,... t-1}. Define a vertex labeling functlon g V(G)— {0, 1, 2} by g(v ()) f(vy), Vij=12,... p, ¥
i=1,2,... t. It is observed that v;(2)=v;(1)=v;(0)=%, es(2)=es(1)=e;(0)=4%, as f is a balanced cordial labeling func-
tion for H . Therefore, vq(2)=vy(1)=vg(0)="L, ey(2)=ey(1)=e4(0)= & + (¢t — 1). Because for each i=1, 2, ..., t—1.
g((u® u ) =2 (v v+H)=1, g((w®, wi*)=0. Thus, above defined labeling pattern g give rise a balanced mean

cordial labeling to the graph TP(¢- H) and so, it is balanced mean cordial. O

Theorem 2.3. Let G be a balanced mean cordial graph and f:V(G)— {0, 1, 2} be a balanced mean cordial labeling for G.

Then G* is also a balanced mean cordial graph.

Proof. Let V(G)={v1, va, ... vp} and f:V(G)—> {0, 1, 2} be a balanced mean cordial labeling for G. V(G(i)):{v(-i)/ 1
< j <p} be the vertex set of i copy of G in G*, 0<i<p. Now join each vertex v ) of G(O> with the corresponding vertex
U,Ei> of Ggi) by an edge, V i=1,2,..., p to form G*. It is obvious that V(G*)= U V( ) = {vj(-z)/ 0<j<p,1<i<p}and
E(G")= iL:JO E(G)u {(u50)7u5“)/i:17 2, ..., p}. Define a vertex labeling function g : V(G*) — {0, 1,2} by g(vy)) = f(vy),
Vi=12,...,p,Vi=12,...,p. Above defined labeling pattern g give rise vg(2):vg(1):vg(0):w and eq(2)=e4(1)=
eq(0)= w"'% as for each i=1,2, ..., p, g*((uz(-o) (Z))) =f(u;). Thus, g* is a balanced mean cordial graph. O

Theorem 2.4. Let G be a balanced mean cordial graph and f be a balanced mean cordial labeling for G. Then Py x G is

also a balanced mean cordial graph.
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Proof. Let G, V(G) and f are same as discussed in the Theorem 2.3. Now join each vertex UJ(-i) of G with corresponding
vertex v§i+1) of GUFY by anedge, Vi=1,2,...,t—1,Vj=1,2,...,p to form P, X G, where G is the it" copy of graph
G. Take V(P; x G)= O V(GD) = o\ /1< j<p 1<i<t}and E(P; x G):Q E(GDY U{(v; D v, Dy ji=1,2, ..,
t—1,j=1,2,... ,p}.Z:Dleﬁne a vertex labeling function ¢g:V(P: x G)—{0, 1, Z}ZZ; g(vj(-i)):f(vjv), Vi=1,2,..., pVi=l,
2, ..., t. Above defined labeling pattern g give rise to v4(2)=vy(1)=v4(0)="2 and e,4(2)= e4(1)= ey(0)= %q—l—w, as for
eachi=1,2 ..., t—1,j=1,2, ..., p, g*((v§i>,v](i+1))):f(v]-), Thus, P; x G is a balanced mean cordial. O

Illustration 2.5. A balanced mean cordial graph G, and its balanced mean cordial labeling and balanced mean cordial labeling

for Py x G are shown in

Figure 1. A balanced mean cordial labeling of graph G

0 0 0 0
0
0 0 0
0
0 0 0

1 1 1 1
1 1 1 1
1 1 1 1
2 2 2 2
2 2 2 2
2 2 2 2

Figure 2. Balanced mean cordial labeling for ps x G

Theorem 2.6. If G is a balanced mean cordial graph and f is a balanced mean cordial labeling for G, then so is Cy X G.

Proof. Let G, V(G), f, V(G) are same as discussed in the Theorem 2.3. Tt is obvious that V(C; x G)=V(P; x G), E(C;
x G)=E(P; x G) U{(vj(.t),vj-l))/j:l, 2, ..., p}. If we define a vertex labeling function on V(C; x G), as it is already defined in
Theorem 2.4 on V(P; x G), then such labeling function g give rise to v4(2)=v,4(1)=v,4(0)=2 and eg(2)=eg(1):eg(0):w4

Thus, C; x G is a balanced mean cordial graph. O
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