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1. Introduction

Homogeneous Balance method is easy to apply and always yields special exact solutions for nonlinear evolution equations
(Biao Li, Yong Chen and Hongging Zhang [1], Feng [3], Lei Yang.et.al [4], Wang Mingling [5-7], Yang Lei, Liu Jianbin, Yang
Kongging [8]. Recently Engui Fan [2] interpreted the transformation used in HBM as an auto-Backlund transformation as
it involved first order derivatives. To be precide , any solution u of a pde Lu] = 0 is written in term of w and w,, and a
finite set of pdes are derived for w. In the present paper we relate u to w, w, and ws, and call the relation as a higher order

BT.

2. Higher order Backlund Transformations

We consider the (2 + 1)-dimensional equation
Ut + Uy + QU — Uze + Vldaze + Uyy = 0, (1)

to find its exact solutions via HBM. In order that the highest nonlinear term uu, partially balance with the third order

derivative term uzz., we suppose that the solution of (1) is of the form

u(z, t,y) = f”wi + f/wzz + af/wz +b, w=w(z,ty)), (2)
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where the functions f and w as well as the constants a and b are to be determined. If follows from (2) that

uy = [ wiwl 4+ 2f warws + [ wiwas + fWoat + af wiwe + af wet,

2 2
wug = w0l +3f" wiwes + 1 Wi wess + af” wh + 5af fwiwes

2 2
+f 0 wee + 3 [ wawhe + 1 WerWazs + af why

2 2
+aflflllwi + af/ WeWens + a2f/ Wy Wapa + a2f/f//w2 + bflllwi

+3bf" WaWaw + bf Wawe + abf w2 + abf Wez,

v 4

—Uge = — [ wz + 6f/”wiwzz + Sf”wgz + 4f”wzwzzm + f/wzzzz + af/wa:zz + af/”wi + Sa/fuwzwzz] 9

YUzzz = 7Y [fvwi + 10]””/11)211)953C

IV 4

+ 15" wew?2, + 10" Wiwere + 10f" WezWaze + 5 WaWazaa

+ [ Wozwae + af 'V wh 4+ 6af" wiwer + 3af w2, + daf Wepes + af’wzm]

IV 2 "

Uyy = f ey“’i"‘f

+fuwyywx:c + 2f”wmywy + f/wmyy +af

wyyywi + 4fmwywzwzy + 2f”wa2cy + 2f”wzyywz +f

" 2
Wy Wey

"2 " 11 !
WyWz + af WyyWe + 20 f Waywy + af Wayy.

(7)

First collecting the terms with w2 in (4), and (6), and setting its coefficient to zero, we obtain an ordinary differential

equation for f(w):

Two solutions of (8) are

It follows from (9) that

f//f/// + ,va —=0.

f=ZxAlogw, A=12.

f//2 _ 727'}/fIV7 f/2 - 127’qu’ f//f/// _ 71fv’ f/f/// _ 47'YfIV’ f/f// _ 767'7]0///.
« « 0% (6%

«

Inserting (8)-(9) in (2) we relate u to w and its derivatives in the form

Ut + Uz + QU — Ugz + YUzzx + Uyy = [wzzt + awgr + bwzt:c + abwzz +a (w'zm + awz)
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/
—Werer — QWzzx + 7Y (wxac:cxac + aw:ca:xac) + Wrxyy + awwyy] f
2
+ [2wzwzt + WtWxax + AQWtWy — szwwwzl - G/szz - aAw:cw:czz
2 2 2 2
—a " AWz Weq + 3DWL Wy + abwy + awl — 3ws, — 4WeWare
2

2
F2Way + 2WaWayy + WyyWas + 2WyWaay + QWyy Wy

2
7 2 A 4 2 a”A 3
20wy way] f7 + |wiwy — o WaWazz = 5 Walay = 5~ W

—bwg — Gwiwm — awg + (10wiwxm + 15wxwiz + Gawiwm)
5A 3

2 2 2 1"
Fwyywh + 4Wa Wy Way + WyWez + awywz] f {—?wzwm

A
1+ %)wi +7 (10w wes + awy) + wiwi} v

A
+ {fﬁwi + wwi} f7 + ab,

(8)
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Setting the coefficients of f¥', f'V', f, f” and f’ in (11) to zero respectively, we obtain the following four equations for the

determination of w(z, t):

Wezt + AWzt + bwzzz + abwzz +a (wzz + CL’LUm) — Wxzzr — OWzzax
+ (wzzzzz + awzzzz) + Wazyy + QWzyy = O, (12)
2
2WaWat + WiWaz + AW We — AW Woze — aAwa:z — QAW Waze
2 2 2 2
—a " AWz Waq + 3DWa Wy + abwy + awl; — 3ws, — 4WaWaga

—3aWs Wz + 7 (10WaeWazs + 5WeWaszr + 3aWiy + 40WaWaas)

—|—2wiy + 2W Wayy + WyyWez + 2WyWazy + AWyyWs + 20WyWay = 0, (13)
2 A 4 5A 2 a’A 3 pw® — Gw? 3 2
WeWy — S WeWass — 5 Wollpy — —— Wy — bwy — 6wy wee — awy + awywe
+-y (10wiwmz + 15w,w2, + Gawiwm) + Wyy w2 + AWa Wy Way + wiwm =0, (14)
5A aA
—?wiwm -1+ T)wi + v (10wgwm + awi) + wiwi = 0, (15)

provided that b = 0. If we write

w(z,t) = wo + eklz+k2t+k3y+k4, (16)
then (12)-(15) give
f%ki’ - (% + 1)kt + ~v(10k7 + ak?) + k3ki = 0, (17)
—2Ak} — (% +6)ki — “%Ak? — ak} + ~v(10k] + 15K} + 6ak?) + 6k3ki + akik; = 0, (18)
3kiko + kiks — Ak} — 20 AkT — Tki — a® AR} + ki — 3aki
+7(15k7 + Tak?) 4+ Tk k3 + 3ak:ik3 = 0, (19)
Eiks + akiks + (k] + ak1) — ki — aki + (K} 4+ aki) + (1 + a)kik; = 0, (20)

Substituting (16) and (9) in (2), we obtain a exact solution of (1) as

2 2
(k1z+hot+hay+ka) | k1 ki + ak: (21)

u(z,y,t) = 12ve [wo + eklz+k2t+k3y+k4]2 [wo + ek1otkatthay+ha]

3. Results and Conclusions

In this paper, based on the idea of the HB method, we derive higher order Back-lund transformation for (1) is u(z,t,y) =

w2 4 flwee + af'we +b, w=w(z,t,y). Based on these BTs, exact solution for (1) is

(k1o+hotthgy+ks) | k7 k3 aky (22)

u(z,y,t) = 127e [wo + eFre+hatthaytha]? + [wo + ek1a+katthgyTha] + [wo + ek1a+ratthy+ha]

The exact solution of (1) is in terms of exponential functions besides the usual solitary wave solutions.
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